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Introduction

A structure refers to a system of connected parts used to support a 
load. Important examples related to civil engineering include:

Buildings,

 Bridges and

Towers;

and in other branches of engineering,

Ship and aircraft frames,

Tanks, pressure vessels,

Mechanical systems, and

Electrical supporting structures
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The design of a structure involves many considerations, among which are four major objectives 

that must be satisfied:

The structure must meet the performance requirement (utility).

The structure must carry loads safely (safety).

The structure should be economical in material, construction, and cost (economy).

The structure should have a good appearance (aesthetics).

Once a preliminary design of a structure is proposed, the structure must then be analyzed to

ensure that it has its required stiffness and strength. To analyze a structure properly, certain

idealizations must be made as to how the members are supported and connected together. The

loadings are determined from codes and local specifications, and the forces in the members

and their displacements are found using the theory of structural analysis.
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Classification of Structures

 Structural elements

Tie rods: Structural members 

subjected to a tensile force are often 

referred to as tie rods or bracing struts.

 Beams: usually straight horizontal

members used primarily to carry vertical

loads. they are classified according to

the way they are supported.

Beams are primarily designed to resist

bending moment; however, if they are short

and carry large loads, the internal shear

force may become quite large and this

force may govern their design.

Dr. Ra'ed Al-Mazaidh             4CE 315-Fall 2021



3

Classification of Structures (Cont’d)

Columns: Members that are generally vertical and resist axial

compressive loads are referred to as columns. Occasionally,

columns are subjected to both an axial load and a bending moment

as shown in the figure. These members are referred to

as beam columns.
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 Types of structures

 Trusses: Used when the large
spans are required. spans 

ranging from 30 ft.
(9 m) to 400 ft. (122 m)

Classification of Structures (Cont’d)
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Cables support their loads in tension. Arches support their loads in compression.

Classification of Structures (Cont’d)

 Cables & Arches: Used to span long distances. They are commonly used to support 

bridges, and building roofs.
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 Frames: are composed of beams and columns 

that are either pin or fixed connected,

 Surface Structures: They are made from a material 

having a very small thickness compared to its other

dimensions. (Thin plates or shells)

Classification of Structures (Cont’d)
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Loads
Once the dimensional requirements and the structural form has been determined for a 

structure, it is necessary to first specify the loads that act on it.

The design loading for a structure is often specified in CODES.

A code is a set of technical specifications and standards that control major details of 

analysis, design, and construction of buildings, equipment, and bridges.

The purpose of codes is to produce safe, economical structures so that the public will be 

protected from poor or inadequate design and construction.

In general, the structural engineer works with two types of codes:

o General building codes: They specify the requirements of governmental bodies for 

minimum design loads on structures and minimum standards for construction

1. Standard Minimum Design Loads for Buildings and Other Structures (ASCE/SEI 7-16) 

,published by the American Society of Civil Engineers (ASCE).

2. International Building Code (IBC).
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• Design Codes (Structural codes): They provide detailed technical standards and are 
used to establish the requirements for the actual structural design

1. Standard Specifications for Highway Bridges by the American Association of State 
Highway and Transportation Officials (AASHTO) covers the design and analysis of 
highway bridges.

2. Manual for Railway Engineering by the American Railway Engineering and 
Maintenance of Way Association (AREMA) covers the design and analysis of railroad 
bridges.

3. Building Code Requirements for Reinforced Concrete (ACI 318) by the American 
Concrete Institute (ACI) covers the analysis and design of concrete structures.

4. Manual of Steel Construction by the American Institute of Steel Construction (AISC) 
covers the analysis and design of steel structures.

5. National Design Specifications for Wood Construction by the American Forest & Paper 
Association (AFPA) covers the analysis and design of wood structures.
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 Dead Loads

Loads that are constant in magnitude and fixed in  location throughout the lifetime of the

structure. They Include the weights of the columns, beams, and girders, the floor slab, 

roofing, walls, windows, plumbing, electrical fixtures….etc.

Dead loads can be calculated with good accuracy from  the design configuration,

dimensions of the structures,  and density of the materials.

Code assumes most dead loads can  be simplified as uniformly distributed  area load

Types of loads
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Example 1:
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Example 2:

The floor beam in the figure used to support the 6-ft width of a lightweight plain concrete slab 

having a thickness of 4 in. The slab serves as a portion of the ceiling for the floor below, and 

therefore its bottom is coated with plaster. Furthermore, an 8-ft-high, 12-in.-thick lightweight solid 

concrete block wall is directly over the top flange of the beam. Determine the loading on the beam 

measured per foot of length of the beam.
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Solution:

Concrete slab: lightweight Plain concrete (Density=8 lb/ft2 .in) (Table C3.1-1a -ASCE7-16 pp.426)

Load per foot= (8 lb/ft2 .in. ) 4 in. *6 ft. = 192 lb/ft .

Plaster ceiling: Plaster on tile or concrete (Density=5 lb/ft2 ) (Table C3.1-1a -ASCE7-16 pp.426)

Load per foot= (5lb/ft2 ) *6 ft. = 30 lb/ft.

Block wall: Masonry, concrete Lightweight unit (Density=105 lb/ft3 )  (Table C3.1-1a -ASCE7-16 

pp.430)

Load per foot= (105 lb/ft3 * 8ft.*1 ft.)=840 lb/ft.

Total load: (192+30+840= 1062 lb/ft.=1.06 K/ft).
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 Live Loads

Loads that consist chiefly of occupancy loads in  buildings. They may be either fully or 

partially in place or  not present at all, and may also change in location.

Magnitude and distribution of live loads at any given  time are uncertain, and even their 

maximum intensities  throughout the lifetime of the structure are not known with  precision.

The minimum live loads for which the floors and roof of a building should be designed are

usually specified in the building code.
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50 psf (lb/ft2)

100 psf (lb/ft2)

150 psf (lb/ft2)

 Live Loads
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Live Loads Reduction

• For some types of buildings having very large floor areas, many codes will allow a 
reduction in the uniform live load for a floor.

• it is unlikely that the prescribed live load will occur simultaneously throughout the entire 
structure at any one time.

• ASCE 7-16 allows a reduction of live load on a member having an influence area (KLL AT) 
of 400 ft2 (37.2 m2).

where

L = reduced design live load per square foot or square meter of area supported by the member.

Lo = unreduced design live load per square foot or square meter of area supported by the member.

KLL = live load element factor. For interior columns KLL = 4. ( Table 4.7-1 ASCE 7-16 pp.17)

AT = tributary area in square feet or square meters.*
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ASCE 7-16 allows live reduction:

KLL* AT  400 ft2 (37.2 m2 )

L 
50% L0

0

for members supporting one floor.

for members supporting more than one floor.


40% L

No reduction is allowed:

if L0   100 lb/ft2 (24.79 kN/m2
)

or

if The structures used for public assembly,garages,or roofs
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A two-story office building shown in the photo has interior  columns that are spaced 6.71 m 

apart in two perpendicular  directions. If the (flat) roof loading is 0.96 kN/m2. Determine  the 

reduced live load supported by a typical interior column  located at ground level.

Example 3:
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The interior column has a tributary area or effective  loaded area of 

AT= 6.71x6.71=45 m2.

A ground floor column supports a roof live load of

FR= 0.96 KN/m2 x 45 m2 = 43.2 kN

This load cannot be reduced since it is a roof load.

For the first floor, the Live Load is taken from table (4.3-1-ASCE 7-16 pp.14): L0=2.4 kN/m2

L0=2.4 kN/m2 < 24.79 KN/m2 (OK.)

From table 4.7-1 4.3-1-ASCE 7-16 pp.14: KLL=4 

KLL*AT>=4*45=180m2 > 37.2 m2 (OK.)

2

LL T
K A

 4.57   4.57 
L  L0 

0.25

 2.40.25

445
  2.40.59 1.42 kN/m

  

The load reduction here is  
1.42 

100% 59.1%  50% (OK.)
2.4

The Floor load FF1.4245  63.9 kN

The Roof load FR  0.96 45  43.2 kN (No Reduction in Roof load)

F  FR FF 43.263.9 107.1kN
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 Highway Bridge loads

 Primary live loads are those due to traffic

 Specifications for truck loadings are reported in AASHTO (American  Association 

of State Highway and Transportation Officials)

 For 2-axle truck, these loads are designated with H followed by the  weight of truck in 

tons and another no. gives the year of the  specifications that the load was reported.
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 Railway Bridge loads

 Loadings are specified in AREMA

 A modern train having a 320kN (72k) loading on the driving axle of  the engine is designated 

as an E-72 loading.
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 Impact loads

 Due to moving vehicles

 The % increase of the live loads due to impact is called the impact  

factor, I

 0.3 (SI Units)

L  length of the span in (ft., m) that is subjected to the

live load

15.24

L 38.1
I 

 0.3 (US Units)
50

L 125
I 
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 Wind loads

 Kinetic energy of the wind is converted into potential energy of  pressure when 

structures block the flow of wind

 Effects of wind depends on density & flow of air, angle of incidence,  shape & stiffness of 

the structure & roughness of surface

 For design, wind loadings can be treated as static or dynamic  approach

31Dr. Ra'ed Al-Mazaidh             CE 315-Fall 2021

32Dr. Ra'ed Al-Mazaidh             CE 315-Fall 2021



17

This pressure q is defined by the air’s kinetic energy per unit volume, q = ½ ρV2, where ρ is the 

density of the air and V is its velocity.

According to the ASCE 7-16 Standard, this equation is modified to account for the structure’s 

height, and the terrain in which it is located. Also the importance of the structure is 

considered, as it relates to the risk to human life or the public welfare if it is damaged or loses its 

functionality.

This modified equation is represented by the following equation
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Snow loads

 Design loadings depend on building’s general shape & roof  geometry, 

wind exposure, location and its importance

 Snow loads are determined from a zone map reporting 50-year  

recurrence interval
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Earthquake loads

 Earthquake produce loadings through its interaction with the ground  & its response 

characteristics.

 Their magnitude depends on amount & type of ground acceleration,  mass & stiffness 

of structure

 Top block is the lumped mass of the roof

 Middle block is the lumped stiffness of all the building’s columns

 During earthquake, the ground  vibrates both horizontally 

& vertically
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 The horizontal accelerations create shear forces in the column that  put the block in 

sequential motion with the ground.

 If the column is stiff & the block has a small mass, the period of  vibration of the block will 

be short, the block will accelerate with the  same motion as the ground & undergo slight 

relative displacements

 If the column is very flexible & the block has a large mass, induced  motion will cause 

small accelerations of the block & large relative  displacement
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Hydrostatic & Soil Pressure

 The pressure developed by these loadings when the structures are  used to retain 

water or soil or granular materials

 E.g. tanks, dams, ships, bulkheads & retaining walls

 Other natural loads

 Effect of blast

 Temperature changes

 Differential settlement of foundation
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 Allowable-stress design (ASD) method:

(It was called Working Stress Design method prior 2005) includes both the material and

load uncertainties into a single factor of safety.

Design Methods:
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 The many types of loads discussed previously can occur simultaneously on a structure, but it is very unlikely

that the maximum of all these loads will occur at the same time. For example, both maximum wind and

earthquake loads normally do not act simultaneously on a structure.

 For allowable-stress design the computed elastic stress in the  material must not exceed the allowable stress 

for each of  various load combinations. Load combinations specified by the  ASCE 7-016 Standard.
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Ultimate strength design is based on designing the ultimate  strength of critical sections.
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 Ultimate Strength Design method:
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 This method uses load factors to the loads or combination  of loads.
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Idealized Structure

• In real sense exact analysis of a structure can never be carried out.

• Estimates have always to be made of the loadings and strength of materials.

• Furthermore, points of application for the loadings must be estimated.

• Models or idealization should be made.
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Support Connections

Structural members are joined together in various ways depending on the intent of the designer

The three types of joints most often specified are:

 Pin connection

 Roller support,

A pin-connected joint and a roller

support allow some freedom for

slight rotation
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 Fixed joint

Fixed joint allows no relative rotation between 

the connected members. (Expensive)
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Idealized models are used in structural analysis to represent:

1.

2.
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3.

k = 0, the joint is a pin k = ∞, the joint is fixed.
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When selecting a particular model for each support or joint, the engineer must be aware of how

the assumptions will affect the actual performance of the member and whether the assumptions

are reasonable for the structural design.
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Idealized Structure

Dr. Ra'ed Al-Mazaidh 13

CE 315-Fall- 2021 Dr. Ra'ed Al-Mazaidh 14



8

CE 315-Fall- 2021 Dr. Ra'ed Al-Mazaidh 15

CE 315-Fall- 2021 Dr. Ra'ed Al-Mazaidh 16



9

CE 315-Fall- 2021 Dr. Ra'ed Al-Mazaidh 17

CE 315-Fall- 2021 Dr. Ra'ed Al-Mazaidh 18



10

Load Path
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Tributary Loadings:

It is how the load on the surfaces of structural elements is transmitted to the other elements used

for their support.

There are two ways depends on the geometry of the structural system, the material from which it is 

made, and the method of its construction.

 One-Way System:

12 ft.
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ACI 318 code, if L2 > L1 and if the span ratio (L2/L1) > 2, the slab will

behave as a one-way slab

12 ft.

Dr. Ra'ed Al-Mazaidh 21
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 Two-Way System:

According to the ACI 318 concrete code, if L2 > L1 and the support ratio (L2 / L1) ≤ 2,

the slab will behave as a two-way slab
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EXAMPLE 2.1

EXAMPLE 1

Dr. Ra'ed Al-Mazaidh 25
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Solution:

The dead load on the floor is due to the weight of the concrete slab.

Dead Load: lightweight concrete slab (4 inch)

From ASCE7-16 Table C3.1-1 page 426: 

DL= (8 lb/ft2)X (4 in.)=32 lb/ft2.

Live Load: From ASCE7-16 Table C3.1-1 page 15:

LL= 40 lb/ft2
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Total Load=DL+LL
= 32+40= 72 lb/ft2

L1

L2

𝐿2 = 15 𝑓𝑡.
𝐿1 = 2.5 𝑓𝑡.

→
𝐿2
𝐿1

=
15

2.5
= 6 > 2 → 𝑶𝒏𝒆 𝒘𝒂𝒚 𝒔𝒍𝒂𝒃

The tributary area for each joist= 15x2.5= 37.5 ft2

Total Load on the tributary area= 72x37.5= 2700 lb

Load/ ft. on the joist= 2700/15 = 180 lb/ft.
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EXAMPLE 2
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Solution:
L1

L1

𝐿2 = 7 𝑓𝑡.
𝐿1 = 4 𝑓𝑡.

→
𝐿2
𝐿1

=
7

4
= 1.75 < 2 → 𝑻𝒘𝒐 𝒘𝒂𝒚 𝒔𝒍𝒂𝒃

The peak intensity of this loading=(Total load) X (h)

= 2 KN/m2 X 2m= 4 KN/m

Tributary area (1)

h

Tributary area (2)= 4 KN/m (Symmetric)

Load on Beam BC = Load of Tributary area (1)+ 
Load of Tributary area (2)

Total peak intensity loading= 4+4= 8 KN/m
8 KN/m

Dr. Ra'ed Al-Mazaidh 29
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Load on Beam DC = Load of Tributary area (3)

h

The peak intensity of this loading=(Total load) X (h)

= 2 KN/m2 X 2m= 4 KN/m
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EXAMPLE 3
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Solution:

The dead load on the floor is due to the weight of the concrete slab.

Dead Load: reinforced stone concrete (5 inch)

From ASCE7-16 Table C3.1-2 page 430  

DL= (150 lb/ft3)X (5 in/12 in.)=62.5 lb/ft.

Live Load: 50 lb/ft2 ( Given in the problem)

LL= 50 lb/ft2
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Total Load=DL+LL
= 62.5+50= 112.5 lb/ft2

L1

L2

𝐿2 = 30 𝑓𝑡.
𝐿1 = 15 𝑓𝑡.

→
𝐿2
𝐿1

=
30

15
= 2 = 2 → 𝑻𝒘𝒐 𝒘𝒂𝒚 𝒔𝒍𝒂𝒃

The peak intensity of this loading=(Total load) X (h)

= 112.5 lb/ft.2 X 7.5 ft.= 843.75 lb/ft.

Tributary area (1)

Tributary area (2)= 843.75 lb/ft. (Symmetric)

Load on Beam AB = Load of Tributary area (1)+ 
Load of Tributary area (2)

Total peak intensity loading= 843.75+843.75= 1687.5 lb/ft.

h
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Principle of Superposition

 The principle of superposition forms the basis for much of  the theory of structural analysis. 

It may be stated as  follows:

"The total displacement or internal loadings (stress) at a point in  a structure 

subjected to several external loadings can be  determined by adding together the 

displacements or internal  loadings (stress) caused by each of the external loads 

acting  separately".

 For this statement to be valid it is necessary that a linear  relationship exist among the 

loads, stresses, and  displacements.
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 TWO requirements for the principle to apply:

1. The material must behave in a linear-elastic manner, so that  Hooke’s law is valid, 

and therefore the load will be  proportional to displacement.

2. The geometry of the structure must not undergo significant  change when the 

loads are applied, i.e., small displacement  theory applies. Large displacements 

will significantly change  the position and orientation of the loads.
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Superposition not applicable:
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Equations of Equilibrium

 For equilibrium:

 Fz 0

 M z 0

 Fy  0

 M y 0

 Fx   0

M x0

 The principal load-carrying portions of most structures,  however, lie in a single plane, 

and since the loads are also  coplanar, the above requirements for equilibrium reduce to

 Fx 0

 Fy  0

Mo 0

CE 315-Fall- 2021 Dr. Ra'ed Al-Mazaidh 37

 If the internal loadings at a specified point in a member are to be 

determined, the method of sections must be used.
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Determinacy

 Equilibrium equations provide both the necessary and sufficient  conditions for

equilibrium

 All forces can be determined strictly from these equations

 No. of unknown forces > equilibrium equations => statically  indeterminate.

 This can be determined using a free body diagram.

CE 315-Fall- 2021 Dr. Ra'ed Al-Mazaidh 39

For a coplanar structure

r  3n, statically determinate }

r  3n, statically indeterminate }

r = number force and moment reaction components

n = number of parts

The additional equations needed to solve for the unknown equations are 

referred to as compatibility equations
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EXAMPLE 4
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EXAMPLE 5
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EXAMPLE 6
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To ensure the equilibrium of a structure or its members, it is not only necessary to satisfy the 

equations of equilibrium, but the members must also be properly held or constrained by their 

supports regardless of how the structure is loaded.

Stability

 Two situations may occur where the conditions for proper constraint have not been met

1. Partial Constraints

Instability can occur if a structure or one of its members has fewer reactive forces than equations of 

equilibrium that must be satisfied

Dr. Ra'ed Al-Mazaidh 47
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2. Improper Constraints

a) This can occur if all the support reactions are concurrent at a point.

The summation of moments about point O will not be equal to zero (Pd ≠0); thus rotation about 

point O will take place.

Dr. Ra'ed Al-Mazaidh 49
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b) Another way in which improper constraining leads to instability occurs when the 

reactive forces are all parallel.

The summation of forces in the horizontal direction will not equal zero.
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EXAMPLE 7
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Application of the Equations of Equilibrium
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EXAMPLE 8
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EXAMPLE 9
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EXAMPLE 10
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EXAMPLE 11
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EXAMPLE 12
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Common Types of Trusses

 A truss is one of the major types of engineering structures which  provides a practical 

and economical solution for many engineering  constructions, especially in the design 

of bridges and buildings that  demand large spans.

 A truss is a structure composed of slender members joined together at  their end points

 The joint connections are usually formed by bolting or welding the ends  of the members 

to a common plate called gusset plate.

 Planar trusses lie in a single plane & is often used to support roof or  bridges

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 2
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Roof Trusses

 They are often used as part of an industrial building frame

 Roof load is transmitted to the truss at the joints by means of a  series of purlins

 To keep the frame rigid & thereby capable of resisting  horizontal wind forces, knee 

braces are sometimes used at the  supporting column

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 3
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 Bridge Trusses

 The main structural elements of a typical bridge truss are shown in the figure below.

Here it is seen that a load on the deck is first transmitted to stringers, then to floor

beams, and finally to the joints of the two supporting side trusses.

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 5

Dr. Ra'ed Al-Mazaidh 6

 The top and bottom cords of these side trusses are connected by top and bottom lateral

bracing, which serves to resist the lateral forces caused by wind and the sidesway caused by

moving vehicles on the bridge.

 Additional stability is provided by the portal and sway bracing. As in the case of many long-

span trusses, a roller is provided at one end of a bridge truss to allow for thermal expansion

CE 315-Structural Analysis-Fall 2021
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 In particular, the Pratt, Howe, and Warren trusses are normally

used for spans up to 61 m in length. The most common form is

the Warren truss with verticals.

 For larger spans, a truss with a polygonal upper cord, such as

the Parker truss, is used for some savings in material.

 The Warren truss with verticals can also be fabricated in this

manner for spans up to 91 m.

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 7

 Assumptions for Design

o The members are joined together by smooth pins

o All loadings are applied at the joints

Due to the 2 assumptions, each truss member acts as an  axial force member

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 8
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Classification of Coplanar Trusses

 Simple

 Compound or Complex Truss

Simple Truss

 To prevent collapse, the framework of a truss must be rigid

 The simplest framework that is rigid or stable is a triangle

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 9

 The basic “stable” triangle element is ABC

 The remainder of the joints D, E & F are established in alphabetical sequence

 Simple trusses do not have to consist entirely of triangles

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 10
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 Compound Truss

 It is formed by connecting 2 or more simple truss together.

 Often, this type of truss is used to support loads acting over a  larger span as it is 

cheaper to construct a lighter compound  truss than a heavier simple truss

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 11

 Type 1

 The trusses may be connected by a common joint & bar. Fig(a)

 Type 2

 The trusses may be joined by 3 bars Fig(b)

 Type 3

 The trusses may be joined where bars of a large simple truss, 

called  the main truss, have been substituted by simple truss, 

called  secondary trusses. Fig(c)

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 12
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Complex Truss

A complex truss is one that cannot be classified as being either  simple or compound

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 13

 The total number of unknowns includes the forces in b number of bars of the

truss and the total number of external support reactions r.

 Since the truss members are all straight axial force members lying in the same

plane, the force system acting at each joint is coplanar and concurrent.

 Consequently, rotational or moment equilibrium is automatically satisfied at the

joint (or pin).

Determinacy

 Fx  0 and  Fy  0

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 14
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 By comparing the total unknowns with the total number of  available equilibrium equations, 

we have:

b  r 2 j statically determinate

b  r 2 j statically indeterminate

b: The total number of bars of the truss.

r : The total number of external support  reactions.

j : The total number of joints.

Degree of indeterminacy: (b  r -2 j)

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 15

Stability

 If b + r < 2j => collapse (Unstable)

 A truss can be unstable if it is statically determinate or  statically

indeterminate

 Stability will have to be determined either through inspection  or by force analysis

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 16
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 External Stability

 A structure is externally unstable if all of its reactions are concurrent  or parallel

 The trusses are externally unstable since the support reactions have  lines of 

action that are either concurrent or parallel.

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 17

 Internal Stability

 The internal stability can be checked by careful inspection of the  arrangement of 

its members

 If it can be determined that each joint is held fixed so that it cannot  move in a “rigid 

body” sense with respect to the other joints, then the  truss will be stable

 A simple truss will always be internally stable

 If a truss is constructed so that it does not hold its joints in a fixed  position, it will 

be unstable or have a “critical form”

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 18
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 To determine the internal stability of a compound truss, it is  necessary to identify the 

way in which the simple truss are connected together

 The truss shown is unstable since the inner simple truss ABC is  connected to 

DEF using 3 bars which are concurrent at point O. Thus an external load can 

be applied at A, B or C & cause the truss  to rotate slightly.

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 19

 For complex truss, it may not be possible to tell by inspection if it is stable

 The instability of any form of truss may also be noticed by using a computer to solve

the 2j equations for the joints of the truss. If inconsistent results are obtained, the

truss is unstable or have a critical form

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 20
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Example 1

(a)

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 22
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The Method of Joints

 Satisfying the equilibrium equations for the forces exerted on the pin at each joint of the truss

 Applications of equations yields 2 algebraic equations  that can be solved for the 2 unknowns

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 24

Determination of the member forces
 The Method of Joints

 The Method of Sections
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 Always assume the unknown member forces acting on the  joint’s free body diagram to 

be in tension

 Numerical solution of the equilibrium eqns will yield  positive scalars for members 

in tension & negative for  those in compression

 The correct sense of direction of an unknown member force  can in many cases be 

determined by inspection

 A positive answer indicates that the sense is correct,  whereas a negative answer 

indicates that the sense shown  on the free-body diagram must be reversed.

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 25
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Example 2
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Zero-Force Members

 Truss analysis using method of joints is greatly simplified if  one is able to first 

determine those members that support  no loading

 These zero-force members may be necessary for the stability of the truss

during construction & to provide support if the applied loading is changed

 The zero-force members of a truss can generally be  determined by 

inspection of the joints & they occur in 2  cases.

Dr. Ra'ed Al-Mazaidh 29CE 315-Structural Analysis-Fall 2021

 Case 1

 The 2 members at joint C are connected together at a right  angle & there 

is no external load on the joint

 The free-body diagram of joint C indicates that the force in  each member 

must be zero in order to maintain equilibrium

Dr. Ra'ed Al-Mazaidh 30CE 315-Structural Analysis-Fall 2021
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 Case 2

 Zero-force members also occur at joints having a geometry as  joint D

Dr. Ra'ed Al-Mazaidh 31CE 315-Structural Analysis-Fall 2021

 No external load acts on the joint, so a force summation in the y-direction which is

perpendicular to the 2 collinear members requires that FDF = 0

 Using this result, FC is also a zero-force member, as indicated by the force analysis of

joint F

Dr. Ra'ed Al-Mazaidh 32CE 315-Structural Analysis-Fall 2021
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Example 3
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The Method of Sections  

 If the forces in only a few members of a truss are to be  found, the method of sections generally 

provide the most  direct means of obtaining these forces.

 This method consists of passing an imaginary section through  the truss, thus cutting it into 2 

parts.

 Provided the entire truss is in equilibrium, each of the 2 parts  must also be in equilibrium.

Dr. Ra'ed Al-Mazaidh 35CE 315-Structural Analysis-Fall 2021

 The 3 eqns of equilibrium may be applied to either one of  these 2 parts to determine 

the member forces at the “cut  section”

 A decision must be made as to how to “cut” the truss

 In general, the section should pass through not more than 3  members in which the 

forces are unknown

Dr. Ra'ed Al-Mazaidh 36CE 315-Structural Analysis-Fall 2021
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 If the force in GC is to be determined, section a-a will be  appropriate

 Also, the member forces acting on one part of the truss are  equal but opposite

 The 3 unknown member forces, FBC, FGC & FGF can be  obtained by applying the 3 

equilibrium equations

Dr. Ra'ed Al-Mazaidh 37CE 315-Structural Analysis-Fall 2021
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Example 4
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Example 5
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𝑻𝒐 𝒇𝒊𝒏𝒅 𝑭𝑴𝑩

𝑭𝒓𝒐𝒎 𝒕𝒉𝒆 𝑭.𝑩. 𝑫 𝒐𝒇 𝑱𝒐𝒊𝒏𝒕 𝑩

→𝑭𝒚 = 𝟎 → 𝑭𝑴𝑩 = 𝟏𝟐𝟎𝟎 𝒍𝒃
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Faculty of Engineering 
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Chapter 4: Internal Loadings Developed  in Structural Members

Dr. Ra’ed Al-Mazaidh

 The internal load at a specified point in a member can be  determined by using the method of

sections

 This consists of:

 N, normal force

 V, shear force

 M, bending moment

Internal loadings at a specified point

2CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh
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 Sign convention

Although the choice is arbitrary, the convention has been  widely accepted in structural

engineering

3CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh

Procedure for analysis

 Determine the support reactions before the member is “cut”

 If the member is part of a pin-connected structure, the pin  reactions can be determine 

using the methods of section

 Keep all distributed loadings, couple moments & forces acting  on the member in their 

exact location.

 Pass an imaginary section through the member, perpendicular  to its axis at the point 

where the internal loading is to be  determined

 Then draw a free-body diagram of the segment that has the  least no. of loads on it

 Indicate the unknown resultants N, V & M acting in their positive  directions

 Moments should be summed at the section about axes that pass  through the centroid of 

the member’s x-sectional area in order  to eliminate N & V, thereby solving M.

4CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh
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 If the solution of the equilibrium equations yields a quantity  having a negative magnitude, 

then the assumed directional  sense of the quantity is opposite to that shown on the free-

body diagram.

5CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh

EXAMPLE 1

6CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh
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=
𝟏

𝟐
∗ 𝟑

𝒌

𝒇𝒕
*9 ft= 13.5 k

𝑀𝐴 = −13.5 6 + 𝐵𝑦(9) = 0

→ 𝐵𝑦=9 K

𝑊𝑐

3 𝑓𝑡 6 𝑓𝑡

𝑾𝒄

3 k/ft

3

9
=
𝑊𝑐

3

𝑊𝑐 = 1 𝐾/𝑓𝑡

=
1

2
∗ 1 ∗ 3 = 1.5 𝐾

𝐹𝑦 = −13.5 + 9 + 𝐴𝑦 = 0

→ 𝐴𝑦= 4.5 K

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 8
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Shear & Moment Functions

 Design of beam requires detailed knowledge of the  variations of V & M

 Internal N is generally not considered as:

 The loads applied to a beam act perpendicular to the beam’s  axis.

 For design purpose, a beam’s resistance to shear & bending is  more important than its ability 

to resist normal force.

 An exception is when it is subjected to compressive axial force  where buckling may occur.

9CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh

 In general, the internal shear & moment functions will be  discontinuous or their slope 

will be discontinuous at points  where:

 The type or magnitude of the distributed load changes

 Concentrated forces or couple moments are applied

10CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh
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 Procedure for Analysis

 Determine the support reactions on the beam.

 Resolve all the external forces into components acting  perpendicular & parallel to 

beam’s axis.

 Specify separate coordinates x and associated origins,  extending into:

 Regions of the beam between concentrated forces and/or couple  moments

 Discontinuity of distributed loading

 Section the beam perpendicular to its axis at each distance x

 From the free-body diagram of one of the segments,  determine the unknowns V & M

 On the free-body diagram, V & M should be shown acting in  their positive directions

 V is obtained from Fy 0

 M is obtained by M s  0
11CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh

The results can be checked by noting that:

𝑑𝑀

𝑑𝑥
= v

𝑑𝑉

𝑑𝑥
= w

12CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh
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EXAMPLE 2

𝑀𝐴 = −48 6 − 60 20 − 100 + 𝑀𝐴 = 0

→ 𝑀𝐴=1588 K.ft

𝐹𝑦 = −48 − 60 + 𝐴𝑦 = 0

→ 𝐴𝑦= 108 K

𝑀𝐴

𝐴𝑦

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 14

𝑑𝑀

𝑑𝑥
= 108 − 4𝑥1 = V

𝑑𝑉

𝑑𝑥
= −4 =w
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𝑑𝑀

𝑑𝑥
= 60 = V

𝑑𝑉

𝑑𝑥
= 0=w

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 16CE 315-Structural Analysis-Spring 2021 Dr. Ra'ed Al-Mazaidh 16

EXAMPLE 3
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𝑥

9 𝑓𝑡

𝑾𝒄

20 k/ft

20

9
=
𝑊𝑐

𝑥

𝑊𝑐 = (20)(
𝑥

9
)

Shear & Moment Diagrams for a Beam

 If the variations of V & M are plotted, the graphs are  termed the shear diagram and moment

diagram

18CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh
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 Applying the equation of equilibrium, we have:

  Fy  0;

V  w(x)x  (V  V )  0
V  w(x)x

With anti - clockwise moments as  ve :

 Mo  0;

Vx  M w(x)x (x)  (M  M )  0

M Vx  w(x) (x)2

19CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh

 Dividing by x & taking the limit as x , the 

previous  equations become:

dV
 w(x) ,

dM
V  

dx dx

 Integrating from one point to another 

between  concentrated forces or couples in 

which case

V  w(x)dx , M  V (x)dx

20CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh
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EXAMPLE 4

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh
24

𝐴1 = −4 ∗ 1.5 = −6

𝑆𝑙𝑜𝑝𝑒 = −4 𝑆𝑙𝑜𝑝𝑒 = 4

𝑆𝑙𝑜𝑝𝑒 = −2

𝐴4 = 4 ∗ 1.5 = 6

𝐴2 = 2 ∗ 1.5 = 3

𝐴3 = −2 ∗ 1.5 = −3

𝐴1
𝐴1 + 𝐴2

𝐴1 + 𝐴2 + A3

𝐴1 + 𝐴2 + A3 + A4
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EXAMPLE 5

𝑹𝟏 =
𝟏

𝟐
∗ −𝟖 ∗ 𝟏. 𝟓 = −𝟔

𝑹𝟐 = −𝟖 ∗ 𝟑 = −𝟐𝟒

S.F.D

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 26

𝑨𝟏 =
𝟏

𝟑
∗ 𝒃 ∗ 𝒉 −

𝟏

𝟑
∗ 𝟏. 𝟓 ∗ 𝟔 = −𝟑

𝑨𝟐 =
𝟏

𝟐
𝒃 𝒉𝟏 + 𝒉𝟐

=
𝟏

𝟐
∗ 𝟑 ∗ −𝟑𝟎 − 𝟔 = −𝟓𝟒

= 𝟏𝟓 + 𝑨𝟏
=15-3=12

= 𝟏𝟓 + 𝑨𝟏 + 𝑨𝟐
= 𝟏𝟓 − 𝟑 − 𝟓𝟒 = −𝟒𝟐

S.F.D B.M.D

Clockwise  (+ value)

Counter-clockwise  (- value)
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EXAMPLE 4.11

EXAMPLE 6

𝒏 = 𝟐 → 𝟑𝒏 = 𝟔
𝒓 = 𝟔

𝒓 = 𝟑𝒏 = 𝟔
Statically determinate

Roller
Roller

Pin
Pin

Exercise

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 28

15

?

10’

20 x

4

20

10
=
4

𝑥
→ 𝑥 = 2

𝑥 =
𝑉

𝑤
=
4

2
= 2

=
1

2
∗ 3*6=9=

1

2
∗ 3*6=9
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𝑨𝟏 =
𝟏

𝟐
𝟒 𝟐 = 𝟒

𝑨𝟐 =
𝟏

𝟐
−𝟏𝟔 𝟖 = −𝟔𝟒

𝑨𝟐 = −𝟏𝟔 𝟔 = −𝟗𝟔

𝑨𝟑 = −𝟐𝟏 𝟒 = −𝟖𝟖

𝑺 = 𝟒

𝑺 = −𝟏𝟔

𝑺 = 𝟎

𝑺 = −𝟐𝟏 𝑺 = 𝟐𝟒

𝑺 = 𝟔

a1= 6 ∗ 12 = 𝟕𝟐

a2= 6 ∗ 9 = 𝟓𝟒 a3=
1

3
∗ 6 ∗ 9 = 𝟏𝟖

a4=
2

3
∗ 6 ∗ 9 = 𝟑𝟔
15

𝑨𝟒 = 𝟕𝟐 + 𝟓𝟒 + 𝟏𝟖 + 𝟑𝟔 = 𝟏𝟖𝟎

S.F.D

B.M.D

Shear and Moment Diagrams for a Frame

30CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh

EXAMPLE 7

Roller

Pin

𝐴𝑦

𝐵𝑦

𝐵𝑥

𝑀𝐵 = 5 ∗ 15 + 3 ∗ 5 − 𝐴𝑦 15 = 0 → 𝐴𝑦 = 6 𝐾

𝐹𝑦 = −5 + 6 − 𝐵𝑦 = 0 → 𝐵𝑦 = 1 𝐾

𝐹𝑥 = −𝐵𝑥 + 3 = 0 → 𝐵𝑥 = 3 𝐾
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𝑀𝐶𝐿

𝐶𝑦𝐿

𝐶𝑥𝐿

𝑀𝑐 = 3 ∗ 5 − 𝑀𝑐𝐿 = 0 → 𝑀𝑐𝐿 = 15𝐾. 𝑓𝑡

𝐹𝑥 = 3 − 𝐶𝑥𝐿 = 0 → 𝐶𝑥𝐿 = 3 𝐾

𝐹𝑦 = 6 − 𝐶𝑦𝐿 = 0 → 𝐶𝑦𝐿 = 6 𝐾

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 32

𝑀𝑐𝑅

𝐶𝑦𝑅

𝐶𝑥𝑅

𝑀𝑐 = −1 ∗ 15 + 𝑀𝑐𝑅 = 0 → 𝑀𝑐𝑅 = 15𝐾. 𝑓𝑡

𝐹𝑥 = −3 + 𝐶𝑥𝑅 = 0 → 𝐶𝑥𝑅 = 3 𝐾

𝐹𝑦 = −1 + 𝐶𝑦𝑅 = 0 → 𝐶𝑦𝑅 = 1 𝐾
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V (K.ft)

-3

6

11
X(ft)

A= -3*5=-15
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V (K.ft)

1

X(ft)

A= 1*15=15
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EXAMPLE 8
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R =40 KN/m *3= 120 KN

=120 KN*sin (36.87)= 72 KN

𝜃

𝑡𝑎𝑛−1
3

4
= 36.87𝑜

𝜃

=120 KN*cos (36.87)= 96 KN
2.5 m

𝑀𝐴 = −72 ∗ 2.5 − 80 ∗ 6 + 𝐶𝑦 ∗ 8 = 0 → 𝐶𝑦 = 82.5 𝐾𝑁

𝐹𝑦 = −80 + 82.5 + 𝐴𝑦 = 0 → 𝐴𝑦 = −2.5 𝐾𝑁

𝑨𝒙

𝑨𝒚

𝑪𝒚

𝐹𝑥 = 120 + 𝐴𝑥 = 0 → 𝐴𝑥 = −120 𝐾𝑁

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 38

120 KN

72 KN

96 KN

120 KN
𝜃 = 36.87

120*cos 36.87= 96 KN

𝜃

120*sin 36.87= 72 KN

2.5 KN

𝜃
2.5 cos 36.87=2 KN

𝑀𝐵𝐿

𝑁𝐵𝑉𝐵𝐿

𝑀𝐵 = −72 ∗ 5 + 2 ∗ 5 + 72 ∗ 2.5 + 𝑀𝐵𝐿 = 0 → 𝑀𝐵𝐿 = 170 𝐾𝑁.𝑚

𝐹𝑦 = 72 − 2 − 72 + 𝑉𝐵 = 2 → 𝑉𝐵𝐿 = 2 𝐾𝑁

𝐹𝑥 = −96 + 96 − 1.5 + 𝑁𝐵 = 0 → 𝑁𝐵 = 1.5 𝐾𝑁

2.5 sin 36.87=1.5 KN

𝑉𝐵𝑅
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𝑀𝐵𝑅 = 170

𝑽𝑩𝑹

𝐹𝑦 = −80 + 82.5 − 𝑉𝐵 = 2 → 𝑉𝐵 = 2.5 𝐾𝑁

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 40CE 315-Structural Analysis-Spring 2021 Dr. Ra'ed Al-Mazaidh 40

72 KN

72 KN

2 KN

𝟏𝟕𝟎 𝑲𝑵.𝒎

2 KN

=
70

14.4
=4.86

𝑆 = −14.4

𝐴1 =
1

2
∗ 4.86 ∗ 70 =170.1

𝐴2 =
1

2
∗ 0.14 ∗ −2

= −0.14

𝑆 = 0

𝑆 = 70

𝑆 = −2
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𝐴1 = −2.5 ∗ 2 = −5

𝐴2 = −82.5 ∗ 2 = −165𝑆 = 0

𝑆 = −2.5 𝑆 = −82.5

Moment Diagrams Constructed by the  Method of Superposition

 Beams are used primarily to resist bending stress, it is important that  the moment diagram 

accompany the solution for their design.

 Most loadings on beams in structural analysis will be a combination of  the loadings as shown.

a

42CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh
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Following show the method of  superposition for simply supported beam.

44CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh
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Chapter 5- Deflections
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Question: What are Structural Deflections?

Answer: The deformations or movements of a structure and its components, such as beams and  

trusses, from their original positions.

 It is as important for the designer to determine deflections and strains as it is to know the

stresses caused by loads.

 Deflection is caused by many sources, such as, loads,  temperature, construction error, and 

settlements.

 It is important to include the calculation of deflections into  the design procedure to prevent 

cracking of attached brittle materials (concrete or plaster walls or roofs) or to solve indeterminate 

problems.

Dr. Ra'ed Al-Mazaidh

Deflections

CE 315-Structural Analysis-Fall 2021 2
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Calculation of Deflections

 Energy methods :are based on the principle of conservation of energy.

1. The method of virtual work.

2. Castigliano’s theorem method.

CE 315-Structural Analysis-Fall 2021

Double integration method: (Direct integration) 

Equations which define the slope and the elastic curve

Geometrical methods: The strain of an elastic structure is used to determine the deflection.

They are used to obtain the slope and deflection at specific points on the beam.                        

1. The moment-area theorems method.

2. The conjugate-beam method.

3

Dr. Ra'ed Al-Mazaidh

Deflection diagrams & the elastic curve

• In this topic, only linear elastic material response is  considered

• This means a structure subjected to load will return to its  original undeformed position after the 

load is removed.

• Usually, before the slope and deflection are calculated, it  is important to sketch the shape of the 

structure when loaded (deflected shape).

• To do this, we need to know how different connections rotate, 𝜃, and deflect, ∆ ,as a response to 

loading.

CE 315-Structural Analysis-Fall 2021 4
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Fixed support  = 0 and  = 0



Fixed-connected joint – since  

the connection cannot rotate, the  

slope of the each member is the  

same



  

Pin or roller support = 0



1

Pin-connected joint – the  

pinned joint may rotate which  

results in different slopes for  

each member same

2

Fixed connection Pin connection

CE 315-Structural Analysis-Fall 2021 5
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Deflected shape
Deflected shape

Deflected shape

Deflected shape

6
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 If you have a difficult time drawing the deflected shape from the elastic response, try to construct the 

moment  diagram and then use the sign of the moment to determine the curvature of the structure

Inflection point: The point where the curve

changes from concave down to concave up.

CE 315-Structural Analysis-Fall 2021

Sad

Happy

7
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B.M.D

Deflected shape

B.M.D

8
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(f)

CE 315-Structural Analysis-Fall 2021 9
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Elastic-Beam Theory

The relationship between the  internal moment and the deflected shape is derived. 

Consider a  straight elastic beam deformed by a set of applied loads.

N.A

𝜌: The radius of curvature which is measured from

the center of curvature O’ to dx

……(1)

……(2)

……(3)

Substitute (2) and (3) in (1)

……(4)

……(5)

CE 315-Structural Analysis-Fall 2021 11
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……(6)

……….(7)𝑦 = −
𝜎 𝐼

𝑀

Substitute (6) and (7) in (5)

……….(8)

From Eq.2 𝜌 =
𝑑𝑥

𝑑𝜃
Then substitute it in Eq. (8)

CE 315-Structural Analysis-Fall 2021 12
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If we can express the curvature (
1

𝜌
) in terms of x and v, we can then determine the elastic curve for the beam. 

……….(9)

Substitute (9) in (8)

……….(10)
Nonlinear second-order differential equation Its solution, v = f(x),

gives the exact shape of the elastic curve—assuming,

of course, that beam deflections occur only due to bending

Since the slope of the elastic curve for most structures is very 

small, we will use small deflection theory and assume 
𝑑𝑣

𝑑𝑥
≈ 0

𝑑2𝑣

𝑑𝑥2
=
𝑀

𝐸𝐼

From calculus

CE 315-Structural Analysis-Fall 2021 13
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𝒅𝟐𝒗

𝒅𝒙𝟐
=
𝑴

𝑬𝑰

The double integration method

The internal moment in regions AB, BC & CD must be  written in terms of x1, x2 and x3

 Once M is expressed as a function of position x, then successive integrations of the above equation will 

yield the beam’s slope.

𝜃 ≈ 𝑡𝑎𝑛𝜃 =
𝒅𝒗
𝒅𝒙

= න
𝑴

𝑬𝑰
𝒅𝒙

 The equation of the elastic curve:

𝒗 = න(න
𝑴

𝑬𝑰
𝒅𝒙)𝒅𝒙

Recall:

CE 315-Structural Analysis-Fall 2021 14
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 Once these functions are integrated & the constants determined, the functions will give the slope & 

deflection for each region of the beam.

 It is important to use the proper sign for M as established  by the sign convention used in derivation.

 +ve 𝒗 is upward.

 +ve slope angle, will be measured counterclockwise from the x-axis.

CE 315-Structural Analysis-Fall 2021 15
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 The constants of integration are determined by evaluating the functions for slope or displacement at a

particular point on the beam where the value of the function is known. These values are called

boundary conditions.

Once the functions for the slope & deflections are obtained, they must give the same values for slope

& deflection at point B.

CE 315-Structural Analysis-Fall 2021 16
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Example 1

CE 315-Structural Analysis-Fall 2021

Ax=0

Ay=P/2 By=3P/2

17
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𝑑2𝑣

𝑑𝑥2
=
𝑀

𝐸𝐼
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C1,C2,C3, and C4??

4 unknown 
Boundary Conditions (B.C)

4 Equations 

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 20CE 315-Structural Analysis-Summer 2021 Dr. Ra'ed Al-Mazaidh 20

At x1=0
∆= 𝑣1 = 0

At x1=2a 
∆= 𝑣1 = 0

At x2=2a 
∆= 𝑣2 = 0

……..(2)

……..(4)
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𝜃1
𝜃2

𝜃1 = 𝜃2

𝑑𝑣1
𝑑𝑥

1

=
𝑑𝑣2
𝑑𝑥

2

at X1=X2=2a

……..(1)

……..(3)
Previous slide

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 22

To find the displacement at C (X=3a) , use eq (4)

(-)  Downward
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𝜽𝑪?????

𝐸𝐼
𝑑𝑣2
𝑑𝑥2

=
𝑃

2
𝑥2
2 − 3𝑃𝑎𝑥2 +

10

3
𝑃𝑎2

The slope at C is determined by setting 𝑥 = 3𝑎

𝐸𝐼
𝑑𝑣2
𝑑𝑥2

=
𝑃

2
(3𝑎)2 −3𝑃𝑎(3𝑎) +

10

3
𝑃𝑎2

→
𝑑𝑣2
𝑑𝑥2

= 𝜃𝐶 = −
𝟕𝑷𝒂𝟐

𝟔𝑬𝑰

(-)     Clockwise from the x-axis

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 24

Heinrich Müller-Breslau

(1851–1925)

German Civil Engineer.

He developed the Conjugate-Beam 

Method in 1885

Also known as “Method of Elastic 

Weights”

Conjugate-Beam Method
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Conjugate-Beam Method

 The basis for the method comes from similarity equations 

 To show this similarity, we can write these equations as shown:

Here the shear V compares with the slope 𝜽, the moment M compares with the displacement 𝒗, 

and the external load w compares with the 
𝑴

𝑬𝑰
diagram.

CE 315-Structural Analysis-Fall 2021 25
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To make use of this comparison we will now consider a beam having the same length as the

real beam but referred to as the “conjugate beam”,

The conjugate beam is loaded with the M/EI diagram derived

from the load w on the real beam From the above

comparisons, we can state 2 theorems related to the

conjugate beam:

Theorem 1

The slope at a point in the real beam is numerically equal to  the 

shear at the corresponding point in the conjugate beam.

Theorem 2

The displacement of a point in the real beam is numerically 

equal to the moment at the corresponding point in the conjugate 

beam.
26
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Conjugate-Beam Supports

 When drawing the conjugate beam, it is important that the  shear & moment developed at the 

supports of the  conjugate beam account for the corresponding slope & displacement of the real 

beam at its supports.

 Consequently, from Theorem 1 & 2, the conjugate beam must be supported by a pin or roller 

since this support has  zero moment but has a shear or end reaction.

 When the real beam is fixed supported, both beam has a  free end since at this end there is zero 

shear & moment

27
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Example 2

30
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4.5 ft 4.5 ft

5 K

V(K)

X(ft)

A=+22.5 K.ft

M(K.ft)

X(ft)

22.5 K.ft

4.5 ft 4.5 ft

5 K

V(K)

X(ft)

A=+22.5 K.ft

M(K.ft)

X(ft)

22.5 K.ft

31
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-𝜽:𝑪𝒍𝒐𝒄𝒌𝒘𝒊𝒔𝒆

32



17

CE 315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh

-∆:𝑫𝒐𝒘𝒏𝒘𝒂𝒓𝒅

33
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Example 3

34
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12 ft 6 ft

10 K

V(K)

X(ft)

M(K.ft)

X(ft)

4 K

4 K 6 ft 12 ft

10 K

A=+120K.ft

A=+24K.ft

A=-24K.ft
A=-120K.ft

120 K.ft

144 K.ft

120 K.ft

12 ft 6 ft

10 K

V(K)

X(ft)

M(K.ft)

X(ft)

4 K

4 K 6 ft 12 ft

10 K

A=+120K.ft

A=+24K.ft

A=-24K.ft
A=-120K.ft

120 K.ft

144 K.ft

120 K.ft

35
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EXAMPLE 7.13 
(continued)

1

2
∗ 12 ∗

12

𝐸𝐼
=

72

𝐸𝐼

1

2
∗ 12 ∗

120

𝐸𝐼
=
720

𝐸𝐼

1

2
∗ 12 ∗

120

𝐸𝐼
=
720

𝐸𝐼

60

𝐸𝐼
∗ 12 =

720

𝐸𝐼

720
𝐸𝐼 +

72
EI +

720
EI +

720
EI

2
=
1116

EI

12 ft 6 ft

10 K

V(K)

X(ft)

M(K.ft)

X(ft)

4 K

4 K 6 ft 12 ft

10 K

A=+120K.ft

A=+24K.ft

A=-24K.ft
A=-120K.ft

120 K.ft

144 K.ft

120 K.ft
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2

External Work and Strain Energy

 For more complicated loadings or for structures such as trusses & frames, it is suggested that energy 

methods be used for the computations.

 Most energy methods are based on the conservation of energy principal:

“ Work done by all external forces acting on a structure, Ue , is transformed into internal work or 

strain energy Ui”

 If the material’s elastic limit is not exceeded, the elastic  strain energy will return the structure to its

undeformed state when the loads are removed.

CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh
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When a force F undergoes a displacement  𝒅𝒙 in the same direction as the 

force, the work done is: 

 If the total displacement is 𝒙, the work becomes:

 Consider the effect caused by an axial force applied to  the end of a bar

 F is gradually increased from 0 to some limiting value 𝐹 = 𝑃

 The final elongation of the bar becomes ∆

 If the material has a linear elastic response, then F = (P/∆)x

 Substituting into equation                         and integrating from 0 to ∆ , we get

External Work—Force.

CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh

4

 The work of a moment = magnitude of the moment (M) x the angle (𝑑𝜃) through which it rotates.

 If the total angle of rotation is  𝜃 rad, the work becomes:

External Work—Moment

 If the moment is applied gradually to a structure having a  linear elastic response from 0 to M, then 

the work done is:

CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh
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 When an axial force N is applied gradually to the bar, it will strain the material such that the external work 

done by  N will be converted into strain energy.

 Provided the material is linearly elastic, Hooke’s Law is valid

……….(1)

 If the bar has a constant x-sectional area (A) and length (L)

…………..(2)

...……….(3)

Substitute Eq. (2) and Eq. (3) into Eq. (1)

…………………..(4) 

Substitute Eq. (4) into Eq. (5) with P=N

5

Strain Energy—Axial Force.

But                           …………………..(5)

CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh

6

Strain Energy—Bending

 Consider the beam in Fig. (a), 𝑃 & 𝑤 are gradually apply

 These loads create an internal moment M in the beam at a  section located a 

distance 𝑥 from the left support.

 Consequently, the strain energy or work stored in the element can be 

determined since the internal moment is  gradually developed

 The resulting rotation of the differential element 𝑑𝑥, Fig.(b), can be found 

from the following equation, that is:

 Since the internal moment is gradually developed , the strain energy, or work 

stored in the element, is determined from eq.

Hence,

CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh
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 The strain energy for the beam is determined by integrating this result over the beam’s entire 

length L. The result is

CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh

8

Principle of Work and Energy

 Consider finding the displacement ∆ at a point where the force P is  

applied to the cantilever beam.

 The external work:

 To obtain the resulting strain energy, we must first determine the 

internal moment as a function of position x in the beam and then 

apply. 

 In this case 𝑀 = −𝑃𝑥, so that:

 The external work:

CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh
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Limitations:

 Although the solution here is quite direct, application of this method is limited to only a few select problems.

 It will be noted that only one load may be applied to the  structure.

 If more than one load were applied, there would be an unknown displacement under each load, and yet it is 

possible to write only one “work” equation for the beam

 Only the displacement under the force can be obtained, since the external work depends upon both the force 

and its corresponding displacement.

CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh
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 Developed by John Bernoulli in 1717 and is sometimes referred to as the unit-load method.

 It provides a general means of obtaining the displacement and slope at a specific point on a 

structure, be it a beam, frame, or truss.

 If we take a deformable structure of any shape or size &  apply a series of external loads P to it, it will 

cause internal loads 𝑢 at points throughout the structure

 As a consequence of these loadings, external displacement ∆ will  occur at the P loads & internal

displacement 𝛿 will occur at each point of internal loads 𝑢

 In general, these displacement do not have to be elastic, & they  may not be related to the loads

 In general, then, the principle of work and energy states

Principle of Virtual Work

CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh
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 It is to be understood that these loads cause no movement of the supports

 They can strain the material beyond the elastic limit.

 Since no external load acts on the body at A and in the direction of ∆, the 

displacement ∆ can be determined by first placing on the body a “virtual” 

load such that this  force P’ acts in the same direction as ∆

 Consider the structure (or body)  to be of arbitrary shape.

 Suppose it is necessary to determine the displacement ∆ of point A on the

body caused by the “real loads” P1, P2 and P3

(a)

(b)

 We will choose P’ to have a unit magnitude, P’ =1. Once the virtual 

loadings are applied, then the body is  subjected to the real loads 

P1, P2 andP3.

 Point A will be displaced an amount ∆ causing the element  to deform 

an amount 𝑑𝐿
CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh
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 As a result, the external virtual force P’ & internal load 𝑢 “ride along” by ∆ and 

𝑑𝐿 & therefore, perform external virtual work of 1.∆ on the body and internal 

virtual work  of 𝑢. 𝑑𝐿 on the element.

(a)

(b)

 By choosing P’ = 1, it can be seen from the solution for ∆ follows directly since  

CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh
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 A virtual couple moment 𝑀’ having a unit magnitude is applied at this point

 This couple moment causes a virtual load 𝑢𝜃 in one of the  elements of the body.

 Assuming that the real loads deform the element an amount 𝑑𝑙, the rotation 𝜃 can be found from the 

virtual – work equation.

CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh
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Method of Virtual Work: Trusses
We can use the method of virtual work to determine the displacement of a truss joint when the truss is 

subjected to an external loading, temperature change, or fabrication errors.

External Loading

 For the purpose of explanation let us consider the vertical 

displacement of joint B of the truss in Fig(a).

 A typical element of the truss would be one of its members 

having a length 𝐿

 If the applied loadings P1 and P2 cause a linear elastic 

material response, then this element deforms an amount:

where N is the normal or axial force in the member, caused by the loads

∆𝐿

CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh
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Example 1
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1 K

1. Apply 1 unit force (virtual load) (1 K) at point  C
No real loads are applied

2. Analyze this truss by method of section and/or 
method of joints to find the virtual forces n  

3. Analyze the real truss by method of section and/or 
method of joints to find the real forces N  

CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 18

5. Substitute :the value from the table and the 
values of E,A in the equation 

4. Construct a table contains the following for each member:
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Method of virtual work: Beams & Frames

 To compute ∆, a virtual unit load acting in the direction of is placed on the beam 

at A.

 The internal virtual moment 𝒎 is determined by the method of sections at an 

arbitrary location 𝑥 from the left support

 When point A is displaced , the element 𝑑𝑥 deforms or rotates 𝑑𝜃 =
𝑀

𝐸𝐼
𝑑𝑥

 The method of virtual work can also be applied to deflection problems involving 

beams and frames.

 Strains due to bending are the primary cause of beam or frame deflections.

 The internal virtual work done by the moment 𝒎 is 𝑚𝑑𝜃 = 𝑚
𝑀

𝐸𝐼
𝑑𝑥.

CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh
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 If the tangent rotation or slope angle 𝜽 at a point on the 

beam’s elastic curve is to be determined, a unit couple 

moment is applied at the point.

 The corresponding internal moment 𝑚𝜃 m have to be 

determined.

CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh
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 If concentrated forces or couple moments act on 

the beam or the distributed load is discontinuous, 

separate x coordinates will have to chosen within 

regions that have no discontinuity of loading.

 It is not necessary that each 𝑥 have the same 

origin.

 The 𝑥 selected for determining the real moment 𝑀 in 

a particular region must be the same 𝑥 as that 

selected for determining the virtual moment 𝑚 or 𝑚𝜃

within the same region.

CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh
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Integration Using Tables

 When the structure is subjected to a relatively simple loading, and yet the solution for a displacement 

requires several integrations, a tabular method may be used to perform these integrations.

o The moment diagrams for each member are drawn first for both the real and virtual loadings.

o By matching these diagrams for 𝑚 and 𝑀 with those given in the table below (It is on the inside front 

cover of the textbook) , the integral 𝑚𝑀. 𝑑𝑥 can be determined from the appropriate formula

CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh
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Example 2

CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 26

1. Apply 1 unit force (virtual load) (1 KN) at point  B
No real loads are applied

2. Take a section at a distance x from point B

3. Take a section at the same distance x (same reference) with real loads
No virtual load are applied 
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Another method : Using Tables

36 KN

54 KN.m

36

V (KN)

X (m)

-54

M (KN.m)

X (m)

A=54

1. Draw B.M.D for real loads

1 KN

3 KN.m
1

X (m)

-3

m (KN.m)

A=3

v (KN)
2. Draw B.M.D for real loads
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-54

M (KN.m)

X (m)

-3

M (KN.m)

X (m)
= න

0

𝐿

𝑚𝑚′. 𝑑𝑥 =
1

4
𝑚𝑚′𝐿 =

1

4
∗ −54 ∗ −3 ∗ 3 = 121.5

3. Select the formula from the table

CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 30

Example 3
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1. Apply 1 unit moment (virtual moment) (1 KN.m) at 
point  B (No real loads are applied)

2. Take 2 sections (why?)

3. Take 2 section at the same distances (X1,X2) (same reference) with real loads No virtual moment are applied 

CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 32
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Another method : Using Tables

1. Draw B.M.D for Vrtual load
1KN.m

2. Draw B.M.D for real loads

12KN.m

3 KN
= 0 + න

0

𝐿 1

2
𝑚 𝑚1

′ +𝑚2
′ 𝐿. 𝑑𝑥

=
1

2
∗ 1 ∗ −6 − 12 ∗ 2 = −18

3. Use the tables 

CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 34

Example 4
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1. Apply 1 unit load (virtual load) (1 KN) at point  B (No real 
loads are applied)

A

B C

Cy= 1.25 K

Ay=1.25 K

Ax=1 K

2. Take 2 sections (why?) then find moments at these sections.

𝑀𝐴 = −1 10 + 𝐶𝑦 8 = 0 → 𝐶𝑦 = 1.25𝐾 ↑

𝐹𝑦 = −𝐴𝑦 + 1.25 = 0 → 𝐴𝑦 = 1.25𝐾 ↓

𝐹𝑋 = −𝐴𝑥 + 1 = 0 → 𝐴𝑥 = 1 𝐾 ←

+
+

+

CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 36

3. Apply the real loads (No virtual load are applied)

4. Take 2 sections , then find moments at these sections.
R=4*10= 40K Cy= 25 K

Ay=25 K

Ax=40 K

𝑀𝐴 = −40 50 + 𝐶𝑦 8 = 0 → 𝐶𝑦 = 25 𝐾 ↑

𝐹𝑦 = −𝐴𝑦 + 50 = 0 → 𝐴𝑦 = 25 𝐾 ↓

𝐹𝑋 = −𝐴𝑥 + 40 = 0 → 𝐴𝑥 = 40 𝐾 ←

+
+

+
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= න
0

10𝑚1. 𝑀1

𝐸𝐼
. 𝑑𝑥 + න

0

8𝑚2. 𝑀2

𝐸𝐼
. 𝑑𝑥

CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 38

Another method : Using Tables

1. Draw B.M.D for Virtual load

A

B C

1.25 K

1.25 K

1 K

1

1

S.F.D 
(Virtual 
load)

B.M.D 
(Virtual 
load   )

R=4*10= 40K 25 K 

25 K

40 K

4
0

S.F.D 
(Real 
load)

25

B.M.D 
(Real 
loads)

2. Draw B.M.D for 
the real loads
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=
5

12
𝑚𝑚′𝐿 +

1

3
𝑚𝑚′𝐿

=
5

12
10 200 10 +

1

3
10 200 8
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The Hashemite University

Faculty of Engineering 

Department of Civil Engineering

CE 315: Structural Analysis

Chapter 7: Analysis of Statically Indeterminate Structures
by the Force Method

Dr. Ra’ed Al-Mazaidh

Dr. Ra'ed Al-Mazaidh

Statically indeterminate structure:

A structure of any type is classified as statically indeterminate when the number of unknown reactions or

internal forces exceeds the number of equilibrium equations available for its analysis.

 Most of the structures designed today are statically indeterminate. For example, reinforced concrete

buildings are almost always statically indeterminate since the columns and beams are poured as

continuous members through the joints and over supports.

Advantages & Disadvantages

 For a given loading, the max stress and deflection of an  indeterminate structure are generally smaller 

than those of its  statically determinate counterpart.

 Statically indeterminate structure has a tendency to redistribute  its load to its redundant supports in 

cases of faulty designs or overloading.

CE315-Structural Analysis-Fall 2021 2
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Dr. Ra'ed Al-Mazaidh

𝑴𝒎𝒂𝒙 =
𝑷𝑳

𝟖 𝑴𝒎𝒂𝒙 =
𝑷𝑳

𝟒

∆𝒎𝒂𝒙
∆𝒎𝒂𝒙

∆𝒎𝒂𝒙=
𝑷𝑳𝟑

𝟒𝟖𝑬𝑰∆𝒎𝒂𝒙=
𝑷𝑳𝟑

𝟏𝟗𝟐𝑬𝑰

𝝈 =
𝑴𝑪

𝑰
=
𝑷𝑳.𝑪

𝟖𝑬𝑰
𝝈 =

𝑴𝑪

𝑰
=
𝑷𝑳.𝑪

𝟒𝑬𝑰

The fixed-supported beam has one fourth the deflection and one half the stress at its center of the 

one that is simply supported.

CE315-Structural Analysis-Fall 2021 3
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 Although statically indeterminate structure can support loading with thinner members & with 

increased stability compared to  their statically determinate counterpart, the cost savings in 

material must be compared with the added cost to fabricate the structure since often it 

becomes more costly to construct the supports & joints of an indeterminate structure

 Because statically indeterminate structures have redundant support reactions, one has to 

be very careful to prevent differential displacement of the supports, since this effect will 

introduce internal stress in the structure.

CE315-Structural Analysis-Fall 2021 4
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Method of analysis

When analyzing any indeterminate structure, it is necessary  to satisfy equilibrium, compatibility, 

and force-displacement requirements for the structure.

Equilibrium is satisfied when the reactive forces hold the  structure at rest, and compatibility is 

satisfied when the various segments of the structure fit together without  intentional breaks or overlaps. 

The force-displacement requirements depend upon the way the material responds;  (Here we 

assume linear elastic response).

CE315-Structural Analysis-Fall 2021 5

Dr. Ra'ed Al-Mazaidh

 Force Method:

The force method consists of writing equations that satisfy the compatibility and force-displacement

requirements for the structure in order to determine the redundant forces. Once these forces have been

determined, the remaining reactive forces on the structure are determined by satisfying the equilibrium

requirements.

 Displacement Method:

The displacement method of analysis is based on first writing force-displacement relations for the members

and then satisfying the equilibrium requirements for the structure. In this case the unknowns in the equations

are displacements. Once the displacements are obtained, the forces are determined from the compatibility

and force-displacement equations

CE315-Structural Analysis-Fall 2021 6
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o From free-body diagram, there would be 4 unknown support reactions

o 3 equilibrium equations

o Beam is indeterminate to first degree

o Use principle of superposition & consider the compatibility of  

displacement at one of the supports

o Choose one of the support reactions as redundant & temporarily 

removing its effect on the beam

o This will allow the beam to be statically determinate & stable

o Here, we will remove the roller at B

o As a result, the load P will cause  B to be displaced downward

o By superposition, the unknown  reaction at B causes the beam at B to 

be displaced upward

Force Method of Analysis: General Procedure

CE315-Structural Analysis-Fall 2021 7
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o Assuming positive displacements act  upward, then we can write the  

necessary compatibility equation at  the roller as

o Here the first letter in this double-subscript notation refers to the point (B) 

where the deflection is specified, and the second letter refers to the  point 

(B) where the unknown reaction acts.

o Let us denote the displacement at B caused by a unit load acting in the  

direction of 𝐵𝑦 as the linear flexibility coefficient 𝒇𝑩𝑩.

o Since the material behaves in a linear-elastic manner, a force of 𝐵𝑦

acting at B, instead of the unit load, will cause a proportionate increase 

in 𝑓𝐵𝐵 .

CE315-Structural Analysis-Fall 2021 8
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o The linear flexibility coefficient 𝑓𝐵𝐵 is  a measure of the deflection per unit  

force, and so its units are m/N, ft./lb .

o The compatibility equation above can therefore be written in terms of  the 

unknown 𝐵𝑦 as

o Using the method of virtual work the appropriate load-displacement 

relations for the deflection ∆𝐵 and the flexibility coefficient 𝑓𝐵𝐵, can be 

obtained and the solution for 𝐵𝑦 can be determined.

o Once this is accomplished, the three reactions at the wall  A  can then be 

found from the equations of equilibrium.

o The choice of redundant is arbitrary

CE315-Structural Analysis-Fall 2021 9
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o The moment at  A can be determined directly by removing  the 

capacity of the beam to support moment at A, replacing fixed 

support by pin support

o The rotation at A  caused by P is 𝜃𝐴

o The rotation at A  caused by the redundant 𝑴𝑨 at  A is 𝜃𝐴𝐴
,

o If  we denote an angular flexibility coefficient 𝜶𝑨𝑨 as the angular 

displacement at A caused by a unit couple moment applied to A, 

then

o Thus, the angular flexibility coefficient 𝛼𝐴𝐴 measures the angular 

displacement per unit couple moment, and therefore it has units of 

rad/N, rad/lb. The compatibility equation for rotation at A 

therefore requires

CE315-Structural Analysis-Fall 2021 10
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The beam is indeterminate to the second degree:

CE315-Structural Analysis-Fall 2021 11

Dr. Ra'ed Al-Mazaidh

Maxwell’s Theorem of Reciprocal Displacements: Betti’s Law

 The displacement of a point B on a structure due to a unit load acting at point A is equal to the displacement 

of point A when the load is acting at point B

 Proof of this theorem is easily demonstrated using the principle of virtual work

CE315-Structural Analysis-Fall 2021 12
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Example 1

17
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How to calculate ∆ and f :

1) Tables (Beam deflections and slope)……….. (direct) or,

2) Double integration method, or

3) Conjugate –beam Method, or

4) Virtual work method, or
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Compatibility equation

50

6

V(KN)

x(m)

𝑚′ (KN.m)
x(m)

300

1

12

V(KN)

x(m)

𝑚 (KN.m)
x(m)

12

6

6

∆𝐵= න𝑚𝑚′. 𝑑𝑥

=
1

6
300 6 + 2 ∗ 12 6 =

9000

EI
6

𝑚2

𝑚1

𝑚′

6

19
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Example 2

21
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Why?

Maxwell’s Theorem of Reciprocal Displacements: Betti’s Law

24
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Substituting the data into the compatibility equations:

25

Dr. Ra'ed Al-Mazaidh

Force Method of Analysis: Frames

The force method is very useful for solving problems involving statically indeterminate frames that have a 

single story and unusual geometry.

Problems involving multistory frames, or those with a high degree of indeterminacy, are best solved using the 

slope-deflection, moment-distribution, or the stiffness method.

CE315-Structural Analysis-Fall 2021 26
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Example 3

27
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To find ∆𝑨

29
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To find 𝒇𝑨𝑨
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Force Method of Analysis: Trusses

 The degree of indeterminacy of a truss can usually be determined by inspection; however, if this 

becomes difficult, use the following equation:

Here the unknowns are represented by the number of bar forces (b) plus the support reactions 

(r), and the number of available equilibrium equations is 2j since two equations can be written for 

each of the ( j) joints

 The force method is quite suitable for analyzing trusses that are statically indeterminate to the first 

or second degree.

31
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Example 4

32
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Compatibility Eq.

33

CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh

To find ∆𝑨𝑪AC

34
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To find 𝒇𝑨𝑪
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CE 315: Structural Analysis

Chapter 8: Displacement Method of Analysis( Moment
Distribution)

Dr. Ra’ed Al-Mazaidh

General Principles & Definition

 Displacement method requires satisfying equilibrium equations for the structures.

 The unknowns displacement are written in terms of the loads by using the load-

displacement relations.

 These equations are solved for the displacement.

 Once the displacement are obtained, the unknown loads are determined from the 

compatibility equations using the load displacement relations.

2Dr. Ra'ed Al-MazaidhCE315-Structural Analysis-Fall 2021
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 Moment distribution is a method of successive approximations that may be carried out 

to any desired degree of accuracy.

 The method begins by assuming each joint of a  structure is fixed.

 By unlocking and locking each joint in succession, the  internal moments at the joints are 

“distributed” &  balanced until the joints have rotated to their final or nearly final positions.

3Dr. Ra'ed Al-MazaidhCE315-Structural Analysis-Fall 2021

1) Sign Convention

 Clockwise moments that act on the member are  considered positive, whereas

counterclockwise moments are negative.

4Dr. Ra'ed Al-MazaidhCE315-Structural Analysis-Fall 2021
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2) Fixed-End Moments  (FEMs)

The moments at the “walls” or  fixed joints 

of a loaded  member are called fixed-end

moments. These moments can  be 

determined from the table on the inside 

back cover of the textbook, depending

upon the type of  loading on the

member.

5Dr. Ra'ed Al-MazaidhCE315-Structural Analysis-Fall 2021

For example, the beam loaded as shown in figure below has fixed-end moments of

𝐹𝐸𝑀 =
𝑃𝐿

8
=
800 10

8
= 1000 𝑁.𝑚.

Noting the action of these moments on the beam and applying our sign 

convention, it is seen that

𝑀𝐴𝐵 = −
1000𝑁.𝑚. 𝑎𝑛𝑑𝑀𝐵𝐴 = 1000𝑁.𝑚.

6Dr. Ra'ed Al-MazaidhCE315-Structural Analysis-Fall 2021
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3) Member stiffness factor

Consider the beam in the figure, which is  pinned at one 

end and fixed at the other.  Application of the moment M 

causes the end A to rotate through an angle 𝜃𝐴 .Using  

the conjugate-beam method M can be  related to 𝜃𝐴 a s 

follows:

K is referred to as the stiffness factor at A  and can 

be defined as the amount of  moment M required to 

rotate the end A of  the beam 𝜃𝐴=1 rad.

7Dr. Ra'ed Al-MazaidhCE315-Structural Analysis-Fall 2021

4) Joint stiffness factor

If several members are fixed connected to joint and each of their far ends is fixed,

then by the principle of superposition, the total stiffness factor at the joint is the sum

of the member stiffness factors at the joint.

 The total stiffness factor of joint A is

KT  K  4000 50001000  10000

8Dr. Ra'ed Al-Mazaidh

Member stiffness factors

CE315-Structural Analysis-Fall 2021
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5) Distribution Factor (DF)

If a moment 𝑴 is applied to a fixed connected joint, the connecting members will each

supply a portion of the resisting moment necessary to satisfy moment equilibrium at the

joint. That fraction of the total resisting moment supplied by the member is called the

distribution factor (DF).

9Dr. Ra'ed Al-MazaidhCE315-Structural Analysis-Fall 2021

Dr. Ra'ed Al-Mazaidh 10

For example, the distribution factors for members AB, AC, and AD at joint A

As a result, if M = 2000 N . m acts at joint A, Fig. (b), the equilibrium 

moments exerted by the members on the joint, c, are

The sum of the distribution factors
for all members at the  same  Joint
must equal 1.0

CE315-Structural Analysis-Fall 2021
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6) Member relative stiffness factor

 Quite often a continuous beam or a frame will be made  from the same material E will 

therefore be constant

 In the case, the common factor 4𝐸 will cancel from the  numerator and denominator when 

the distribution factor for a joint is determined.

11Dr. Ra'ed Al-MazaidhCE315-Structural Analysis-Fall 2021

7) Carry-over (CO) factor

Solving for 𝜃𝐴 and equating these equations,

The moment 𝑀 at the pin induces a moment of 𝑀’ = 0.5𝑀 at the wall

In the case of a beam with the far end fixed, the CO  factor is +0.5

12Dr. Ra'ed Al-Mazaidh

M BA  0.5MAB

CE315-Structural Analysis-Fall 2021
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Moment Distribution for Beams

Moment distribution is based on the principle of successively locking and unlocking the joints of a 

structure in order to allow the moments at the joints to be distributed and balanced. The best way to 

explain the method is by examples.

 Consider the beam with a constant modulus of elasticity E and having the 

dimensions and loading shown in Fig(a).

STEP 1: Determine the member stiffness factors on either side of B.

STEP 2: Determine the distribution factors at the two ends of each span.

The wall stiffness factor is infinite.Recall: Member relative stiffness factor

CE315-Structural Analysis-Fall 2021

Dr. Ra'ed Al-Mazaidh 14

STEP 3: Determine the FEMs

Counterclockwise

Clockwise

STEP 4: Determine the unbalanced moment acting at the initially 

“locked” joint (B)

 Assume joint B is fixed or locked (Fig.b)

 The fixed-end moment at B does not represent the actual equilibrium

situation at B, since the moments on each side of this joint must be 

equal but opposite.

Unlock the joint and apply an equal but opposite unbalanced moment 

to correct the equilibrium (Fig.c)

STEP 5: 

CE315-Structural Analysis-Fall 2021
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STEP 6: Distribute the moment among the connecting spans 

based on their DFs

𝟖𝟎𝟎𝟎 lb.ft

8000 X 0.68000 X 0.4

Carry the moment in each span over to its other endSTEP 7: 

4800 X 0.53200 X 0.5

CE315-Structural Analysis-Fall 2021

Dr. Ra'ed Al-Mazaidh 16

Unbalanced 
Moment 
based on DFs

1

2

3

4

Carry-Over

CE315-Structural Analysis-Fall 2021
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Locked

CE315-Structural Analysis-Fall 2021
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EXAMPLE 1

CE315-Structural Analysis-Fall 2021
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Locked
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EXAMPLE 11.1 
(continued)

Locked
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Stiffness-Factor Modifications

1) Member Pin Supported at Far End

 The carry-over factor is zero, since the pin at B does not

support a moment.

CE315-Structural Analysis-Fall 2021
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2) Symmetric Beam and Loading

CE315-Structural Analysis-Fall 2021
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3) Symmetric Beam with Antisymmetric Loading

CE315-Structural Analysis-Fall 2021
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EXAMPLE 2

CE315-Structural Analysis-Fall 2021
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 The frame will not be displaced to the right or left. frame does not sidesway if:

1) It is restrained against sidesway.

2) The frame geometry and loading is symmetrical.

No Sidesway and Sidesway frames

No Sidesway frame 

Restrained frames
Symmetrical frames

CE315-Structural Analysis-Fall 2021

Dr. Ra'ed Al-Mazaidh 32

Sidesway frame 

A frame will sidesway, or be displaced to the side, when it is not restrained against sidesway or the 

loading acting on it is nonsymmetrical

Not restrained against sidesway Nonsymmetrical loading

CE315-Structural Analysis-Fall 2021
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EXAMPLE 3

CE315-Structural Analysis-Fall 2021

CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 34



18

CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 35

CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 36



19

CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 37

Moment Distribution for Frames: Sidesway

CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 38

EXAMPLE 11.6

EXAMPLE 3
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EXAMPLE 11.6 
(continued)

𝐾𝐴𝐵 = 𝐾𝐵𝐶 = 𝐾𝐶𝐷 =
4𝐸𝐼

𝐿
=
4𝐸𝐼

5
𝐷𝐹(𝐴𝐵) = 0 (Fixed end)

𝐷𝐹(𝐵𝐴) = 𝐾𝐴𝐵/(𝐾𝐴𝐵+𝐾𝐵𝐶) =
4𝐸𝐼

5
/(

4𝐸𝐼

5
+
4𝐸𝐼

5
) =0.5

𝐷𝐹(𝐵𝐶) = 1 − 𝐷𝐹 𝐵𝐴 = 0.50

𝐷𝐹(𝐶𝐵) = 𝐾𝐵𝐶/(𝐾𝐵𝐶+𝐾𝐶𝐷) =
4𝐸𝐼

5
/(

4𝐸𝐼

5
+
4𝐸𝐼

5
) =0.5

𝐷𝐹(𝐶𝐷) = 1 − 𝐷𝐹 𝐶𝐵 = 0.50

𝐷𝐹(𝐷𝐶) = 0 (Fixed end)
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EXAMPLE 11.6 
(continued)

𝐾𝐴𝐵 = 𝐾𝐵𝐶 = 𝐾𝐶𝐷 =
4𝐸𝐼

𝐿
=
4𝐸𝐼

5
𝐷𝐹(𝐴𝐵) = 0 (Fixed end)

𝐷𝐹(𝐵𝐴) = 𝐾𝐴𝐵/(𝐾𝐴𝐵+𝐾𝐵𝐶) =
4𝐸𝐼

5
/(

4𝐸𝐼

5
+
4𝐸𝐼

5
) =0.5

𝐷𝐹(𝐵𝐶) = 1 − 𝐷𝐹 𝐵𝐴 = 0.50

𝐷𝐹(𝐶𝐵) = 𝐾𝐵𝐶/(𝐾𝐵𝐶+𝐾𝐶𝐷) =
4𝐸𝐼

5
/(

4𝐸𝐼

5
+
4𝐸𝐼

5
) =0.5

𝐷𝐹(𝐶𝐷) = 1 − 𝐷𝐹 𝐶𝐵 = 0.50

𝐷𝐹(𝐷𝐶) = 0 (Fixed end)
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EXAMPLE 11.6 
(continued)

A

B

D

C

𝑀𝐵 = 0 → 𝐴𝑥
′ = 1.73 𝐾𝑁

𝑀𝐶 = 0 → 𝐷𝑥
′ = 0.81 𝐾𝑁
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6𝐸𝐼∆

𝐿2
= 100 𝐾𝑁.𝑚
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EXAMPLE 11.6 
(continued)
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EXAMPLE 11.6 
(continued)

𝑀𝐶 = 0 → 𝐷𝑥 = 28 𝐾𝑁

𝑀𝐵 = 0 → 𝐴𝑥 = 28 𝐾𝑁

A

B

D

C
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EXAMPLE 11.6 
(continued)

𝑴𝒙𝒚 = 𝑴𝒙𝒚 𝒏𝒐 − 𝒔𝒊𝒅𝒆𝒔𝒘𝒂𝒚 +
𝑹

𝑹′
∗ 𝑴𝒙𝒚 𝒔𝒊𝒅𝒆𝒔𝒘𝒂𝒚
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Member and Node Identification

 Each element must be free from load and have a prismatic cross section.

 The nodes of each element are located at a support or at points where members are connected 

together, where an external force is applied, where the cross sectional area suddenly changes, or 

where the vertical or rotational displacement at a point is to be determined.

 3 Elements 
 4 Nodes

CE315-Structural Analysis-Fall 2021
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Global and Member Coordinates

 The global coordinate system will be identified using x, y, z axes that generally have their origin at a 

node and are positioned so that the nodes at other points on the beam all have positive coordinates,

 The local or member x’, y’, z’ coordinates have their origin at the “near” end of each element, and 

the positive x axis is directed towards the “far” end. 

 In both cases we have used a right-handed coordinate system, so that if the fingers of the right hand are 

curled from the x (x’) axis towards the y (y’) axis, the thumb points in the positive direction of the z (z’) 

axis, which is directed out of the page.

CE315-Structural Analysis-Fall 2021
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Degrees of Freedom

 Consider the effects of both bending and shear, then each node on a beam can have two degrees of 

freedom, namely, a vertical displacement and a rotation.

 The lowest code numbers will be used to identify the unknown displacements (unconstrained degrees 

of freedom), and the highest numbers are used to identify the known displacements (constrained 

degrees of freedom)

CE315-Structural Analysis-Fall 2021
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Beam-Member Stiffness Matrix

 Displacements:

CE315-Structural Analysis-Fall 2021

+
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 Rotations:
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Beam-Structure Stiffness Matrix

Once all the member stiffness matrices have been found, we must assemble them into the structure

stiffness matrix K. This process depends on first knowing the location of each element in the member

stiffness matrix. Here the rows and columns of each k matrix are identified by the two code numbers at the

near end of the member followed by those at the far end Therefore, when assembling the

matrices, each element must be placed in the same location of the K matrix.

CE315-Structural Analysis-Fall 2021

Member forces

qo :Fixed-end reactions

Dr. Ra'ed Al-Mazaidh 8

Example 1:
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K=

Node (1)……..(2)
12𝐸𝐼

𝐿3
= 𝐸𝐼

12

23
= 1.5 EI

6𝐸𝐼

𝐿2
= 𝐸𝐼

6

22
= 1.5 EI

4𝐸𝐼

𝐿
= 𝐸𝐼

4

2
= 2 EI

2𝐸𝐼

𝐿
= 𝐸𝐼

2

2
= 1.0 EI
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Node (2)……..(3)

K=k1+k2
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Q   =

𝑄1 = 0
𝑄2 = −5
𝑄3 = 0
𝑄4 = 0
𝑄5

𝑄6

𝐷1
𝐷2
𝐷3
𝐷4

𝐷5 = 0
𝐷6 = 0

𝑄1 = 0
𝑄2 = −5
𝑄3 = 0
𝑄4 = 0
𝑄5

𝑄6

𝐷1
𝐷2
𝐷3
𝐷4

𝐷5 = 0
𝐷6 = 0
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Example 2:

CE315-Structural Analysis-Fall 2021
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The matrix analysis requires that the external loading be

applied at the nodes, and therefore the distributed and

concentrated loads are replaced by their equivalent fixed-

end moments, which are determined from the table on the

inside back cover.

𝑤𝑙2

12
=

(2)(242)

12
=96 K.ft.

𝑃𝐿

8
=
(12)(8)

8
= 12𝐾. 𝑓𝑡.

2

4 5 6

𝐷1
𝐷2

𝐷3 = 0
𝐷4 = 0
𝐷5 = 0
𝐷6 = 0
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96-12=84 K.ft.
=84 K.ft.X(1ft/12in)=1008 K.ft.

𝑃𝐿

8
=
(12)(8)

8
= 12𝐾. 𝑓𝑡.

12 K.ft -12 K.ft-12 K.ft

𝑤𝑙2

12
=

(2)(242)

12
=96 K.ft.

96 K.ft -96 K.ft

FEMs

96 K.ft 12 K.ft

=12K.ft.X(1ft/12in)= 144 K.ft.

𝑸𝟏 = 𝟏𝟒𝟒
𝑸𝟐 = 𝟏𝟎𝟎𝟖

𝑸𝟑

𝑸𝟒

𝑸𝟓

𝑸𝟔

+

CE315-Structural Analysis-Fall 2021 Dr. Ra'ed Al-Mazaidh 16

K=

Node (1)……..(2)

Node (2)……..(3)
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K=K1+K2
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=

25 𝐾
1296 𝐾𝑁. 𝑖𝑛 = 108𝐾. 𝑓𝑡

22.5𝐾𝑁
−864 𝐾𝑁. 𝑖𝑛 = −72 𝐾. 𝑓𝑡

𝑤𝑙

2
=
(2)(24)

2
= 24 𝐾

𝑃

2
=
12

2
= 6 𝐾
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S.F.D

B.M.D
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Frame-Member Stiffness Matrix

𝒌′
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Frame- Displacement and Force Transformation Matrices

T=

𝒔𝒊𝒏(𝜽)𝐜𝐨𝐬(𝜽)

𝐜𝐨𝐬(𝜽)

𝒔𝒊𝒏(𝜽)𝐜𝐨𝐬(𝜽)

𝒔𝒊𝒏(𝜽)

𝒔𝒊𝒏(𝜽) 𝒄𝒐𝒔(𝜽)

CE315-Structural Analysis-Fall 2021
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Frame- Force Transformation Matrix

𝒔𝒊𝒏(𝜽)𝐜𝐨𝐬(𝜽)

𝐜𝐨𝐬(𝜽)𝒔𝒊𝒏(𝜽)

𝒔𝒊𝒏(𝜽)𝐜𝐨𝐬(𝜽)

𝐜𝐨𝐬(𝜽)𝒔𝒊𝒏(𝜽)

CE315-Structural Analysis-Fall 2021
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Frame-Member Global Stiffness Matrix

CE315-Structural Analysis-Fall 2021
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𝐜𝐨𝐬(𝜽)

𝒔𝒊𝒏(𝜽)
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Example 3:
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𝐜𝐨𝐬(𝟎) 𝒔𝒊𝒏(𝟎)Node (1)……..(2)
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𝐜𝐨𝐬(𝟐𝟕𝟎) 𝒔𝒊𝒏(𝟐𝟕𝟎)
Node (2)……..(3)
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EXAMPLE 16.1 
(continued)
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EXAMPLE 16.1 
(continued)
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EXAMPLE 16.1 
(continued)
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EXAMPLE 16.1 
(continued)
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