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SAMPLE PROBLEM 1.1

In the hanger shown, the upper portion of link ABE is § in. thick and the
lower portions are each § in, thick. Epoxy resin is u‘:ed to bond the upper
.\nd lower portions together at B. The pin at A is of 3-in. diameter while a
4-in-diameter pin is used at C. Determine (a) the chmnug stress in pin A,
(FJJ the shearing stress in pin €, {¢) the largest normal stress in link ABC,
{e) the average shearing stress on the bonded surfaces at B, (¢ the bearing
stress in the link at C.

SOLUTION

Free Bady: Entire Honger.  Since the link ABC is a two-force member,
the reaction at A is vertical; the reaction at I* is represented by its compo-
nents Dy, and Dy, We write

+5 ZMp = O (500 1h)(15 in,) — Fup(10in,) = 0
Fue = +7301b F. . =701 tension

a. Shearing Stress in Pin A. Since this 3-in.-diameter pin is in single
shear, we write

Ty = Fac = ILH,, Ta = B790 psi 4
A (0,375 in,)*

b. Shearing Stress in Pin €. Since this -in.-diameter pin is in double
shear, we write
. tFae 37510
T A T lpinosin)

¢ = 7640 psi <

c. Largest Normal Stress in Link ABC. The largest stress is fnum:E

Lin. dizmetér 4 Fae = 375 b where the area is smallest; this occurs at the cross section at A where the &-in.

: 1-5-111 cinmeter
Fye

Fy=Fy=LFp =315 b

375 Ibl F, =371

%-in. diameter

hole is located. We have

Fac _ 750 Ih _ 7501h
A (Ein)(1.85in. — 0375in) 0328in”

o, = oy = 2200 psi <

d. Average Shearing Stress at B. We note that bonding exists on
hoth sides of the upper portion of the link and that the shear force on each
side is F, = (750 [b)/2 = 375 b, The average shearing stress on each surface
is thus

Fy 375 b

. - T e
T A T 1Bm)1T5im) P pst

e. Bearing Stress in Link at C, For each portion of the link, P =
375 Ib and the nominal bearing area is (0.25 in.)(0.25 in.) = 0.0625 in”.

o, = 5 = Llha oy, = G000 psi <
A 00625 in”
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SAMPLE PROBLEM 1.2

The steel tie bar shown is to be tlvsignv(l to carry a tension force of nmg:nihult-
P = 120 kN when bolted botween double brackets at A and B. The bar will
be fabricated trom 20-mm-thick plate stock. For the grale of steel to be used,
the maxinumn allewable stresses are: ¢ = 175 MPa, 7 = 100 MPy, o =
350 MPa, Design the tie bar by determining the required values of (0) the
diameter o of the bolt, () the dimension & at each end of the bar, (¢) the
dimension fi of the bar.

SOLUTION

a. Diameter of the Bolt. Since the bolt is in double shear, F| = éP =
60 kN.

60 kN

F, _ 60 kN
b d*

2 m d = 27.6 mm

T= 100 MPa =

We will use d = 28 mm

At this point we check the bearing stress between the 20-mm-thick plate
and the 28-mm-diameter bolt.

P 120 kN

L= = = 214 MPa < 350 M P
td (0020 m)((.028 m) i .

OK

T =

b. Dimension b at Each End of the Bar. We consider one of the
end portions of the bar. Recalling that the thickness of the steel plate is
£ = 20 mm and that the average tensile stress must not exeeed 175 MPa,
we write

L
P

a = b 175 MPa = M— a = 17.14 mm
tet (0.02 m)a

hb=d+ 2 =28mm+ 21714 mm) b = 62.3 mm

c. Dimension h of the Bar. Recalling that the thickness of the steel

plate is ¢ = 20 mm, we have

7]
)

= = m h =343 mm

We will use h =35 mm



N = =4 ;
1 Mlittes

SAMPLE PROBLEM 1.3

Two forees are applied to the bracket BCD as shown. (2) Knowing that the
control rod AB is to be made of a steel having an ultimate normal stress of
600 MPa, determine the diameter of the rod for which the factor of safety
with respect to failure will be 3.3. (b) The pin at C is to be made of a steel
having an ultimate shearing stress of 350 MPa. Determine the diameter of
the pin C for which the factor of safety with respect to shear will also be
3.3. (¢) Determine the required thickness of the bracket supports at €
knowing that the allowable bearing stress of the steel used is 300 MPa.

50 kN 15 kN

D

.. SOLUTION
T Free Body: Enfire Bracket. The reaction at C is represented by its com-
s S0kN 15 kN ponents C, and G,
J_ l +5EM; =0: P06 m) — (50 kN)03 m) — (15 kN)0Bm) =0 P=40kN
ZF, = C,=4d0k
G \ X -" - 2 2 _
- = 1) 3F=0 c,=65kN C=VC +Cy=T63kN
C]
2 a. Control Rod AB. Since the factor of safety is to be 3.3, the allow-
c, able stross is
. 03m | _03m oy _ 600 MPa
=—_—=———= 1818 MP:
N7 Fs T a3 :

A= %d_fg =220 X 107 %m?® iy = 1674 mm <

b. Shear in Pin C. For a factor of safety of 3.3, we have

_ Ty _ 350MPa _
Tl = Fs. - 3s 106.1 MPa

Since the pin is in double shear, we write
c/2 (T6.3kN)2

g = —— = ————— = 360 mm”
Ava = = 06,1 MPa s

T 0
Ay = Iﬂ'('; = 360 mm? do =214 mm Use: e, = 22 mm 4

13—
)

The next larger size pin available is of 22-mm diameter and should be used.

- 1
‘ 7l
— c. Bearing at €. Using d = 22 mm, the nominal hearing arca of cach
3 hracket is 22¢. Sineo the loree carvied by each hracket is €/2 and the allow-
able hearing stress is 300 MPa, we write
Cr2 (6.3 kN)/2

e == 7 1373 a
. L o) 300 MPa {2 mm

¢ =22 iim

Thus 22t = 1279 t =578 mm Use: t =6 mm <
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SAMPLE PROBLEM 1.4

The rigid beam BCD is attached by holts to a control rod at B, to a hydraulic
evlingler at €, and to a fixed support at D, The diameters of the bolts used
areidy =dp=2in, dp = Lin. Each bolt acts in double shear and is made
from a steel for whit-h the ultim.m- sheswring stress is 7, = 40 ksi. The con-
trol rod AB has a diameter dy = 15 inand is made of a steel for which the
ultimate tensile stress is o = 60 ksi. IF the minimum factor of safety is to
be 3.0 for the entire unit, determine the largest upward force which may
be applied by the hydraulic eylinder at C.

I(‘ SOLUTION
p

L N o The factor of safety with respect to failire must be 3.00 or more in each of
Ao Ve Gl QD the three bolts aml in the control rod. These four independent eriteria will
be considered separately.
B B
Free Body: Beam BCD. W first determine the force at € in terms
|-— 6 in,—==—H iu.—rl of the foree at B und in terms of the force at D.
N IM) = 0 B(ldin) - C(8in)=0 €= L7508 (1)
HNEMy =0 —D(l4in) + CBin)=0 € =233D (@)
Control Rod. For u factor of safety of 3.0 we have
o 60 ksi
ﬂ'uu_"L-—“-zOkl
.5 3.0
The allowable force in the control rod is
B = a.alA) = (20 ksi)dm (5 in.)* = 3.01 kips
¥, Using Eq. (1) we find the largest permitted value of C:

T:l in.
= L.750B = 1,750(3.01 kips) C = 527 kips

Bolt ot B. 1y = 7 /F5. = (40 ksi)/3 = 13.33 ksi. Since the bolt is in
double shear, the allowable lll'.lgnihl:]v ol the force B exerted on the bolt is

B = 2F, = 2(rgA) = 2(13.33 ksi)(d m)(E in.)? = 2.94 kips
From Eq. (1): C = L7508 = 1.750(2.94 kips) ¢ = 515 kips

Bolt at D. Since this bolt is the same as bolt B, the allowable force is
D=8=294 kips. From Eq. {2):

C = 233D = 233(2.94 kips) € = 6.55 kips
Bolt at C. We again have 7y = 13.33 ksi and write
C =2F = 2(raA) = 2(1333 ksi)(3 m)(Fin.)* € = 5.23 kips

Summary. We have found separately four maximum allowable values
of the force C. In order to S‘lh\h all !]1( we criteria we must choose the
smallest value, namely: C = 515 kips
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PROBLEM 1.3

‘ MWin.

EURITS

Two solid cylindrical rods A8 and BC are welded together
at 8 and loaded as shown. Determine the magnitude of the
force P for which the tensile stress in rod 48 is twice the
! magnitude of the compressive stress in rod BC.

SOLUTION

Ay = %(2)2 = 3.1416 in?

PIRTE APl
BT 4, 31416
= 0.31831P

;- %(312 = 7.0686 in?

_ G0)-F
Osr = —Au
80P gasy_o1d1a7p
7.0686

Equating &, 10 20~

0.31831F° = 2(8.4883 — 0.14147 £)

P =282kips 4
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PROBLEM 1.4
3in. In Prob. 1.3, knowing that £ = 40 Kips, determine the
s i 8 | < average normal stress at the midsection of (@) rod 4B,
i | (B)rod BC.

=ik ' D

PROBLEM 1.3 Two solid cylindrical rods AR and BC
| are welded together at B and loaded as shown. Determine
r Hin . . ! the magnitude of the force F for which the tensile stress

in rod AB is twice the magnitude of the compressive

stress in rod BC.

SOLUTION
(@) RodAB

P = 40 kips (tension)

2 2
Ayg _mdy A2 _ 3,1416 in*
4 4
. P 40
ARS T e
Ay 31410

(M Rod BC

F = 40— (2)(30) = -20 kips, i.e., 20 kips compression.

2 2
g =T - TOF _ g 0686 in?
- 4

4
o = & . A
5C T Age 7.0686

G = 12.73ksi 4

g = —2.33 ksi
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PROBLEM 1.18

S N . :L-c:hu- S Two wooden planks, each 22 mm thick and 160 mm
o P wide, are joined by the pglued mortise joint shown.

e Knowing that the joint will fail when the average

20 shearing stress in the glue reaches 820 kPa, determine

S the smallest allowable length & of the cuts if the joint is
to withstand an axial load of magnitude P = 7.6 kKN.

SOLUTION

Seven sutfaces carry the total load P = 7.6 kN = 7.6 x 10%.
Let ¢ = 22 mm.
Each glue areais 4 = 4t

3
RS I AN TP R

74 T (HRAx10%)
= 1.32404 x 10°mm?

d=i=M=m,z d=602mm 4

t 22
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5 PROBLEM1.29

301 ]&j;:

g g ‘-T‘ The 1.4-kip lnad P is supparted by two wooden members of uniform cross section
S that are joined by the simple glued scarf splice shown. Determine the normal and
shearing stresses in the glued splice.

SOLUTION
P=14001b & =090°-60°=30°
Ay = (5.0)(3.0) = 15 in?

2 on2
- Pc:s g_Ja 400)(:2530 Y o ="70.0psi 4
]
. X =]
i Psin28 _ (1400)sin40 T =404 psi 4

24, (2)(15}
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PROBLEM 1.30

W Two wooden members of uniform cross section are joined by the simple scarf
\:-‘i. splice shown. Knowing that the maximum allowable tensile stress in the glued
V] splice is 75 psi, determine (o) the largest load P that can be safely supported, (%)
7 the corresponding shearing stress in the splice.
/
‘|
\
N
pl
|
L
T
SOLUTION
Ap = (5.0)(3.0) = 15in?
8 = 90° — 60° = 30°
_ Peos’é
Ay
(@ p=-% N _ygp0p P =1.500kips 4
cos‘@  cos“30°
. =
(b) -~ Psin2¢ _ (1500)sin 60 =433 pai 4

2% 2)(15)
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PROBLEM 1.47

Three steel bolts are to he used to attach the steel plate shown to a wooden beam,
Knowing that the plate will support a 110-kN load, that the ultimate shearing
stress for the steel used is 360 MPa, and that a factor of safety of 3.35 is desired,

determine the required diameter of the bolts,

SOLUTION

For each holt,

Required:

By = (F.§)P = (3.35)(36.667) = 122.83 kKN

v B B B
U4 14 md

AR, M =208x107m
7, (360 x 10%)

d=208mm 4
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PROBLEM 1.48
Three 18-mm-diameter steel bolts are to be used to attach the steel plate shown to
a wooden beam. Knowing that the plate will support a 110-kN lead and that the
ultimate shearing stress for the steel used is 360 MPa, determine the factor of
safety for this design.
H kN
SOLUTION
For each halk, A= %42 - %(13)z = 254,47 mm? = 284,47 x 10°°m?
Py = A7, = (254.47 x 1075)(360 % 10°)
=91.609 x 10°N
For the three holts, By = (3)(91.609 x 10°) = 274.83 x 1PN
Factor of safety:
3
R el R R F§.=250 4
P 110x 10
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Tap view PROBLEM 1.55
:i-—Mmm—-i-—]Wmm—-hgmm
i In the structure shown, an 8-mm-diameter pin is
used at A, and 12-mm-diametier pins are used at B
and D. Knowing that the ultimate shearing stress is
100 MPa at all connections and that the ultimate
normal stress is 250 MPa in each of the two links
B joining 8 and D, determine the allowable load P if
an overall factor of safety of 3.0 is desired.

S mm % mm
n
12 mm - —
Sk view
SOLUTION
Statics: Use ABC as free body. A B e
+>I.M =0: 020F,-0.18P =0 P—EF — =
g=0: 0 a—0 = =g A 0.20 c"is‘i
P
+)}:M‘1 =0: 020F,;,-038P =0 P=%Fw F.l an

Based on double shear in pin 4: 4 = %d’ - %{D.ﬂﬂ!jz = 50.266 % 107°m’

Foo 2wA (20100 X 10°)50.266 x 107°)
17 ES. 3.0

P= -'F"f; =3.72x10°N

=3351x10°N

Based on double shear in pins at B and D: A = ;dz = i:-(o.om’ = 113.10 x 10°m’

_ 2ty A ()00 x 10°)113.10 x 10°%)
F 5. 3.0

) =754x%10°N

P= ;%Fﬁ,, =397 x10°N

Based on compression in links BD: For one link, 4 = (0.020)(0.008) = 160 x 10™*m?
2g,, 4 _ (2X250 x 10°)160 % 107°)

F,, = = 26.7 x I0°N
wES 3.0
P= :_g.r;.,,} =14.04 x 10°N

Allowable value of P is smallest, - P = 3.72x 10°N P=372kN 4
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PROBLEM 1.56
Topriew
m s M | 750 In an alternative design for the structure of Prob. 1.55, a
smn T = — . pin of 10-mm-diameter is to be used at A. Assuming that
e ;——L;'A - 4 e all other specifications remain unchanged, determine the
allowable load P if an overall factor of safety of 3.0 is
desired.
PROBLEM 1.55 In the structure shown, an 8-mm-
diameter pin is used at A, and 12-mm-diameter pins are
used at B and ). Knowing that the ultimate shearing
stress is 100 MPa at all connections and that the ultimate
normal stress is 250 MPa in each of the two links joining
B and D, determine the allowable load P if an overall
factor of safety of 3.0 is desired.
SOLUTION
_ & 8
Staties: Use ABC as free body. (____________.E
£)EMy =0: 020F, —0.18P =0 P=EFA 020 —A:—0.18 ‘.L
9 P
+‘}EM‘| =0: 020F,, 038P =0 P= :—ng Fl Fao
Based on double shear in pin 4: A4 — %a‘z = %(D.'[]H])z — 7854 % 10 *m?
&
F, - 2y A _ (2X100 x 1057854 x 10°°) _ ssaniiy
FS 3.0
P= ﬂ:-;, =582x10°N
9
Based on double shearinpinsatBand D: A4 = %d’- = %(0.012)’ =113.10x10°m?
G
Fop = 2ryA _ (2100 x 10°)113.10x 107) _ 254 16°'N
FS. 30
Pi= EFBD =397x10'N
Based on compression in links 8): For one link, 4 = (0.020%0.008) = 160 x 10°%m?
9 —6
Fyp g4 _ (H250x 10°Y160 X 10°°) _ S
FS. 3.0
10
P——Fpp — 1404 x10°N
19
Allowable value of P is smallest, . P = 3.97 x 10°N P=397kN 4
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1200 N PROBLEM 1.59

bone’s crass section at C.

A strain gage located at € on the surface of bone 4B indicates that the average
normal stress in the bone is 3.80 MPa when the bone is subjected to two 1200-N
forces as shown. Assuming the cross section of the bone at € to be annular and
knowing that its outer diameter is 25 mm, determine the inner diameter of the

1200 N
SOLUTION
o= £ y A= £
A o
Geometry: A = %(df =%y
R
F 3 ag
dy = (25107 - 7(4)“20“)6
7(3.80 X 10°)

=2229%10°%m?
d, = 14.93%107m

d, =1493 mm




A
03m A = 500 mm*
1 E=T00GPa
B
F,; = 60kN
Frpp = 90kN
CI
- (&)
A = 600 mm?
04m ‘ E = 200 GPa
|
2 Q)

131
Fepp = 90 kN

8y =0, 5I4 mm

C}: P\_J D_ ;

,, = 0.300 mm

’

——

"

(200 1mim — x)

-+ 400 mm —-—l

200 i

(*-Mli't&jeu
SAMPLE PROBLEM 2.1 s
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The rigid bar BDE is supported by two links AB and CD. Link AB is made
of aluminum (E = 70 GPa) and has a cross-sectional area of 300 mm?2 link
CD is made of steel (E = 200 GPa) and has a cross-sectional area of
600 mm>. For the 30-kN force shown, determine the deflection (g) of B,
(b) of D, (c) of E.

SOLUTION
Free Body: Bar BDE

IMp =0  —(30kN)(0.6 m) + Fep(0.2m) = 0
Fcp = +90kN Fep = 90kN  fension
+IMp =0 —(30kN)(0.4m) — Fyul02m) = 0

Fus = —60kN F.ig = 60kN compression

a. Deflection of B. Since the internal force in link AB is compressive,
we have P = —60 kN
PL. (=60 x 10°N)(03m)

5y = — = —514 x 10°
PTAE (500 X 10 ®m)(70 x 10° Pa)

The negative sign indicates a contraction of member AB, and, thus, an
upward deflection of end B:

8y = 0314 mn 1

b. Deflection of D. Since in rod CD, P = 90 kN, we write

= PL _ (90 x 107 N)(0.4 m)
PTAE (600 X 10 “m?)200 X 10° Pa)
=300 X 10 *m 8, = 0.300 wman |

c. Deflection of E. We denote by B' and D’ the displaced positions
of points B and D. Since the bar BDE is rigid, points B', D', and E' lie in

a straight line and we write

BB" _ E 0514 mm _ (200 mm) — x

= = =717
DD’ HD 0300 mm X SRR
EE" _HE By (400 mm) + (73.7 mm)
Dl) HD 0.300 mm 73.7 mm

Sp = 1928 i |
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SAMPLE PROBLEM 2.2

The rigid castings A and B are connected by two 3-in.-diameter steel bolts
cD and GH and are in contact with the ends of a 1.5-in.-diameter aluminum
rod EF. Each bolt is single-threaded with a pitch of 0.1 in., and after being
snugly fitted. the nuts at D and H are both tightened one-quarter of a turn.
knmﬂng that E is 20 x 10° psi for steel and 106 x 10° psi for aluminum,
determine the normal stress in the rod.

SOLUTION

Deformations

Bolts CD and CH. T'Uhtvning the nuts causes tension in the bolts.

Because of ssmmetry, both are subjected to the same internal force Py and

undergo the same deformation 8. We have
Ph!-h P.fat 18 "L)

8, =+ =+ .
: ALy 1m(0.75in.)7(29 % 10° psi)

= +1405 X 10°* P, (1)

Rod EF. The rod is in compression. Denoting by P, the magnitude
of the force in the rod and by 8, the deformation of the rod, we write
5 = PL, P(12m)
! AE, 1m(15in.)(106 x 10° psi)
Displucement of D Relative to B.  Tightening the nuts one-quarter
of a turm causes ends 1 and H of the bolts to mudergo a displacement of
(0 1 in.) relative to casting B. Considering end D, we write

Sps = H0.1in.) = 0.025in, (3)

But 8,8 = 8y — 8, where 8, and 8y represent the displacements of D
and B. If we assume that casting A is held in a fixed position while the nuts
at D and i are being tightened, these displacements are equal to the defor-
mations of the bolts and of the rod, rlvslh-cli\'-v[_L We have, therefore,

Bpm =98, — 8, (4)

= —0.6406 X 10 " P, (2)

Substituting from (1), (2), and (3) into (4), we obtain
0.025in. = 1.405 X 10 P, + 0.6406 X 10 % p, (5)
Free Body: Casting B
SIF =0 P-—28,=0 P =2F (6)
Forces in Bolts and Rod Substituting for P, from (6) into (3), we have

0.025in. = 1405 X 10 “P, + 06406 x 10 %(2P,)
P, = 9307 X 10" b = 9.307 kips
P, = 2P, = 2(9.307 kips) = 15.61 kips
Stress in Rod

15.61 kips

- i T—— o, = 10.53 ksi &
A gm(l5im)




12in.  8in.
’——l?im—‘l |——l )

W -

AIE&T )

10 kips 24 in. |

| 30 in
|
E
FlIl 4
24 5 in.
!——lﬂ i“-‘l 12in in
e C |lJ
A >
B,
B, .
10 LII'I'\ i.'[ ’ l’l’?f
I_m"‘ __l 12 in. ‘im |D
A _.——--""'—;“'l'-'p
F dy “5Q D
Fop Fip
4
.......... —=8p
D
-— =i ‘
| 30 in.
in. ==
1
Fll 4

?
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SAMPLE PROBLEM 2.3 gwib
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The Lin-diameter rod CE and the f-in-diameter rod DF are attached to
the rigid bar ABCD as shown. Knowing that the rods are made of aluminum
and using E = 106 > 10° psi. determine (a) the force in each rod caused
by the loading shown, (b) the corresponding deflection of point A

SOLUTION

Statics. Considering the free body of bar ABCD. we note that the
reaction at B and the forces exerted by the rods are indeterminate. However,

using statics, we mayv wnte
+5XZMy =0 (10 Iﬁtpi)(”’ill‘l) = Fep(12in.) = Fpe(20in.) = 0
]ZZF{*[ 0 EUF“F = 180 (1)

Geometry. After application of the 10-kip load. the position of the bar
is A'BC'D'. From the similar trangles BAA', BCC’, and BDD' we have

6(‘ ﬁlj ) ‘3
2. 20m. ¢ 08 &

8, ép
—_— = 5, = 0.9 (3)
18in.  20mn. a #
Deformations. Using Eq. (2.7). we have

Fopla Fpl.

8 = _CECE 8, = _DFDF
AceE ApeE

Substituting for 8¢ and 8y, into (2). we write

IFFT}LLC‘E FDFLI'JF
= 0.64 =06
& ® AcE ApsE

Lpr 4{5 (:min.-){ :'11'(% i“')::|
—Fpr =06 a—y Fer = 0.333F,
Eepilpy " 24m./ {m(zm.) S -
Force in Each Rod.  Substituting for Fe; into (1) and recalling that all
forces have been expressed in kips. we have
12(0.333F ) + 20, = 150 Fur = T50kips
Fep = 0.333F 5 = 0.333(7.30 kips) Fop = 2.50kips =
Deflections. The deflection of point D is
(730 x 10° Th)(30in.)

Feg = 06 —

Boal.
DF-DF - 5p = 450 x 10 %in

AprE (i in)(106 X 10° psi)

5[)-’

Using (3), we write

8, = 098, = 0.9(45.0 x 10 *in.) by

x 10 in.

|4

43
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[~0onoin| SAMPLE PROBLEM 2.4

sy (ﬂéu - il B
L ) The rigid bar CDE is attached to a pin support at E and rests on the 30-mm-
D : diameter brass cylinder BD. A 22-mm-diameter steel rod AC passes through
a hole in the har and is secured by & nut which is snugly fitted when the
teniperature of the entire 45\.“11[)1\ is 20°C. The temperature of the brass
evlinder is then raised to 50°C while the steel rod remains at 20°C. Assum-
ing that no stresses were present befare the temperature change, determine
the stress in the ¢ylinder.

Rod AC:  Steel Cylinder BD:  Brass

A ' E = 200 CGPa E = 105 GPa
a =117 x 107%°C a =209 x 107%°C

08 m

c__ 5 F  SOLUTION

T H o I E Statics. Consi-(lering the free hnd}f of the entire assmnhly, we write
B T +NEMy=0: R,(075m)— Rg(03m)=0 R, =04R, (1)
Ry Deformations.  We use the method of superposition, considering Ry as

redundant. With the support at B removed, the te mperature rise of the C\lil](l(l’
causes point B to move down through §;. The reaction Ry must cauase a deflec-

tion &, equal to &y so that the final deflection of B will be zero (Fig. 3).

0.3 m Deflection 8;,  Because of a temperature rise of 50° = 20° = 30°C,
the length of the brass cvlinder increases hy dr.

6r = L(AT)a = (0.3 m)(30°C)(2U.9 x 107%°C) = 188.1 X 10" m |

R,

|*0.45 m—

C 5,‘, 07 56(‘—046(1 g

Deflection 61, We note that 8, = 0.46¢ and &, = 6 + 8.
Rl R\(0.9 m)
AE " Lz(0.022 m)¥(200 GPa)
8p = 0.408- = 0.4(11.84 X 107°R,) = 4.74 X 107°R,
Rl Rg(0.3 m)
B0 TUAE T 1x(0.03 m)(105 GPa)
We recall from (1) that B, = 0.4Ry and write
8, = 8p + Spp = [4.74(0.4R;) + 4.04R5110 ? =594 X 10 "Ry 1
But 8, = 8,: 188.1 X 10" m = 5.94 x 107 °R, Ry = 31.TkN
Ry 31.7TkN

Stress in Cylinder: gy = — = ————— o3 = 445 MPa
4 A lxoosmy  f

6("7

=11.84 X 107°R, 1

=404 X 10°Ry 1
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Determine the delommation of the steel rod shown in Fig. 2,19 under i
the given loads (£ = 29 % 10° psi).

\:\L divide the rod into three component parts shown in Fig. 2.19) A=00in A=03ink
anel write

- 2
Ly=Ly=12in. Ly= 16in, =
A=A =089 Ay =03 0 kips
:: ; ‘ i L\ln- i Lni:.\
To find the internal forces Py, Py, and Py, we mst pass sections through I | N —
cach of the camponent parts, drawing vach time the froe-body dingram Zin. © 12Zim.

of the portion of rod located to the right of the section (Fig, 2.19). (@)
Exproessing that each of the free badies is in equilibrium, we obtain
suceessively

PI = 60 kipﬁ = 60 % ]":1 "J i - ';l | i Llln
Py==15kips = =15 X 10/ b o) 75 hips | kaps |
Py=30kips = 30 X 'l l» E L
Carrying the values obtained into Eq. (2.8), we have IE ‘; ¥a A0 kipy
P‘L;‘ ] P[L] Pg!ag P(;L;] r : =4 f-' ”
ZRETE R T : r«@j;m
- ; [(H] - l{]“}(m) ': NI e
20 % 10° 0.9 " ¢ .
y —r
(—15 % 10%(12) (30 x 10M(16) p . =
= 0.9 - 0.3 B = 0 kips
330 % 10° i) V5 kips 40 kips

=754 “Tin,
T e i Fig. 2.19
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Fig. 2.21

{ A rod of Tength 1, eross-sectional area Ay, and modulus of elasticity Ey,
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hag been placed inside a tube of the same length 1, but of cross-sectional
area Ay and madlus of elasticity Ey (Fig. 2.2 1), What is the deformation
of the rod and tube when a foree P is exerted on a rigid end plate as
shown?
Denoting by Py and Py, respectively, the axdal foroes in the rod ane
in the tube, we draw free-body diagriuns of all three elements (Fig, 2210,
e, o), Only the last of the diagrams vields any significant information,
namely:
P+ PF,=P (2.11)
Clearly, ane equation is not sufficient to determine the two unknown
intermal forees Ppand Py The problem is statically indeterminate,
However, the geometry of the problem shows that the deformations

8, and 8; of the rod and tube must be equal. Recalling Eq. (2.7), we
write

b= —— & =-— (2.12)

Equating the deformations 8, and 8,, we obtain:

B
AlE)  AdE;
Equations (2.11) and (2.13) can be solved simultaneously for P, and Py;
__AEP p o AP
A B rdaly 1 KE § Kby

(2.13)

Py

Either of Egs. {2.12) can then be used to determine the common defor-
mation of the rod and tube.
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A bar AB of length L and uniform cross seetion is attached to rigid sup-

ports at A and B before being loaded. What are the stresses in portions

AC and BC due to the application of a lead P at point C (Fig, 2.224)?
Drawing the free-body diagram of the bar (Fig. 2.22h), we obtain

the equilibrium equation A

A
Ry + Rz =P (2.14) g
1

Since this equation is not snfficient to determine the two unknown reac- G |G
tions By and Ry, the problem is statically indeterminate. L
However, the reactions may be determined if we observe from the

geometry that the total elongation 5 of the bar must be zero. Denoting P P
by 8, and 8;, respectively, the elongations of the portions AC and BC, we = B
write
Ry
5=5+8=0

or, expressing &, and &, in terms of the corresponding internal forces Py S 2
and Py Fig. 2,22

P\L P,

g=Bla g Bla (2.15)
AFE AE

But we note from the free-body diagrams shown respectively in parts b
and ¢ of Fig. 2.23 that P, = R, and P, = — R Carrying these values into
{2.15), we write

R, — Rgl, = 0 (2.16)

Equations {2,14) and (2.16} can be solved simllltanemmly for R, and Rg:
we obtain Ry = PLa/L and By = PL, /L. The desired stresses o, in AC
and o in BC are obtained by dividing, respectively, Py = Ry and Py =
—Ry; by the cross-sectional area of the bar:

_ Pl PL, Ry Ry

o, = 0Oy =

AL . AL Fig. 2.23
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A= 250 mm -._____\

.D 130 mln
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Fig. 2.24
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TR SN l 3150 mm
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Fig. 2.26
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Fig. 2.27
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Determine the reactions at A and B for the steel bar and loading shown
in Fig 2.24, assuming a close fit at both supports before the loads are
applied.

We consider the reaction at B as redundant and release the bar
Fl'"[l] Illat Sl]l)l‘.lﬂ[". Tl“' Tl'ilﬂ'ljllll R.ﬂ iS O L'(lllsitlt'rﬁl H L] l]]ll\"[l(]\'-"[i
load (Fig. 2.23¢) and will be determined from the condition that the
deformation 8 of the rod must be equal to zero. The solution is carried
out by considering separately the deformation 8, caused by the given
loads (Fig. 2.25D) and the deformation 8; due to the redundant reaction
R; (Fig. 2.250).

600 k™ l
|
d=0
Ry

(m) (h) i)
Fig. 2.25

The deformation 8, is obtained from Eq. (2.8) after the bar has
been divided into four portions, as shown in Fig. 2.26. Following the same
procedure as in Example 201, we write

Py=0 Pi=P,=600Xx10'N P, =900x10'N
A=A =400 X 10 "m® Ay = A, = 250 x 10 " m?
Ly=Li=1Ls=L,=0150m

Substituting these values into Eq. (28), we obtain

i PL, 600 X 10°N
e Ej‘i_F - (ﬁ * 400 x 10 °m?
600 x 10°N . 900 % 10°N )OJahn
250 % 10 *m® 250 x 10 Ol E
1.125 x 10*

& = —— (2.17)
£ E
Considering now the deformation 84 due to the rvdlmd.mt r(":“_ti”“
th we divide the bar into two purl]mls. as shown in Fl;., 27, and
write
P| = Pl = —HH

A =400 X 10" m? A, =250 x 107% m’
L] = Lg = 0300 m




Substituting these values into Eq. (2.8), we obtain

_Ply Pl (185X 10°)Ry

= 2.18
™ AE T RE F @.H)

Expressing that the total deformation 8 of the bar must be zero, we
write
8=58+8=0 2.19
and, substituting for 8, and 8 from (2.17) and (2.18) into (2.19),
1125 x 10° (195 x 10")Rg _

L E

Solving for Ry, we have
By = 577 X 10° N = 577 kN

The reaction R, at the upper support is obtained from the free-

body diagram of the bar (Fig, 2.28). We write
+T2F, =0: Ry —300kN — 600kN + Ry = 0
R, = 900DKN — Ry = S0 KN — 577 kN = 323 kN

Onee the reactions have heen determined, the stresses and strains

in the bar can easily be obtained. Tt should be noted that, while the total

deformation of the bar is zero, cach of its component parts does deferm
wnder the given l(m-(]ing and restraining conditions.
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Exmnpl(‘ 2.04, assuming now that a 4.50-mm clearance exists between the
bar and the gronnd before the loads are applied (Fig. 2.29). Assume E =
200 GPa.

We follow the same procedure as in Example 2.04. Considering the
reaction at B as redundant, we compute the deformations 8, and &,
caused, respectively, by the given loads and by the redundant reaction Ry,
However, in this case the total deformation is not zero, but § = 4.5 mm.
We write therefore

6=8.+6;=45%X10"m (2.20)
Substituting for 8, and 84 from (2.17) and (2.18) into (2.20), and recalling
that E = 200 GPa = 200 % 10 Pa, we have

1.125 x 10° (195 x 10")R,

5= e T =45%107%m
200 X 10 200 X 10

Solving for Ry, we obtain
Ry = 1154 x 10° N = 1154 kN

The reaction at A is obtained from the free-body diagram of the bar
(Fig, 2.28);

+1SF, =0 R, —300kN - 600kN + R; =0
Ry = 900kN — Ry = 900 kN — 1154 kN = 785 kN

Determine the reactions at A and B for the steel bar and loading of




A=12in?
A= [] 6 in”

A ‘,,7,i

L.g..g_m,.q

Fig. 2.33
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Determine the values of the stress in portions AC and CB of the steel
bar shown (Fig. 2.33) when the temperature of the bar is —30°F, knowing
that a close fit exists at both of the rigid supports when the te mperatare
is +75°F. Use the values E = 29 x 10° psi and a = 6.5 X 10°7F for
steel.

We first determine the reactions at the supports. Since the problem
is statically indeterminate, we <etach the bar from its support at B and
let it undergo the temperature change

AT = (-30°F) - (73°F) = - 125°F
The corresponding deformation (Fig. 2.34b) is
8r = alAT)L = (6.5 X 107°/°F)}—125°F)(24 in.)
==19.50 X 10 *in

(a) _":+_&
A c Bl
[+ 1 2 !
L— LL“"'— Ly J i‘_ g
(b) '
C B
A , :
. 1 2 —
T | Ry
(c)
Fig. 2.34

Apphing now the unknown force By at end B (Fig. 2.34¢), we use Eq. (258)
to express the corresponding deformation 65, Substituting

By =il = 1000
Al:'[).lfii.n2 A, = 1.2 in°
P,=P;=Rg; E=29x 10°psi

into Eq. (2.8), we write

PiL, | PoLs
AE  AE

_ Rg (12 LI 12]'11‘)
29 x ](lﬁpsi 0.6 in? 1.2in?

= (1.0345 X 10 *in/Ib)Rs

5¢=

Expressing that the total deformation of the bar must be zero as a result
of the imposed constraints, we write

d=8r+8;=0
-19.50 X 10 % in. + (10345 x 10 %in/Ib)Rs = 0




from which we ohtain
Ry = 18.85 x 10°1b = 18.85 kips

The reaction at A is equal and opposite.

Noting that the forces in the two portions of the bar are P, = P =
18.55 kips, we obtain the following values of the stress in portions AC
and CB of the bar;

P, 15.55 kips

o= = — = +31.42 ksi
' A, 0.6 in’
P, 15.55 kips
a2=—’=—,p= +15.71 ksi
As 1.2in

We cannot emphasize too strongly the fact that, while the total
deformation of the har must be zero. the deformations of the portions AC
and CB are not zero. A solution of the problem based on the assumption
that these deformations are zero would therefore be wrong. Neither can
the values of the strain in AC or CB be assumed equal to zero. To amplify
this point, let us determine the strain €, in portion AC of the bar. The
strain €4 can be divided into two component parts; one is the thermal
strain €y produced in the unrestrained bar by the temperature change AT
(Fig. 2.34b). From Eq. (2.22) we write

er = a AT = (6.5 X 10 *°F)—125°F)
—812.5 X 10 in/in.

The other component of €, is associated with the stress o due to the
force Ry app]ivd tor the bar (Fig. 2.34c). From Hooke’s law, we express
this component of the strain as

o, +31.42 x 107 psi

= - = +1083.4 % 10 ®in/in.
E 29 x 10" psi

Adding the two components of the strain in AC. we obtain

_ Ty = -6 i -6
Eac —EpF E = —=8125 x 10 " + 10534 x 10
= +271 X 10 % in./in.
A similar computation yields the strain in portion CB of the bar:

- T2 _ 5 = -6 = -8
€cp = €r + - —8125 X 107" + 341.7 X 10

—271 X 10" % in./in.

The deformations 8, and &g of the two portions of the bar are
expressed respectively as
S0 = €4(AC) = (+271 X 107°%)(12in)
+3.25 X 10 %in.
Bcs = €cs(CB) = (=271 X 10512 in.)
-3.25 % 10 %in.

I

We thus check that, while the sum 8 = 8, + 8¢5 of the two deforma-
tions is zero, neither of the deformations is zern.

= ? ;
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Fig. 2.37
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A 300-mm- ]r.mg 16-mm-diameter rod made of a homogenous, i\t)tmpic

material is ohserved to increase in length by 300 um, and to decrease in
diameter by 2.4 pm when subjected to an “axial 12-kN load. Determine
the modulus of elasticity and Poisson’s ratio of the material.

The cross-sectional area of the rod is

A=amr'=m8x 10 °m)" = 201 x 10 °m"

Choosing the x axis along the axs of the rod (Fig, 2.37), we write

P 12 X 10° N
cr,=—=——59 MPa
A 200 x Y
8 300
e!=—'=_7#m=&]lx 10°°
L 300 mm
& -24
= 24 pum .
=—=—=—-]30X 10
“Td 16 mm
From Hookes law, o, = Ee,, we obtain
£=T= BTMPL o0 5GPa
€& 600X 107
and. from Eq. (2.26)
€ -150 x 10°°
g i IO XD T

€, 600 X 1078
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{ The steel block shown (Fig. 2.40) is subjected to a uniform pressure on
all its faces. Knowing that the change in length of edge AB is —1.2 X
10 ® in., determine (a) the change in length of the other two edges,
(D) the pressure p applied to the faces of the block. Assume E = 29 %
10° psi and » = 0.29.

(a) Change in Length of Other Edges. Substituting 0. = o, =

a. = —p into the relations (2.258), we find that the three strain compo-

nents have the common value
TN p 9 ¢
. €, T .= — E(I - 2») (2.29)

Since

€. = 8,/AB = (—1.2 X 107%in.)/(4 in.)
= =300 x 107° in/in.
we obtain
€, =€ =€ =—300 X 10 % in/in.
from which it follows that
5, = €,(BC) = (=300 x 107°)(2in.) = =600 X 10™%in,
8. = e(BD) = (=300 x 10" %)(3in.) = —900 X 10" %in.

(b) Pressure. Solving Eq. (2.29) for p. we write
Ee, (29 x 10° psi)(—300 x 107%)
P 7 I - 058

p =207ksi
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Determine the change in volume AV of the steel block shown in Fig. 2.40,
when it is subjected to the hydrostatic pressure p = 180 MPa. Use E =
200 GFa and » = 0.29.

From Eq. (2.33), we determine the bulk modulus of steel,

E 0CP o
= - — 1587 CPa
31 - 2») 3(1- 058)
and, from Eq. (2.34), the dilatation,
180 NP
P 2 — 1134 x 107

k  1357GPa
Since the volume V of the block in its unstressed state is
V = (80 mm)(40 mm){60 mm) = 192 x 10° mm®

and since e represents the change in volume per unit volume, ¢ = AV/V,
we have

AV = eV = (—L134 X 107%)(192 X 10° mm?)
AV = —-218 mm®




is bonded to two rigid horizental plates. The lower plate is fixed, while
the upper plate is subjected to a horizontal ferce P (Fig. 2.47). Knowing
that the upper plaif- moves llln‘)llgh 0.04 in. under the action of the force.
determine (o) the average shearing strain in the material, (b) the force P
exerted on the upper plate.

[a) Shearing Strain. We select coordinate axes centered at the
midpoint C of edge AB and directed as shown (Fig. 2.45). According to
its definition, the shearing strain y,, is equal to the angle formed by the
vertical and the line CF joining the midpoints of edges AR and DE, Xot-
ing that this is a very small angle and recalling that it should be expressed
in radians, we write

0.04 in.

Zin.

Vo = tall Yo, = Yoy = 0.020 rad

(b} Force Exerted on Upper Plate. We first determine the shear-
ing stress T, in the material. Using Hooke’s law for shearing stress and
strain, we have

Ty = Cy,, = (90 X 10° psi)(0.020 rad) = 1800 psi
The force exerted on the upper plate is thus

P =7, A = (1800 psi)(8 in )(25in.) = 36.0 x 10°1h

P =360 kips

Xy

A rectangular hlock of a material with a modulus of rigidity G = 90 ksi '

el
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Fig. 2.47
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L aphite eposy with fibers aligned
cirection. The cul ibjected to a compr ve loasl of 140 kN e
in the x dircetion. The properties of the composite material are: E, = - L o3
155.0 CPy, E, = 12.10 CPa, E, = 12.10 GPx, #,, = D248, . = 0248, ! Mllﬂﬂb
wl #,. = 0436, Determine the changes in the cube dimensions. knowing ]

that () the enhe is free to expand in the i and = direetions ( L82: o

. e (4] 1
{2} the cube is free to expand in the 2 direction, but is restrained from \ P e
expiuling in e y direction by two fised frictionless plates (Fig, 2.53]. o
[a) Free in y and z Directions. We first determine the stress o, ‘ ‘\T
in the direction of loading, We have / Sl 0
E Z0 RN
P -MOX PN -

== — — = —I88) MPa \\g"
A (DOBD m){0O6B0 m)

o Fig. 2.52
Since the cube is not Il or restrained in the i and = directions. we Lave ig. 2.5
i s 0 Thus, the right-hand members of Eqs. (2.45) reduce to their
first terms. Substituting the given data into these cguations, we swrile Y
F —IES9M R
€ = — = ——— = —250.0 % 107" -
155.0 (;Fa L kN e
B __ (h248)(-3889MPa) . "o B
& T e o Ficed !\ AN
; frictionles B
e (0.248) — 18,50 MP) v X LN

A e - 4A222 X 107 plates B 4§
= 2 & mm
1550 G:Pa )@,\ {2 )\
\g} mm "y
thor more information on fiber-reinforeed composite waterials, see Llyer, MW, Sireey

Anafysls of Fibor-Ruinforced Componite Materiak, McGraw-Hil, Now York, 1908, Fig. 2.53

The changes in the enbe dimensions are: obtained by muliiplying the cor-

responding sirains by the length L = 0,060 m of the side of the cube;
5, = &L = (=250 X 10 000 m) = - 1505 um

el = (+("22 X 107"W0060 m) = +3,73 pm

€L = (+622 X 10 Y0060 m) = +3.73 pm

R
i

{b} Free in z Direction, Restrained in y Direclion. The stress
in the v direction s the sume as in part o, namely, g, = —3589 MPa
Since the cube s to expand in the 3 direetion as in part @, we again
have or. = 0, But since (he eabe is now restrained in the ¢ direction,
we should expect w stress ey, different from zera. On the other hand,
since the enbe cannot cxpand in the ¢ direetion, we must Tase 8, = 0
andl, thus, €, = 6,/5L = 0 Making . = 0 anel €, = 0 In the second of
Eqs. (2.45), solving that equation for o, and substituting the given data,

we hiwve
E, 12,10) !
ay = (5 = (1 )(n.za.fs)(—}%s; MPa)

1350
= -7529kPa

New that the three components of stress have been determined, we can
use the first and Tast ol Eqs. (2.45) (o compate the strain componients
€ and e Bt the fist ol these cyuations containg Poisson’s ratio v,
anel, as we saw earlion, this ratin is wor r-rl,lrml o the ratio v, wluir h was
among the given data. To find vy, we nse the first of Eqs. (2.46) and

wrile
£, 12,10
=[= =5 0.248) = (101936
B (E,.)”“J (mu)( AE]=10.0180

Making . = 0 in the fiest wxl third of Egs, (2.45) and substitubing in
these coquutions the given valies of £ E, v, anl Yz, 88 well as the values
obtained] for e, o, antl vy, wer have

_an ey —35.40 MPa (DOT936) —T52.5 kPa)

“TEE IB5.0GPa 12.10 GPa
= —240.7 X 107"
((]‘EJH)? -k K0 Ml‘;l) (ll—lﬁﬁj[ —-75824 kl-’:l)
o i

1554 (:Pa - 12.10 GPa
= +90.72 x 10

The chunges in the enbe din ms are obtained h}' nullli.plying the cor-
responding strains by the length L = 0,060 m of the side ol the cube:
S, =&l = (—240.7 X 10 HOOE0m) = - 14958 um
8, = g, = (U000 ) =
b, =&l = (+90.72 X 10 "JO060 m) = +544 gm

{ omparig the results of putrts o and A, we note that the differsnee
between the valies obtained for the deformation &, i the direction of
the fibwers s nepligible. Blowever, the difference: between the valies
abtained Tor the Tateral deformation 8, s not negligible, This deformation
is dearly barger when the cube is restrained from deforming in the y
direction.
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Determine the largest axial load P that can be safely supported by a flat
steel bar consisting ol two portions, both 10 mm thick and, respectively,
40 and 60 mm wide, connected by fillets of radins r = 8 mm. Assume an
allowable normal stress of 165 MPa.

We [irst compute the ratios
D - B0 mm r 8 mm

—=—T0_15 ==
d 40 mm d 40 mm

Using the curve in Fig. 2606 corresponding to Dfd = 1.50, we find that
the value of the stress-concentration factor corresponding to r/d = 0.20 is

K=132
Carrying this value into Eq. (2.48) and solving for o,,,., we have

= 0.20

LT
1.82
But ., cannot exceed the allowable stress oy = 165 MPa. Substituting

this value for o .. we find that the average stress in the narrower portion
(d = 40 mm) of the bar should not exceed the value
165 MPa _
T e = _]-_P'i_l_ = 80.7 MPa
Recalling that o, = P/A, we have
P = Aoy = (40 mm){10 mm)(90.7 MPa) = 363 X 10°N
P=33kN

o ave




A rod of length £ = 500 mim and cross-sectional arsa A = 60 mm’” is made
of an elastaplastic material having a medulus of 2lasticity E = 200 GPa in
its elastic range and a vield point oy = 300 MPa. The rod is subjected to
an axdal load nntil it is stretched 7 mm and the load is then removed. What
is the resulting permanent set?
Referring to the diagram of Fig, 261, we find that the maximum
strain, represented by the abscissa of point C, is
_ 8 Tmm
= L~ 500 mm
On the other hand, the yield strain, represented by the abscissa ef point 1, is
ay 300 % 10°Pa
E 200 X 10"Pa
The strain after unloading is represented by the abscissa €, of paint D.
We note from Fig, 2.61 that
€ =AD=YC = €, — €y
=4x10F -15%x10°=125%x107°
The permanent set is the deformation 8y, corresponding to the strain €.
We have

4% 1078

=15% 107"

£y =

8y = epl. = (125 X 1075300 mm) = 625 mm

—
1 Mlittes
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A 30-in-long cylindrical rod of cross-sectional area A, = 0.075 in” is
placed inside a tube of the same length and ol cross-sectional area A, =
0.100 in”. The ends of the rod and tube are attached to a rigid support
on one side, and to a rigid plate on the other, as show in the longitudinal
section of Fig. 2.62. The rod and tube are hath assumed to be elastoplastic,
with moculi of elasticity E, = 30 % 10° psi and £, = 15 X 10° psi, and
vield strensths (a.)y = 36 ksi and {&,)y = 45 ksi. Draw the load-deflection
diagram of the rod-tube assembly when a load P is applied to the plate
as shown.

/ Tuhe

Rod
| —-— — —_—
1 30 in |
Fig. 2.62
P Ckips) ¥y
i R -
i We first determine the internal force and the elongation of the rod
: as it begins to yield:
|
I
0 36 5, (107 in) (P)y = (@ WA, = (36 ksi)(0.075 in®) = 2.7 kips
(a} (). 36 x 10°psi
i de)y = (E-hl = L = ; 30 in.
P, (kips) . By = (&) E, N X 10 psi( )
I
S HH e S ‘ =36 X 107%in,
l
i Since the material is elastoplastic, the force-elongation diagram of
| i the rod alone consists of an oblique straight line and of a horizantal
! } straight line, as shown in Fig, 2,634, Following the same procedure for
| | the tube, we have
0 36 9 8, (107 in) "
(b} (Py = (oa)vAy = (43 ksi){0.100 in") = 4.5 kips
a3 i
P (kips) . ey, 45X 10psi
Y, By = (ehl = = z 30 i,
R ! (B = (e E, 15 X 10° psi )
| =90 X 10" % in,
|
|
________ ¥ 3 The load-deflection diagram of the tube alone is shown in Fig. 2.63.
o 4 i Observing that the load and deflection of the rod-tube combination are,
i ! respectively,
| |
I |
i i P=P,+P, &=8& =35
| |
i | we draw the required load-deflection diagram by adding the ardinates of
0 a6 o & iy the dingrams obtained for the rod and for the tube (Fig. 2.63¢). Points
(e) Y, and Y, correspond to the onset of yield in the rod and in the tube,

Fig. 2.63 respectively,




Il the load P applied ta the rod-tube assembly of Example 2,14 is increased
from zero to 5.7 kips and decreased back to zero, determine (a} the
maximum elongation of the assembly, (b] the permanent set after the load
has been remaoved.,

la) Maximum Elongation. Referring to Fig. 2 63c, we ohserve
that the load P, = 5.7 kips corresponds to a point located on the seg-
ment Y.¥, of the load-deflection diagram of the assembly. Thus, the rod
has reached the plastic range, with P, = (P, = 27 kips and 7, = (o, )y =
36 ksi, while the tube is still in the elastic range, with

P,=P— P =37kips — 2.7 kips = 3.0 kips

3.0 kips
gy B B0
A, 0.1 in~

o, 30 x 107 psi

b T 5% 100ps

(304in.) = 60 % 10~ in,

The maximum elongation of the assembly, therefore, is
B = 8, = 60 x 107" in

[b) Permanent Set.  As the load P decreases from 5.7 kips to zero,
the internal forees P.oand P, hoth decrease along a straight line, as shown
in Fig. 2.684a and &, respectively, The force P decreases along line €D
pamlh-l to the initial pmtmn ol the loading curve, while the force P,
decreases along the original loading curve, since the yield stress was not

exceeded i the tube, Thedr sum P, therefore, will decrease along 2 line
CE parallel to the portion 0Y, of the load-deflection curve of the assembly
(Fig. 2.64¢). Relerring to Flg 263¢, we lind that the slope of 0Y,, and
thus of CFE, is
45 klp%

m=——————— = |35 kips/in.
36 % 10 "in,

The segment of line FE in Fig, 2.64¢ represents the deformation 8" of the
assembly during the imloading phase, and the segment OF the permanent
set 8, after the load P has heen removed. From triangle CEF we have

an 5.9 I(i.p.‘i -3
= ————— = 456 X 107§
m 125 kips/in, o v
The permanent set is thus
Bp =28, +8 =60%10"%=456x 107
=144 % 10 %in

6'=_

» =
Wlittee
“"“';‘“:H”;"mmt‘;’.*‘.“"

P, (kips) Y. -
11 |
7y
]
)
]
v ]
D /, E
7 60 & (1w0din
'
(a)
P, (kips)
¢ Lkips] ¥
(8]
BN - s
]
]
1]
]
|
1
o 60 iEr “u-.'i in.)
(h)
P (kips) Y,
C
[ | I ———"" —
Y, i
I | — I
1
i
]
s ! P
/ 1
! i
/
7 '
v 1
! .
0 i F ‘
(— & (107 in)
a, 3
B = B0 X 107 i,
i)

Fig. 2.64
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PROBLEM 2.1

An 80-m-long wire of 5-mm diameter is made of a steel with £ =200 GPa and an ultimate tensile strength of
400 MPa_If a factor of safety af 3 2 15 desired, determine (a) the largest allowable tension in the wire, (b) the
corrasponding elongation of the wire.

SOLUTION
(@) o0, =400x10°Pa A= i}dl =%(5f =19.635 mm’ =19.635x10° m’

B, =0, A=(400x10°)(19.635x107°) = 7854 N

p= T I8 i Py =245kN o
FS 32
o

T AE T (19.635x107¢ 4 200%10%)
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PROBLEM 2.4

An 18-m-long steel wire of 5-mm diameter 1s to be used in the manufacture of a prestressed concrete beam.
It is observed that the wire streiches 45 mm when a tensile force P 15 applied. Knowing that £ =200 GPa,
determine (a) the magnitude of the force P, () the corresponding normal siress in the wire.

SOLUTION
{a) 5= E, or P= é‘f_E
AE L

with 4 :%:rd'z = 'Ixm_oosf =19.6350 x 10 °m’

= S, o ST
p= {0.045 m)(19_6350xl!;l m ¥200x 10" N'm )=9817_5 N
m

P=982kN 4

P 98175 N
b o=—=—""—=500x10"Pa a=500 MPa 4

A 196350x10°¢ m?
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PROBLEM 2.7

Two gage marks are placed exactly 250 mm apart on a I2-mm-diameter aluminum rod. Knowing that, with an
axial load of 6000 N acting on the rod, the distance between the gage marks is 250.18 mm, determine the

modulus of elasticity of the aluminum used in the rod.

SOLUTION
d=AL=L-I,=25018-25000=018 mm

£=0 2018mm 4 00072
Ly 250 mm

>

P =3:-d2 =;l"‘1(12;2 =113.097mm? =113.097%10*m

157 &
Bl ol L E=737GPa 4

= =73.683x10°
£ 0.00072 ISEHITE
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PROBLEM 2.13

The 4-mm-diameter cable BC is made of a steel with £ =200 GPa. Knowing
that the maximum stress 1n the cable must not exceed 190 MPa and that the
elongation of the cable must not exceed 6 mm, find the maximum load P that
can be applied as shown.

SOLUTION

Lopc =N6"+4" =72111m
Use bar AR as a free body.

4
IM, =0: 35P-(6 F, |=0
+)EM, “(7.2111 "‘) Fec
P =09509F,,

Considering allowable stress: o =190x10°Pa

P %dr =%m.004)3 =12.566x10°m’
FE(‘

o=—C & Fue =g A=(190x10%)(12.566 X107 ) =2 388 x10° N

Considering allowable elongation: 4 =6x10"m

seFali . £ _AE& _(12.566x107°)}200x10° X6x107%)
= Jactme _ =

- ’ =2.091x10°N
AE Lar 72111

Smaller value governs. Ky =2.091x10°N

P =0.9509F, =(0.9509%2 091x10°) =1.988x10°N P=1988kN o
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PROBLEM 2.19

i
B Both portions of the rod 4ABC are made of an aluminum for which E =70 GPa.
Knowing that the magnitude of P is 4 kN, determine {a) the value of Q so that
the deflection at A 1s zero, (b) the corresponding deflection of 8
04 m 20-mm diameter
il
CF Bi-mm diameter
&
L
SOLUTION

{(a)

&)

A= %dj, =§:-(0.020F =314.16x10"*m’

T

1{0.060]1 =28274x10m?

T .,
Asc =Iﬂ'.§c' =

Force in member AB is P tension.

Elongation:
3
B Ox1D X0 -7 756x10*m
Ed;p (70x107)K314.16x107°)
Force in member BC is 0 — P compression.
Shoriening:
- 9 - 5
G =@ PMac ____Q-PNOD ____, 5563410%0-P)

Edy-  (T0x10°)28274x107)
For zero deflection at A, 8, =8,
2.5263x10°(Q - P)=72.756x10"° . Q-P=288x10°N

0=283x10" +4x10° =32 8x10°N

8 1p =8y =8, =T2.756x107"m 8, =00728mm | o«

0=328kN o
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b PROBLEM 2.20
- * The rod ABC is made of an aluminum for which E =70 GPa. Knowing that
P=6kN and Q=42 kN, determine the deflection of (@) point A, (b) point 8.
G 2k humeter
Lol
e Al mm diameter
C
. -—
SOLUTION
P A =%d‘iﬂ = %{o_m.of =314.16x10* m’
Age =%d§.€ = %{0_060]1 =28274x10" m’
P, =P=6xI0°N
Py = P-0=6x10" —42x10" =-36x10°N
Lyg=04m ig =05m
¥ @ g = LETLIT = (EXIOZKDA} 5 =109.135x10°m
AgE,  (314.16x10™ ¥ 70x10°)
= §po < Fectac | (I6XWOHOS) g0 500 56
¥ Mec AgeE (2.8274x10 7 }70x10%)
(@) &,=8,3+08 =109.135x107° -90.947x10°m =18.19x10°m §,=001819mmT <«

(b) &, =8, =-90.9x10"m = -0.0909 mm or 5y =00919 mm | o
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2% kN PROBLEM 2.23
a4 g For the steel truss (E =200 GPa) and loading shown, determine
25m  the deformations of the members 4B and 4D, knowing that their
A = 0} cross-sectional areas are 2400 mm” and 1800 mm’, respectively.

‘-—- 4.0 in——rfm— 4.0} ——r]

SOLUTION
Statics' Reactions are 114 kN upward at A and C.

Member B0 is a zero force member.

Ly=va0i+25 =4717m

Use joint A as a free body.

+f}:ﬁ_:o: 44—y =0
’ 4717 E,
L]

F,5 =-215.10 kN

4
+ —0- =
—D-EF; =0: EJD+mFIE-O ‘l‘* k”

=73
SN CILY R
4. 717

Member 48

_ Fuple  (-21510x10°44.717)
EA;y (200107 (2400%107°)

Bag

=-211x10"m §,5-211mm o

-3 3
Member AD: Fpo i, OREACID JAD
Ed,, (200107 K1800x107%)

=203x107m 6,,=203 mm o
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PROBLEM 2.28

Each of the four vertical links connecting the two rigid
honzontal members 1s made of aluminum (£ = 70 GPa)
and has a umform rectangular cross section of 10 x 40 mm.
For the loading shown, determine the deflection of
(a) point E, (h) point F, (c) point G.

SOLUTION

Statics. Free body EFG.

E

Area of one link:

Length: L =300 mm =

Deformations.

Vg 12*::;
£4 G

|<— Hoo mm ~—-——-—>|<—1’50um—1724 kN

S)EM, =0° —(400)2F,, ) —(250(24)=0
Fy ==15kKN==75x10°N

FYEM =0 (400)2F ;) —(650)24) =0
Frp =195kN=195x10°N

A= (10)40) = 400 mm?

=400x10 ¢ m”
0300 m
Fael  (~7.5%10°X0.300) 4
= = =—30,357 |0
BET B4 (T0x10° n400x107°) b
L Sx10° 0.3
Sop = Foel  (19.5x10°40.300) .

EA ~ (T0x107H400x107%)
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ey PROBLEM 2.34
/_I:L‘(/ Brass core
3 i E = 1054Fa : .

0 The length of the assembly shown decreases by 040 mm when an axial
force is applied by means of rigid end plates. Determine (a) the magnitude
of the applied foree, (b) the corresponding stress in the brass core.

300 mim
L— Aluminium shell
| E = T0GFa

&0 v

SOLUTICN

Let P, = Portion of axial force carried by shell and Py = Portion of axial force carried by core.

PL E A,
= , or =445k
“ L

£, A
B=—2§
8L

Thus, P=P, +ﬂ‘3(5.,ff¢.+5y"a)%

with A4, = —[(0.060)* - (0.025)°] = 2.3366 x 10 m*

x
4
4, %w,nzsf = 0.49087 x 107> m?

P = [(70 x 10%)(2.3366 % 107%) + (105 x 10%)(0.49087 x w")]% = 215.10x 10"%
with 8 =040 mm, L = 300 mm
. 040 y
(@ P=(215.10x10 )sta.smu N P=287TkN

B o B _ES (105 x 10°)(0.40 x 107%)
b= — -

~ r T =140x% 10°Pa o, =140.0MPa 4
b 4 b 4
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Dimensions in mm PROBLEM 2.41
10 100
150 120
A | Two cylindrical rods, onc of steel and the other of brass, are joined at
" n I

C and restramed by rigid suppons at 4 and £ For the loading shown
and knowing that £, =200GPa and E, =105 GPa, determine
(a) the reactions at A and E, () the deflection of point C.

sl

40-mm dligm B0-mm alinm_

SOLUTION
dwC E=200x10"Pa
A= 3;-(40)2 =1.25664%10*mm’ =1.25664 %10’ m’
EA =251.327x10°N
CtoE: E=105%10"Pa

A =%(3uf =706.86 mm’ = 706.86x10"*m’

EA=74220x10°N

Ato B P=R,
L=180 mm=0.180 m
PL _ R,{0.180)

8 7FA 251 327x10°
=71620x10 "R,

Bto C: P=R, -60x10°
L=120 mm=0.120 m

5. _PL_(R, —60x10°(0.120)
%" E4 251 327x10°

=447 47x10™7 R, — 26848 %107
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Ato E:

PROBLEM 2.41 (Continued)

P=R, -60xI10°
L =100 mm=0.100 m

PL (R, -60x10° Y0 100)
5&'{' i —
EA 74.220%10°

=1.34735%10° R, -80.841x10°®

P=R,-100x10°
L =100 mm=0.100 m
_PL (R, —100x10° 0.100)
EA 74220x10°
=134735x107 R, -134.735x107®

O =0,5+ 00+ 80y + 8,
=3.85837x107° R, —242.424x10°8

Singe point £ cahnot move relative to A, d,,=0

(@)

(b)

3.85837x107° R, —242.424x10° =0 R, =62831x10°N
R, =R, -100x10' =62 8x10° —100x10° =-372x10°N
Sp =85 + 85 =1.16367x107 R, - 26 848x107

=(1.16369x107°)(62 831x10°) - 26 B4R <107

=46 3Ix10%m

R,=628kN < o

R =372kN« o

8- =463 ym — o




Dimnensions in mm PROEBLEM 2.42

Solve Prob. 2.41, assuming that rod 4C is made of brass and

i " oo 1o
L p

CloD:

2 ] rod CF is made of steel
iy i PFROBLEM 241 Two cylindrical rods, one of stecl and the
I ! other of brass, are jomed al € and restramed by ngid suppons at A4
i B0 e and £. For the loadmg shown and knowing that £, = 200 GPa
and £, =105 GPa, determine (a) the reactions at 4 and E, () the
deflection of point .
SOLUTION
AwC: E=105x10"Pa

‘4:%(40)’ =1.25664%10° mm’ =1.25664 10" m®
EA=13194Tx10°N

E=200x10"Pa

4 =%(3m1 =706.86 mm? =706.86% 10~*m’

FA=141372%10°N

P=R, A 8 c v €
S

B ot AR K. Re

BT EAT 131 0a7x10° GOV 4o kebd

=1.36418x107 R,

P=R, -60x10°
L=120mm=0120m
_PL (R, —60x10°}D.120)

ETEA 131.947%10°
=909.456x10™" R, -54.567x10™*

P=R, -60x10°
L=100mm=0100 m
_PL_ (R —60x10°X0.100)
DUEL T aamxe
=707354x102 R, - 42.441x107

PROFPRIETARY MATERIAL © 2812 The McGran-Hill Companies. Inc. All nghts reserved. No part of thus Manual may be displayed.
teproduced, or distnbuted in any form o by any mecans, without the prior whilten pormission of the publisher, o used bovond the limited
distribution to teachers and educators permitted by MeGraw-Hill for their individual course preparation. A swudent using this manual is using it
withou: pemmission

(@

(b

Dto £:

B =0y + by + 8+ 8y
=3.68834x10°R, —167.743x10°

Since point E cannot move relative to A, 6,c=0

3.68834%10°R, —167.743%10° =0 R, =45479%10°N R,=455kN e o
Ry = R, -100x10° =45 479x10" - 100x 10’ = =54 521 x 10’ Re=545kN « o
S =8,y + 84 =227364%107° R, — 54.567x107°

=(2.27364x 107" )(45.479x10° ) - 34.567x 107
=48 8107 m 8 =488iym—> o

P=R, —100x10°
L=100 mm=0.100 m
_ PL _ (R, 100x 10" {0.100)
"R 4Tt
=707.354x107" R, - 70.735x10™

PROBLEM 2.42 (Continued)

—
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PROBLEM 2.51

\

= 0-mm diameter A rod consisting of two cylindrical portions 48 and BC 1s restrained at both
= Stewl ends. Portion A8 is made of steel (£, = 200 GPa, @, =11.7x10°/°C) and
portion BC 1s made ofbrass (£, =105 GPa, a, =209x 10°*/°C). Knowing
that the rod is initially unstressed, determine the compressive force induced in
ABC when there is a temperature nse of 50°C.

T

D50 mim

B

=B0mm diameter

00 mim - Bruss

SOLUTION

A s =%dia =%¢3Uf’ =706.86 mm’ = 706.86x 10 m’

Ay =%d§,. =§(5n;1 =1.9635x10° mm? = 19635107 m’
Free thennal expansion:
8 = Ly, (AT) + Lye@, (AT)
=(0.250)(11.7 %107 }50) + (0.300)20.9 x 10™* )} 50) A
=459.75%10°m
Shortening due to induced compressive force P: 8
PL + PL
E A,y E Ag
- 0250pP 4 0.300P i &
(200%10° K706 86x10°%)  (105x10° K1 9635x107") T
=3.2235x10°P P

Jp=

For zero net deflection, &p =48,

32235x107° P = 459.75x10°¢
P=142 82 xI10°N P=1426kN o
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I-»ld in.»‘-—fﬂ n, — PROBLEM 2.53
= u‘ A rod consising of two cylindrical portions 48 and BC is restrained at
) both ends. Pomien 4B is made of steel (£ =29x 1 psi,
{ y B a, =65%x10°/°F) and ponion BC is made of aluminum
2L in. dinmeter I -in. diameter (E, =104 x10° psi, a, =133x107/°F). Knowing that the rod is

initially unstressed, determine (a) the normal stresses induced in portions
AR and BC by a temperature rise of 70°F, (b) the correspending
deflection of point 8.

SOLUTION
i =%{2.2sf =39761in’ Ay = %(1.5)1 =1.76715 in’

¥ P
Free thermal expansion. AT =70°F "’::"'—

(8 Vg = Lia e, (AT +(24)6.5x10°)70)=10.92x10"in
(8 )ge = Ly @, (AT)=(32)13.3%10°*(70) = 29.792x 10 Yin.

Total: 8 =(8;) 45 +(Br)ge = 40.712%10 in.
Shorening due to induced compressive force P.
@B )g=tiin o 2P 308 14x10”P
E A,y (29%10°%3.9761)
. 3
(Fp)ac = i 3;‘0 =1741.18x107° P
E, Age  (10.4x%10°)1.76715)
Total: 6p =(8,) 5 +(8p) g =1949.32x10°7° P
For zero net deflection, J, =4, 1949.32x 10 P=40.712x10" P=20.885x10° Ib
P 20885x10’ : .
Oy =— =— =-5.25x10 O=—525k
@ Ca A 3.9761 sl - ol
[ 1
e ... psi Oge =—11.82 ksi o

Aye 176715
(B)  (8,),5 =(208.14x107°)(20.885 %10°) = 4.3470x 10 %in.

8y =(8:) 0 2 +(8p) 5 —=1092x10"7 - +4.3470x107 « 8, =6.57%107 in.—» 4
or

(8p)pe = (1741.18x107)(20.885x10°) = 36.365 %10 Yin.

8y = (8 e & +(Bp)ye = =29.792x 1077 + 36.365%1077 = =6.57x10"in. = (checks)
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05 mm PROBLEM 2.60
f—— M) 11 —-|Jrr—25ﬂ mni ——I i
At room temperature (20°C) a 0.5-mm gap exists between the ends
i d of the rods shown. At a later time when the temperature has reached
- - =i 140°C, determine (a) the normal siress i the aluminum rod, (#) the
change in length of the aluminum rod.
Aluminum Stainless steel
A = 2000 mm? A = HKFmm?
5 = gz?ﬂ’“ﬂc :E = :g;c;??n”’f“c
SOLUTION

AT =140-20=120°C

Free thermal expansion:

8- =L o (AT)+ L ex (AT)
=(0300)(23x 107 J120)+ (0.250%17.3x 107 }120)
=1.347x10*m

Shortening due to 1o meet consiraint;

8, =1.347x10” —0.5x10°* = 0.847x10~m

5P=PL“ S 8 BT,
El'l"ﬂ ESAI EﬂAﬂ EI“T

"
=[ 0.300 . 0.250 ) "

(75%10° K2000%107%)  (190x10° H800x107%)
=3.6447x107"P

Equating, 3.6447x10” P=0847x107
P=23239x10°N

3
(a] o =_i=_M=—llﬁ_2xlﬂﬂPa

S A4, 2000x107¢

PL
(b) ‘Sa' =Lnau{AT)7 E A

a a

(232.39x10° 0.300)

5 —=1363x10"m
(75x107 {2000 1077)

=(0.300)(23x107)(120)—

o,=-1162 MPa 4

4 =0363mm o4
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PROBLEM 2.62
28.mm diameter
76 kN / T kN In a standard tensile test, a steel rod of 22-mm diameter 1s subjected
. to a tension force of 75 kN. Knowimmg that v =03 and
|-—20U-mm——l E = 200 GPa, determune (4} the clongation of the rod m a 200-mm
gage length, (#) the change in diameter of the rod.
SOLUTION

P=T5kN=T5x10'N A= %df = %(‘0_022)3 = 38013 x 107" m?

X 3
. Lﬂﬁ = 197.301 x 10° Pa
A4 380.13x 107
.1
e NNV oer oy o8

8, = Le, = (200 mm)(986.51x L07®)
(@) &,=0.1973mm 4

£, = —ve, = —{0.3)(986.51x 107°) = —295.95 % 10™°

8, = de, = (22 mm){—295.95x 10™°)

(6) &, = -0.00651 mm 4
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it PROBLEM 2.68

—
3 amm = SO MPa

A
_J‘[‘[‘[]J'l_ A 30-mm square was scribed on the side of a large steel pressure

B
=] :__" vessel. Afier pressurization, the biaxial stress condition at the square
is as shown For £ =200 GPa and v =030, defermine the change

S, : in length of (a) side A8, (b) side BC, () diagnonal AC.
h-—ul C
ll,l T
S mm
SOLUTION
(iiven: &, = 80 MPa o, =40 MPa
. 1 80 -0.3(40)
Using Eq’s (2.2B) 'y =—(a, —va, ) =—————=340x10*¢
sing Eq’s (2.28) £ E' va,) 300%10°
1 40 - 0 Y80)
y=—(d —vg,)=—— - =80x10"*
g Em-' va:) 200 10°

{a) Change in length of AB.

8.5 =(AB)e, =(30 mm)340x10-%) =10.20x 10~ mm

J.fj- = ID.Z{] ,Um ‘

{b) Change in length of BC.

8pc = (BC)e, =(30 mm)80x10)=2.40x10~" mm

O, =240um 4

(¢) Change in length of diagonal AC.
From geomelry, (AC) = (4B +(BCY
Differentiate: 2(AC) A(AC) = 2( AB)A( AB)+ 2(BC)A(BC)
But MAC)=8,  MAB)=8, ABC)=8,
Thus, AACY - =2HABYS 5 + ABC)S,e

AB BC 1 1
Oac == lia +— = Opc = 3(10-20 HmH E(z-‘m‘ﬂm}

8, =891 um 4




> 7
1 WMlittee

f

#
g LA

=Wy
(Pl r

Wimm |

M}

ok >y

i_zg o G mm P

. wi R
Jr

B mm

PROBLEM 2.95

Knowing that the hole has a diameter of 9 mm, determine (a) the radius
ryof the fillets for which the same maxsmum stress occurs at the hole 4
and at the fillets, (b} the corresponding maximum allowable load P if
the allowable stress is 100 MPa.

SOLUTION

For the circular hole,

From Fig. 2.604a, Kipge = 2.72
. Kole?
Ay
" -
Pl A Oy _ (78310 X100 x 10%) = 38T x 10 N
Kol 2.1
{a) For fillet, D = 9% mm, d = 60 mm
2 = E = ].60
d 60

Ay, = dr = (0.060 mY0.009 m} = 540 x 107¢ m?

F

From Fig. 2.60b,

Ay = dt = (0.087 m)0.009 m) = 783 x 107* m?

“Kuef . g AT GADX 1074 X100 x 10°)
- ' P 28787 x 10°
= 1.876
i}zu_lo o rp = 0.19d = 0.19(60) ry =114 mm <

re (%)m = 45mm

d=9%-9=87mm

E = m = 0.09375
D

() P=288kN o
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250 mm

300 mm

PROBLEM 2.125

Two solid cylindrical rods are joined at 5 and loaded as shown. Rod 4B is
made of steel (E =200 GPa) and rod BC of brass (£ =105 GPa). Determune
(a) the total deformation of the composite rod ABC, (b) the deflection of
point &.

SOLUTION

Rod 48:

(@) Total deformation: &, =J 5 +Ipc =—154.9x10°m =-0.1549 mm

Fa=—P=-30x10°N

L =0250m

E 5 = 200x10°GPa

A= %mf = 706.85 mm’ = 706.85x10™*m’

_Fuly _ (30310° )(0.250)

_ - ——— =-53.052%10"m
Exgdnp (200107 M T706.85%107")

Fae =30+40=70 kN = 70x10°N

Lge =0.300 m
E, =105x10°Pa

A =%(5m! =1.9635x10° mm’ =1.9635x107> m’

=-— —— =-101.859x10°m
Egr A (105 x10° K1 9633 x1077)

5. = Factac {70107 0.300)
o =

(b) Deflection of Point B, §, =8, 8,=01019mm.| «
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¥ PROBLEM 2.132
I i T A fabric used in air-inflated structures is subjected to a biaxial loading
L ;
Tl oA, that results in normal stresses o, =120 MPa and . =160 MPa.

5 A Knowmg that the properties u!_' the fabric can be approximtcd as
—_— v E=870GPaand v = 034, determine the change in length of (4) side 45,
- (b) side BC, (c) diagonal AC.

SOLUTION
o, =120%10°Pa,
a, =0,
o, =160x10°Pa
E :_l(a' -va, —vO. )= .
ol Sl osTx10?
87x10°

e, =%(—w, V0, +0,)= ——[(0.34)120x10°) + 160x 10°] = 1.3701 10"

@) 6,5 =(AB)e, = (100 mm)(754.02x10°%)

(B) &y = (BOE. =(75 mm}1.3701x10°*)

Label sides of right triangle ABC as ¢, b, and c.

c=a+h

Obtain differentials by calculus.
2c dc=2a da+2b db
de=2da+2ap
¢ e
But a=100 mm,
b =75 mm,

¢ =.}c|m= +75%) =125 mm
da=8,=00754 mm

db = 8, =0.1370 mm
10

75
8, =de =——(0.0754) + —(0.1028
) = 125( HIZS{ )

[120x10° —(0.34)(160x10°)] = 754.02 %107

=00754 mm
=0.1028 mm 4

=01220 mm 4
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SAMPLE PROBLEM 3.1

Shaft BC is hollow with inner and outer diameters of 90 mm and 120 mm,
respectively. Shafts AB and CD are solid and of diameter d. For the loading
shown, determine (a) the maximum and minimum shearing stress in shaft
BC, (b) the required diameter d of shafts AB and CD if the allowable shear-
ing stress in these shafts is 65 MPa.

SOLUTION

Equations of Statics. Denoting by T,y the torque in shaft AB, we
pass a section through shaft AB and, for the free body shown, we write

EM,zﬂ: (ﬁkN-m)—T,m:(} T,m=6kN-m

We now pass a section through shaft BC and, for the free body shown, we
have
EM,=0: (6kN-m)+ (14kN+m)—

Tpge =0 Tpe = 20kN *m

a. Shaft BC. For this hollow shaft we have

J= '_Zr(v; -ci) = :[(0.060)‘ - (0.045)'] = 13.92 X 10°m*

Maximum Shearing Stress. On the outer surface, we have

Tyeo 20kN - m 0060 m
Tmax — T2 = 787(1‘0 ( - )( " ) Toae — 56.2 MPa <
] 13.92 X 10°°

Minimum Shearing Stress. We write that the stresses are propor-
tional to the distance from the axis of the shaft.

Twin _ €1 T _ 45 mm Tum = 64.7 MPa 4

Temiy. 03 86.2 MPa 60 mm
b. Shafts AB and CD. We note that in both of these shafts the mag-

nitude of the torque is T = 6 kN - m and 7,5 = 65 MPa. Denoting by ¢
the radius of the shafts, we write

T 6 kN -+
7=£ 65MPa='(""""""T“"]-)£
J Ec‘

2

A=588x10"m® ¢=389%x10"m

d = 2¢ = 2(38.9 mm) d=778mm =
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> SAMPLE PROBLEM 3.3

The horizontal shaft AD is attached to a fixed base at D and is subjected to

the torques shown. A 44-mm-diameter hole has been drilled into portion

CD of the shaft. Knowing that the entire shaft is made of steel for which
200N -m G = 77 GPa, determine the angle of twist at end A.

1. > A 60 mm

230N . m

04m
Tus SOLUTION
250N - m Since the shaft consists of three portions AB, BC, and CD, each of uniform cross
section and each with a constant internal torque, Eq. (3.17) may be used.

Statics. Passing a section through the shaft between A and B and
A x using the free body shown, we find

M, = 0: (250N -m) — Tag =0 Tag=250N-m
Passing now a section between B and C, we have
M, =0:(250 N - m) + (2000 N - m) — Tyo =0 Tpc = 2250N +m
Since no torque is applied at C,
Top = Ty = 2250 N - m
Polar Moments of Inertia

T 4

=T =T (0.015m)* = 0.0795 X 10" % m*
30 mm 2 2
%5“ %c :%(oosom) — 1272 X 10°m
Joo = (c —c) =- -[(0.030 m)* — (0.022 m)*] = 0.904 x 10™°m*
22 m
AB

Ang|e of Twist. Using Eq. (3.17) and recalling that G = 77 GPa for
)‘ the entire shaft, we have

TL; 1 {Taglag  Tpclsc . Tepleo
by = 2 ——riy —( + +

LG G ].45 ]ﬂc fcn
M 1 [(250 N-m)(04m) (2250)(0.2) (2250)(0.6) ]
= — + — +
A TTGPal 00795 X 10°m* 1272 X 107 0904 x 107°
= 0.01634 + 0.00459 + 0.01939 = 0.0403 rad
600

rad
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A hollow cylindrica] steel shaft is 1.5 m long and has inner and outer
diameters respective]y equal to 40 and 60 mm (Fig. 3.15). (a) What is the
1argest torque that can be app]ied to the shaft if the shearing stress is not
to exceed 120 MPa? (b) What is the corresponding minimum value of the
shearing stress in the shaft?

(a) Largest Permissible Torque. The largest torque T that can
be applied to the shaft is the torque for which 7, = 120 MPa. Since
this value is less than the yield strength for steel, we can use Eq. (39).
Solving this equation for T, we have

T= ST (3.12)
c

Recalling that the polar moment of inertia | of the cross section is given by
Eq. (3.11),where ¢, = }(40 mm) = 0.02 m and ¢; = (60 mm) = 0.03 m,
we write

J = 3w (ci — ¢1) = 3m(0.03* — 0.02*) = 1.021 X 10° m*
Substituting for | and 7., into (3.12), and letting ¢ = ¢, = 0.03 m, we
have

JTmae  (1.021 X 107% m*)(120 X 10° Pa)

= 0.03 m =408kN ' m

T

(b} Minimum Sheuring Stress. The minimum value of the shear-
ing stress occurs on the inner surface of the shaft. It is obtained from Eq.
(3.7), which expresses that 7, and 7,,,, are respecﬁvely pmportiunal to
c, and cy:

c) _ 0._02 m

Tl = — T = (120 MPa) = 80 MPa
co 0.03 m
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What torque should be applied to the end of the shaft of Example 3.01
to produce a twist of 2°? Use the value G = 77 GPa for the modulus of
rigidity of steel.

Sc}lving Eq. (3.16) for T, we write

T="1_
I ¢
Substituting the given values
G=77%10°Pa L=15m
27 rad =
¢=2°( S )=34.9x 10~ rad

and recalling from Example 3.01 that, for the given cross section,
] =1021 X 107 m*

we have

e jG = (1.021 x 1078 m*)(77 x 10° Pa)

L 15m
T=1829 %X 10°N-m=1829kN -m

(34.9 % 107% rad)

§ What angle of twist will create a shearing stress of 70 MPa on the inner
surface of the hollow steel shaft of Examples 3.01 and 3.02?

The method of attack for solving this Problem that first comes to
mind is to use Eq. (3.10) to find the torque T corresponding to the given
value of 7, and Eq. (3.16) to determine the angle of twist ¢ corresponding
to the value of T just found.

A more direct solution, however, may be used. From Hooke’s law,
we first compute the shearing strain on the inner surface of the shaft:

Recaﬂing Eq. (3.2), which was obtained by expressing the Iength of arc
AA’ in Fig. 3.13¢ in terms of both y and ¢, we have
_ L"ymh! 1500 mm

= < (909 X 1075) = 68.2 X 10™° rad
m

¢ (5] 20 m

To obtain the angle of twist in degrees, we write

¢ = (682 x 107° rad)(:‘ﬁon d) = 3.91°

27 ra
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A shaft consisting of a steel tube of 50-mm outer diameter is to transmit
100 kW of power while rotating at a frequenm of 20 Hz. Determine the
tube thickness that should be used if the shearing stress is not to exceed
60 MPa.
The torque exerted on the shaft is given by Eq. (3.21):
_ P 100X 10°W
2w f 2w (20 Hz)

From Eq. (3.22) we conclude that the parameter J/c; must be at least
equal to

=795.8N-m

d o T o BEENAR - =1326x 10°°m®  (3.23)
€3 Tmee 60 X 10° N/m®
But, from Eq. (3.10) we have

]411'

2 = 2 3.24
5 2&( - = oa;o[(o .025)* — ci] (3.24)
Equating the right—hand members of Egs. (3.23) and (3.24), we obtain:
(0.025)* — ¢} = 0050(13 26 X 1079

=390.6 X 107% — 211.0 X 107° = 179.6 X 10 °m*
¢, = 20.6 X 10*m = 20.6 mm
The corresponding tube thickness is
€ —c; = 2>mm — 20.6 mm = 4.4 mm

A tube thickness of 5 mm should be used.
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PROBLEM 3.1

(a) Determine the maximum shearing stress caused by a 4.6-kN - m torque T in
the 76-mm-diameter shaft shown. (#) Solve part a, assuming that the solid shaft
has been replaced by a hollow shaft of the same outer diameter and of 24-mm

inner diameter.
SOLUTION
(a) Solid shafi: c=%=38mm=0.038m

T %c" = %(0.033)" =3.2753%10° m*

p=T6_BORNWEO _ 53 45

J  32753x10
T=534MPa 4
() Hollow shaft ¢, =% — 0038m
2

q= %d,- =12mm = 0.012m

J=3(cd-c)= %(o.oss" —0.012%) = 3.2428 x 107 m*

2
_Tc _ (4.6x10°)(0.038)

—— =53.9x10° Pa
J  32428x10

T

7=539MPa 4
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Wmm  PROBLEM 3.2

(a) Determine the torque T that causes a maximum shearing stress of 45
s5mm MPa in the hollow cylindrical steel shaft shown. (b) Determine the
maximum shearing stress caused by the same torque T in a solid cylindrical
shaft of the same cross-sectional area.

SOLUTION

Given shaft:

n

J =5{c24—q4)
= %(45' —30%) = 5.1689 x 10° mm* = 5.1689 x 10~ m*

. rJ7

J c

—6 6
r— (1689 X 10745 x107) _ ¢ o0 13N m
45x1073
T=517kN-m 4

Solid shaft of same area:

A= x(c§ -cf) = (457 — 30%) = 3.5343 x 10° mm”

w2 =A or c=JE-33.54lmm
y 4

T 4 Te 2T
L
T
O “3)3’ — 87.2x10° Pa
7(0.033541)

7=2872MPa 4
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60 mm PROBLEM 3.5

D

U y
T=3kN. sl/m within the 15 mm radius.

A torque 7 =3kN-m is applied to the solid bronze cylinder shown.
Determine (a) the maximum shearing stress, (5) the shearing stress at
point D which lies on a 15-mm-radius circle drawn on the end of the
cylinder, (¢) the percent of the torque carried by the portion of the cylinder

SOLUTION

(a) =%d=30mm=30x10'3m

J %c" = %(30x 10%)* = 1.27235x 10 ° m*

T =3kN = 3x10°N
_Te _ (3x10%)30x107)

T = 70.736 % 10° Pa
L 1.27235% 1076

b)) pp=15mm=15x10"m
pp, _ (5% 1073)(70.736 x 1075)

T =
" 3B0x107)
1 JpT, 2
(c) TD=‘D—AD' Tp =22 =—Pf)fn
’p Pp 2

- i;—(ls x 107)°(35.368 x 10°) = 187.5N - m

To x 100w = 1875
T Ix10

(100%) = 6.25%

Ty = 70.7 MPa <«

7, = 35.4 MPa <

6.25%4
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= PROBLEM 3.9

N— (E)/A

The torques shown are exerted on pulleys 4 and B. Knowing that both
W mm —y  FTe— shafts are solid, determine the maximum shearing stress (a) in shaft AB,

= i | noy f
e R k—;j/)\s (b) in shaft BC.

4-6mm—---f_7' ——

Q:;_? ¢

SOLUTION
(a) haft AB: Ty =300N-m, d=0030m, ¢ =0015m
p Te_ 2T _ (2300
™ g me m0.015)°
= 56.588 x 10°Pa Trmax = 56.6 MPa 4
(b) Shaft BC: Ty =300 + 400 = 700N -m

d=0046m, ¢c=0.023m
L _Te_ 2T _ @y
™ m m(0.023)°

= 36.626 x 10°Pa Toax = 36.6 MPa 4
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PROBLEM 3.10
T,=300N.m
In order to reduce the total mass of the assembly of Prob. 3.9, a new design
30 mm —] o is being considered in which the diameter of shaft BC will be smaller.
Determine the smallest diameter of shaft BC for which the maximum value
of the shearing stress in the assembly will not increase.

SOLUTION
Shaft 4AB: Ty =300N-m, d=0030m, ¢c=0015m
Te 2T  (2X300)
fmax = oe— = —T = -——-—---—-—--T
J =@ 7(0.015)
= 56.588 x 10° Pa = 56.6 MPa
Shaft BC: Tge = 300 + 400 = 700N - m

d=0046m, c =0.023m

, _Te_2r _ ((700)
mJ o me m(0.023)°

= 36.626 x 10° Pa= 36.6 MPa

The largest stress (56,588 x 10° Pa) occurs in portion AB,

Reduce the diameter of BC to provide the same stress.

Te 2
TB(.‘:?OON'm Imu.x=_“,—=F
3o 2 @00 sy

At m(56.588 x 10°)

max

c=19895x10"m d=2c=3979%x10"m
d=398mm 4
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PROBLEM 3.11

Knowing that each portion of the shafis AB, BC,
and CD consist of a solid circular rod, determine
(a) the shaft in which the maximum shearing

45N -
. stress occurs, (b) the magnitude of that stress.

SOLUTION
Shaft AB: T=48N-m
c= %d =7.5mm = 0.0075 m
_fE_ar
mxJ  xe
e =—2U8) __ 72 433MPa
7(0.0075)
Shaft BC: T=—48+144=96N-m
1 Te 2T (2) (96)
€TRATTM e ST TS T (0009 :
Shaft CD: T=—48+144+60 = 156 N-m
el A i T e =2_T; =(2><—IS6)3 =85.79 MPa
2 J mc  m(0.0105)

Answers: (a) shaft CD (b) 85.8 MPa 4
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GON - m PROBLEM 3.12
>¢ Knowing that an 8-mm-diameter hole has been

drilled through each of the shafts 48, BC, and
CD, determine (a) the shaft in which the
maximum shearing stress occurs, (b) the
magnitude of that stress.

45N -m

= |5 mm
SOLUTION
1
Hole: q :-2-d. =4 mm
Shaft AB: T=48N-m
4] =ld2 =7.5mm
(cz —q')= (0.00‘;5'1 ~0.004%) =4.5679x 10~° m*
r, =T _ (8007 _ .54,0Mmpa
J  45679%107
Shaft BC: T=—48+144 =96 N -m c; =-;-d2=9mm
J= ’2’ (et - ]=£(o.no94 — 0.004%) =9.904 x 10~° m*
T ] =M — 87.239 MPa
J  9.904x1
Shaft CD: T =—48+144+60 =156 N - m c2=%d2=10.5mm

J = %[e2 ~ 4‘):%(0.0105‘ ~ 0.004*) =18.691% 10° m*

) L 56’(0‘010_53 — 87.636 MPa
J 1869110

Answers: (a) shaft CD (b) 87.6 MPa 4

rm.ax
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Aluminum

PROBLEM 3.17

The allowable stress is 50 MPa in the brass rod 4B and
25 MPa in the aluminum rod BC. Knowing that a torque of
magnitude 7 = 1250 N - m is applied at 4, determine the
required diameter of (a) rod AB, (b) rod BC.

A
SOLUTION
rm =E _l’=_F_¢-'i CJ=2—T
J 2 b 2 2
2)(1250)
Rod 4B: ¢ = ORI - 15915 % 10 °m’
(@) ZRo (50 x 10°%) Do
¢=2515%10"m = 25.15 mm
d, =2¢=503mm<
(b) Rod BC: =GN0 _ 5 g3 x10m?
(25 x 10%)

¢ =31.69%10"m = 31.69 mm

dg- =2c = 63.4mm 4
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PROBLEM 3.18

Aluminum

The solid rod BC has a diameter of 30 mm and is made of an
aluminum for which the allowable shearing stress is 25 MPa.

] B
! ‘Z - Rod 4B is hollow and has an outer diameter of 25 mm; it is
_.c ‘\_ -,,‘ - made of a brass for which the allowable shearing stress is 50
B _ MPa. Determine (a) the largest inner diameter of rod A8 for
A which the factor of safety is the same for each rod, () the
largest torque that can be applied at 4.
SOLUTION
Solid rod BC: LT
J 2
T, = 25x10°Pa
c= lt:f =0.015m
2

Hollow rod AB:

(@)

(5) Allowable torque.

, i;—cjr,“ - iz’-(o.msf(zs x10%) = 132.536 N - m

T, = 50x10°Pa
T, =132.536N-m

d, = —(0.025) = 0.0125m

L
2

(2)(132.536)(0.0125)

=0.0125" - =
x(50x10°)

¢ =759%107m = 7.59 mm

=3.3203x10°m

d, =2 =1518mm 4
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PROBLEM 3.21

A torque of magnitude T =1000 N - m is applied at
D as shown. Knowing that the diameter of shaft 4B
is 56 mm and that the diameter of shaft CD is
42 mm, determine the maximum shearing stress in
(a) shaft AB, (b) shaft CD.

SOLUTION
Ty = 27y =1% (1000)=2500N - m
r(~ 40
(@) Shaft 4B: c:%d:0.0ZSm
p=T T _QQ200) _ ) 59108 72.5MPa 4
J x’ x(0.028)°
(b) Shaft CD: c= %d =0.020m

gl I CIUDNY oy i 68.7 MPa 4

J oz x(0.020)°
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PROBLEM 3.31

(a) For the solid steel shaft shown (G = 77 GPa), determine the angle
of twist at 4. (b) Solve part @, assuming that the steel shaft is hollow
with a 30-mm-outer diameter and a 20-mm-inner diameter.

SOLUTION
r 4 F g 4
S J==c*==(0.015
(@@ c 5 m, 5¢ 2( )
J=7952x10"m*, L=18m, G=77x10°Pa
'=250N-m ¢—£
GJ

(250)(1.8)

5 —5— = 73.49x 10 rad
(77 x 10°)(79.522 x 107°)

@:

~ (73.49%107°)180

=421° 4
= @
(B) ¢ =0.015m, c,%di =0010m, J= —(cz -d')
m TL
= 2(0.015* - 0.010%) = 63.814x10”° —
2( ) m* T
= (23005 —91.58x 107 rad = '30(91 58x107) p=525°4

(77 x 10°)(63.814 x 107°)
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PROBLEM 3.32

For the aluminum shaft shown (G = 27 GPa), determine (a) the torque T
that causes an angle of twist of 4°, (b) the angle of twist caused by the same
torque T in a solid cylindrical shaft of the same length and cross-sectional

area.
(\- > 15 mm
12 mm
SOLUTION
oS WP
(@) = T

P=4°=69813x10"rad, L =125m
G =27 GPa =27x10° Pa

= %(c;_ ~df)= % 0.018* — 0.012)=132.324 x 10 m*

_ (27 x10°)(132.324 x 10°)(69.813 x 107%)

1.25
=199.539 N- m T=195N-m 4

T

(b) Marchingareas: 4 =mc’ =x(c3 - )

¢ =& - =0.018 —0.012° =0.013416m

¥ =§c“ = %(0-013415)“ —50.894 x 10~ m*

TL (195.539)(1.25)

?:-—:

=181.514 x 107 rad =10.40° 4
GJ (27 x10°)(50.894 x 10°) "
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%0 mm 5 PROBLEM 3.36
mm
A i . 36 mm The torques shown are exerted on pulleys B, C,
' =ty D and D. Knowing that the entire shafl is made of

steel (G = 27 GPa), determine the angle of
twist between {(a) C and B, () D and B.

SOLUTION
1
(@) Shaft BC: c= —z—d =0.015m
_ T 4 _ -9 4
Jgo = -Ic =79.522x 10" m
Lyr =08m, G=27x10°Pa
7L (400)(0.8)
=— = = 0.149904 rad =854° 4
P8 =T T QIx10°)(79.522 x 107) Pac
(b)  Shaft CD: = %d =0018m  Jop = %c‘ = 164.896 x 10 m*

Lep =1.0m Tnp = 400 — 900 = 500 N - m
T (=500)(1.0)

Pen = T T RTx 10°)164.89% x 10°°)

®gp = Pge + Prp = 0.14904 — 0,11230 = 0.03674 rad

= —0.11230 rad

@gp = 2.11° 4




Horasll Swat paudd BenalSU1 it
wersesielittee-hus.com

= il
1 ~Alittes

PROBLEM 3.38

The aluminum rod AB (G = 27 GPa) is bonded to the brass
rod BD (G = 39GPa). Knowing that portion CD of the
brass rod is hollow and has an inner diameter of 40 mm,
determine the angle of twist at A.

SOLUTION

Rod 48:

Part BC: G=
T =

Ppic =

oD ==t

Angle of twist at 4.

G =27x10°Pa, L=0400m

T =800N-m c:%d:(’.ﬂlsm

Fom %c" - %(0.013)4 —164.896 x 10 m
TL (800)(0.400)

=71.875x 10 rad

Pap = G T 21 x10°)(164.896 x 10°°)

39%10°Pa L=0375m, = %d ~0.030m

800 + 1600 = 2400 N - m, J = %c“ =~ %(0.030)" = 127234 X 105 m*

L QAO00KO3S) ___ g 137 %10 rad
GJ (39X 10°)1.27234 x 10°5)

¢ =1d =0020m
2

¢ = —;-dz =0030m, L=0250m

J= —:—(c; ~c})= %(0.030‘ ~0.020*) = 1.02102 x 10 °m*

7L (2400)(0.250) =15.068 % 107 rad

GJ  (39x10°)(1.02102 x 107%)

Ps=Pup ¥ Pyic +@Pop

=105.080 x 107 rad
@A = 6.02n ‘
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PROBLEM 3.48

A hole is punched at A4 in a plastic sheet by applying a 600-N
force P to end D of lever CD, which is rigidly attached to the
solid cylindrical shaft BC. Design specifications require that
the displacement of D should not exceed 15 mm from the
time the punch first touches the plastic sheet to the time it
actually penetrates it. Determine the required diameter of
shaft BC if the shaft is made of a steel with G = 77GPa and
Ty = 80 MPa,

SOLUTION
Torque T = rP = (0.300 m)600 N) = 180 N - m
8 i I n displacement limit.
_0_15mm _ 0.005 rad
r 300m
_ L _ 2L
GJ rGet

i 2TL _ (2)(180)(0.500)
7Ge (77 x10%)(0.05)

c=11045x10"m =11.045m d =2¢=22.1mm

=14,882 x 10 m*

Shaft diameter based on stress.

7 =80 x 10°Pa r=£=2—7;
J zc

222 (2)180)
T :r{SOxlOG)

c=11273%x10"m =11273mm d =2c=225mm

=143239%10°m’

Use the larger value to meet both limits. d=225mm 4
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PROBLEM 3.87

The stepped shaft shown must transmit 45 kW. Knowing that the allowable
shearing stress in the shaft is 40 MPa and that the radius of the fillet is
r = 6 mm, determine the smallest permissible speed of the shaft.

SOLUTION
r 6
—=—=02
d 30
d 30
From Fig. 3.32, K =126

For smaller side, c= %d =15mm = 0.015m

KTe 2KT
R
J e
3 3 6
r o 7T _ MO0 (@0x10%) oo
2K (2)(1.26)
P=45kW =45x10° P =2x/T
3
i 29270 42.6 Hz f=426Hz 4

S = 3~ me830x10%)
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PROBLEM 3.88

The stepped shaft shown must rotate at a frequency of 50 Hz. Knowing that
the radius of the fillet is » = 8 mm and the allowable shearing stress is 45
MPa, determine the maximum power that can be transmitted.

SOLUTION
KTe 2KT xc’r
r= B T=
o e 2K
d = 30 mm c=—;—d:15mm=15x10'3m
D=60mm, r=8mm
D 60 r._ A&
Z=""=2 L =_=026667
a3 > a3
From Fig. 3.32, K =118
3345
Allowable torque. 7= TUSX107YESX10Y) _ 50) 19N i
(2)(1.18)

Maximum power. P =2xfT = Qa)50)202.17) = 63.5x 10° W P=635kW 4




[ == — -y T.,
p—, 122 mm
12 mm . 1|
;T(_:"; - x!
18 mm 2o f
e i b Y=38mm
2
A
T 4 fea=002m
— | - x*
| € ' cg =0.035 m
g 2
P B
/- Center of curvature

T
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SAMPLE PROBLEM 4.2

A cast-iron machine part is acted upon by the 3 kN - m couple shown.
Knowing that E = 165 GPa and negll)e?{-ting the effect of fillets, determine
(a) the maximum tensile and compressive stresses in the casting, (b) the
radius of curvature of the casting.

SOLUTION

Centroid. We divide the T-shaped cross section into the two rectan-
gles shown and write

Area, mm?> y, mm | yA, mm®
1 | (20)(90) = 1800 | 50 90 X 10° YZA = IyA
2 | (40)(30) = 1200 | 20 24 X 10°  Y(3000) = 114 x 10°
A = 3000 SyA =114 X 10° Y =38mm

Centroidal Moment of Inertia. The parallel-ads theorem is used to
determine the moment of inertia of each rectangle with respect to the axis
x" that passes through the centroid of the composite section. Adding the
moments of inertia of the rectang]es, we write

I, = 2(I + Ad®) = Z(5bh° + Ad?)
= 5(90)(20)* + (90 x 20)(12)* + 5(30)(40)* + (30 X 40)(18)
= 868 % 10° mm*

1=25868x10"m'

a. Maximum Tensile Stress. Since the applied couple bends the cast-
ing downward, the center of curvature is located below the cross section.
The maximum tensile stress occurs at point A, which is farthest from the
center of curvature.

Mc,  (3kN - m)(0.022 m)
1 868 x 10 m*

o4 = oy = +76.0 MPa =

Maximum Compressive Stress. This occurs at point B; we have
Meg (3N - m)(0.038 m)

og = — I 868 % 10 Pt og = —131.3MPa <«
m
b. Radius of Curvature. From Eq. (4.21), we have
1M _ 3kN - m _
p EI (165GPa)(868 X 10™°m")
=2095 x 10 m™! p=477Tm <




S M TR A L e L spAE S a ke rra b s
the valne K = 2 carresponds to a value DF rfd equal to 0.13. We have,
therefore,

-013

r =013 = 0.13(40 mm] = 5.2 mm

The smallest allowable width of the grooves is thus
2r = 2(5.2 mm) = 104 mm
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SAMPLE PROBLEM 4.3

. “Two steel plates have been welded topether to form a beam in the shape of
B - 0mm a T that has been strengthened by securely bolting to it the two ol timbers
shown. The madilus rlrela'zﬁc‘it)' is 12.5 GFa for the wood and 200 GFa for
'] the steel. Knowing that a bending moment M = 50 kN + m is applied to the
| 300 mm composite beam, determine (@) the maximum stress in the wood, (b) the

stress in the steel along the top edge

20 mn _\.r

SOLUTION

Transformed Section. We first compute the ratio

_E _ 0GP
T E, 125CPa
Multiplying the horizonts] dimensions of the steel portion of the section by
n = 16, we ohtain a transformed section made entirely of wood.

0.020 m Y|
160200 m} = 3.2 -——-t-| i
_L (i "I‘.___ " = I Neutral Axis. The neutral ads passes through the centroid of the
0= L r— T transformed section. Since the section consists of two rectangles, we have
0.150 m O L g_ZEA _ (0160m)(32m X000m)+0
z A—é—'f * T34 32m X 0020m + 0470 m X 0300m
D15 ‘ Centroidal Moment of Inertia. Using the paralle]l axis theorem:
1 = L(0.470)(0.300)® + {0,470 X 0.300)(0.050)
1 2077 L 2
- A £ (3.2)(0.020)" - (3.2 % 0.020){0.100 - 0.050)
168(0.020 m) = 0.32 m I=219%x 10" m

a. Maximum Stress in Weod. The wood farthest from the neutral
axis is located along the bottom edge, where ¢, = 0.200 m,

LA
' Mz, {50 % 10° N « m)(0.200 m)
| —— g — = =
- i 219% 10 m

}noa {lep ki’ a, =437 MPa 4
-
£ o T b. Stress in Steel. Along the top edge ¢, = 0.120 m. From the trans-
Pl E 5 P g
0.050 m e =000 fommed section we obtain an equivalent stress in wood, which must be mul-
| | tiplied by # to obtain the stress in steel.
Me, {50 % 10° N « m)(0.120 m}
o, =n—={ 51
I 219 % 10 m’
g, =4318MPa «
248

SAMPLE PROBLEM 4.4

A eoncrete floor slab is reinforced by 2 in.-diameter stesl rods Placed 1.5 in.
ahave the lower face of the slab and spaced 6 in. on centers, The modulus
of elasticit)’ is 36 % 10° pei for the concrete used and 29 x 108 pei for the
steel. Knowing that a bending moment of 40 kip - in. is applied to each 1-ft
wicth of the s ;111, determine {a} the maximum stress in the concrete, (i’:l) the
stress in the steel,

G5in |

SOLUTION



75 m

0.020 m

m

75 mm

J- |-— 16(0.200 nll} 3.2 m——|
1 =

TT -l

0.150 m | 0.160 m
L4 W s
R {aatd
0.150 m } J
0.075 m 0.075 m
16{0.020 m) = 0.32 m
’
[ = - i = | T
¢ =0.120m
} N ¢ i
I ' 2 ¢y = 0.200m
0.050 m w
|

T
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SAMPLE PROBLEM 4.3

Two steel plates have been welded together to form a beam in the shape of
a T that has been strengthened bv secureh bolting to it the two oak timbers
shown. The modulus o el.lstlmty is 12.5 GPa for 51&* wood and 200 GPa for
the steel. Knowing that a bending moment M = 50 kN - m is applied to the
composite beam, determine (@) the maximum stress in the wood, (b) the
stress in the steel along the top edge.

SOLUTION
Transformed Section. We first compute the ratio
_E _200CPa _
"TE, 125GPa

Multiplying the horizontal dimensions of the steel portion of the section by
n = 16, we obtain a transformed section made entirely of wood.

Neutral Axis. The neutral axis passes tbrough the centroid of the
transformed section. Since the section consists of two rectangles, we have

5 ZyA (0160 m)(3.2m X 0.020m) + 0
" A 32m X 0.020m + 0.470 m X 0.300 m

= 0.050 m

Centroidal Moment of Inertia. Using the parallel-axis theorem:
I = L(0.470)(0.300)° + (0.470 X 0.300)(0.050)"
+55(3.2)(0.020)° + (3.2 X 0.020)(0.160 — 0.050)®
I=219%10"m*

a. Maximum Stress in Wood. The wood farthest from the neutral
axis is located along the bottom edge, where ¢; = 0.200 m.

Me, _ (50 X 10° N - m)(0.200 m)

' 2.19 X 10~ m*
o, =457 MPa <

o, =

b. Stress in Steel. Along the top edge c; = 0.120 m. From the trans-
formed section we obtain an equivalent stress in wood, which must be mul-
ﬁPIied by n to obtain the stress in steel.

Me, (50 % 10° N » m){0.120 m)
o, =n— = (16) 3.4
I 219 X 10 " m

o, =438MPa <




--------- e
\\_.ﬁt‘ /
& 10 mm
|—— 90 mm —-I
| 20 mm
~—~.. Ce T .
Y | D 40 mm
4 10mm e !
B
30 mm
Section a—a
A
B =
: =0.022m
d : cg =0.038m
_?_ _I_ !
B
0.010 m
A
3 r A )——f
f ¥ A P
PR = gc!
\ |d S M
L D1 P =4
B B
Me,
o=
1
A Ty ) A a,
== I ¥
l_-—{ | \ é
| Cc C, ——2
(I :__ + 1 | — \ L:
= = |’ ;"
| |- ‘ e \ - =
s ; . B 'Up. B
Mcy
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SAMPLE PROBLEM 4.8

Knowing that for the cast iron link shown the allowable stresses are 30 MPa
in tension and 120 MPa in compression, determine the largest force P which
can be applied to the link. (Note: The T-shaped cross section of the link has
previously been considered in Sample Prob. 4.2.)

SOLUTION

Properties of Cross Section. From Sample Prob. 4.2, we have
A=3000mm’=3x10"m> Y =238mm=10.038m
1=868 % 10°m*
We now write: = (0.038 m) — (0.010 m) = 0.028 m

Force and Couple at C. We replace P by an equivalent force-couple

system at the centroid C.
P=P M = P(d) = P(0.028 m) = 0.028P

The force P acting at the centroid causes a uniform stress distribution (Fig. 1).
The bending couple M causes a linear stress distribution (Fig. 2).

il Az . # = 333F (Compressi()n}
M. 0.0258P)(0.022
o= A= % =710P  (Tension)
I 868 X 10
M 0.028P)(0.038
Oy = % = ( X = ) = 1226P (Compression)
4 868 x 10

Superposition. The total stress distribution (Fig. 3) is found by super-
posing the stress distributions caused by the centric force P and by the
couple M. Since tension is positive, and compression negative, we have

P Mc
g ek T‘ = —333P + 7T10P = +377P  (Tension)
P Mc
og = — — 8 — _333P — 1226P = —1559P (Compression)
® i P

Largest Allowable Force. The magnitude of P for which the tensile

stress at point A is equal to the allowable tensile stress of 30 MPa is found
by writing
o, = 377P = 30 MPa P=T796kN 4«

We also determine the magnitude of P for which the stress at B is equal to

the allowable compressive stress of 120 MPa.
oz = —1559P = —120 MPa P=T770kN <«

The magnitude of the largesl force P that can be applied without exceeding ei-
ther of the allowable stresses is the smaller of the two values we have found.

P=T770kN 4«
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y PROBLEM 4.5
——
24 mm A beam of the cross section shown is extruded from an aluminum
. alloy for which g, =250 MPa and g, =450 MPa. Using a factor
" aal | | i of safety of 3.00, determine the largest couple that can be applied to
M, Y| < the beam when it is bent about the z-axis.
|
24 mm
= k 16 mm
SOLUTION

Allowable stress.

Moment of inertia about z-axis.

=%=i‘-§9—=1so MPa
=150x10° Pa Zl &
, b5
F =I—2-(16)(80}3=682.67x|03mm“ @\,
I :é(ls)m}’ — 43.69x10° mm* , 2 :,
I, =1,=682.67x10°mm"*
I=1+1,+1,=1.40902x10°mm®* =1.40902x10°m*
0’=% with c=-%(80)= 40 mm =0.040 m
M =10 _ QABRXITNI0XI) _ ¢ 00,107 N M=528KkN-m 4

c 0.040
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PROBLEM 4.9

Two vertical forces are applied to a beam of the cross section shown. Determine
the maximum tensile and compressive stresses in portion BC of the beam.

At kN tkN
A B C

I 1

|
M0 mm | 300mm

SOLUTI?N
]
b 4 .4 _ 4 4425
® A= —2-."2 - -2-(25)2 =981.7mm?> ¥ = 3—; - (—3){?1 =10.610 mm
=% _ k25
® Ay = bh = (50(25) = 1250 mm> ¥, = -5 =5 = -125mm
7= AF + Ay, _ 9817)10610) + (1250)-125) _ 00,

A + 4, 981.7 + 1250

L=1, - A% =%r4 — A= %(25)‘ —(981.7)(10.610)% =42.886x 10° mm*
d, =7 -y =10.610—(-2.334)=12.944 mm
I =1, + Ad} =42.866x10" +(981.7)(12.944)* =207.35x10° mm*
I, = ébh’ = %(50}(?_5)3 =65.104x10* mm*
d, =|¥, - ¥|=|-12.5—(-2.334)| = 10.166 mm
1, =1, + A,d? =65.104x10° + (1250)(10.166)* =194.288x10* mm*
I=1+1,=401.16x10° mm* =401.16x10”° m*
Viop = 25+2.334=27334 mm=0.027334 m
Voor =—25+2.334=-22.666 mm = —0.022666 m

L
" M-Pa=0: M=2Pa=(4x10°)300x107)=1200N" m
i ~Myop _ (1200)(0.0273_14) RGP R Gy = ~81.8 MP2 4
1 401,16 x 10
O = Moy _ _(1200X-0.022666) _ 7 g0 x 106 Pa Oy = 67.8 MPa €

1 401,16 x 107°
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Neutral axis lies 25 mm above the base.

10wm 10 mm PROBLEM 4.10
—‘1 r— —.1 I.— 10 kN
1 Two vertical forces are applied to a beam of the cross
50 mm section shown. Determine the maximum tensile and
I compressive stresses in portion BC of the beam.
- 10 mm '
L—ﬂ)mm—’I_T 150 mm 150 mm
SOLUTION
if@@\ A, mm? Vo, Mm Ay,, mm
@ 600 30 18x10°
@ 600 30 18x10°
@ e) 300 5 1.5x10°
1500 37.5x10°
3
7 - 37.5x10 =38
1500

L 1, =L (10)(60)° +(600)(5)* =195x10°mm* 1, = 1, =195 mm*
35 I[2
L o __*L L =|-2-(30)(10)3 +(300)(20) =122.5x10° mm*
¥ I=1 41, +1,=512.5x10° mm* = 512.5% 10~ m*
P
=35mm=0035m y,, =25 mm=-0.025m
top y | M
a=150mm=0,150m P=10x10"N i)
M = Pa=(10x10")(0.150)=1.5x10°N -m J
&— T
M 3 3
Orop =~ }; 9 il ; T;g:ﬁ%ﬂfsl ~102.4x10°Pa Oop =—102.4 MPa (compression) 4
3
Gyt o PRI XNGT) oy sy Gy, =73.2 MPa(tension) 4
J 512.5%107°
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[~ R _—|___t PROBLEM 4.11
1 :i] Bm Two vertical forces are applied to a beam of the cross section shown.
Determine the maximum tensile and compressive stresses in portion
' : in, BC of the beam.
- =
4in.

25 kips 25 kips
A B & D

! 20 in ! 20in
SOLUTION
Yo
Lo | 4 Yo Ay,
d @ 8 7.5 60
’ @ @ 6 4 24
@ Q@ 4 0.5 2
Zz
17 Yo b 18 86
- 86
Y= T 4.778 in

Neutral axis lies 4.778 in. above the base.

_i 3 2_i 3 2 _ . 4
- I_—"gl L =3B+ Ad] = @) +@)2.772) =5994 in

3.222

1 1 .
I: ; /@ Ia= Ebzhg + A,d} =§(I)(6)’ +(6)(0.778)* =21.63 in*

4778 Iy =k + A = (A0 +(44278)° = 7354 n’
d — I=1 +1,+ 1, =59.94+ 21.63+73.57 =155.16 in*
lp Vip =3222in. y,, =—4.778in.
e) M —Pa=0
! ~ ] M = Pa=(25)(20)= 500 kip- in
.P e CL
My,,  (500)(3.222) : .
Do =— T "~ 1slR O\ =—10.38 ksi (compression) 4
oot = I T Opo = 15.40 ksi (tension) 4

1 155.16
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30 mm— PROBLEM 4.15
T TR T : : .
15 i The beam shown is made of a nylon for which the allowable stress is
21y ﬁd =30mm 24 MPa in tension and 30 MPa in compression. Determine the largest

. couple M that can be applied to the beam.
e 33
20 mm

L o
—————i——— M
i

SOLUTION

A, mm”’ Vo, T A¥,, mm’ (©)

600 225 13.5%10°
300 15 2.25x10° @
900 15.75%10°

- 15.5%10°
900

Yiep =30—17.5=12.5 mm =0.0125m
Yoot =—17.5 mm =—0.0175 m

Me 8

=17.5mm The neutral axis lies 17.5 mm above the bottom.

(=]

1= éb,h,’ +Ad] = %(40)(15)’ +(600)5)” =26.25x10°mm*

L :ébzb; + Ay d; = %(20)(15)3 +(300)(10)* =35.625%10° mm*

I=1+1,=61875x10°mm* =61.875x10° m*

o]

_ (24x10°)(61.875x107°)
0.0125

=1188N-m

Top: (tension side) M

N (30x10°)61.875x1077)
0.0175

Choose smaller value. M=106.IN-m 4

=106.1N-m

Bottom: (compression) M
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PROBLEM 4.33

A bar having the cross section shown has been formed by securely

8 mm 8 mm bonding brass and aluminum stock. Using the data given below,
1 32mm —1 i determine the largest permissible bending moment when the composite
: = bar is bent about a horizontal axis.
Aluminum Brass
32 mm 5%
Modulus of elasticity 70 GPa 105 GPa
Allowable stress 100 MPa 160 MPa
Aluminum k Brass
SOLUTION r"""[ ke I""‘“‘l
Use aluminum as the reference material. "
1.0 15 1.0
For aluminum, n=1.0 1
1’ axis ! A2 mm
For brass, n=E/E, =105/70=1.5 o o )
Values of »n are shown on the figure, i wha 2t L
Aluminum ~ Bruss

For the transformed section,

Aluminum;

Brass:

Choose the smaller value,

0

L 3 1
f = — EE e—
TR AT

n 1.5
L=22hp ="
il 2y 12
1, =1 =21.8453x1¢°mm*
=1 +1,+1,=174.7626 10 mm* =174,7626 X 10~ m*

(8)(32) =21.8453%10° mm*

(32)(32)° =131.072x10° mm*

nM
lol=—* ‘

M=‘0_f
ny
n=1.0, |p|=16 mm=0.016m, o =100x10°Pa

~ (100x10°)(174.7626x107°)

=1.0923x10°N-m
(1.0)(0.016)

n=15 |y/=16mm=0.016 m, o=160x10°Pa

_ (160x10°)(174.7626x10°°)

- =1.1651x10°N -
(1.5)(0.016) o

M=1.092x10"N-m M=1092kN-m <
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PROBLEM 4.34
8 mm 8 mm
[l [l 32 L ]
! !__ _____ i | B | A bar having the cross section shown has been formed by securely
ool o :E;mm bonding brass and aluminum stock. Using the data given below,
' determine the largest permissible bending moment when the
22 am composite bar is bent about a horizontal axis.
—TF -
-+ & E J:[s o Aluminum Brass
L4 4w i
L — Premm—— Modulus of elasticity 70 GPa 105 GPa
Allowable stress 100 MPa 160 MPa
SOLUTION 5mm 8 mm
]' f 32 mm i i
Use aluminum as the reference material. e ,,,_]:[
| | 8m
For aluminum, »=1.0 r L5 —% 15 | "
For brass, n=E,/E, =105/70=1.5 32 mm $——t—- —t
Values of » are shown on the sketch. o 7 519 -
2 Eedal { L
For the transformed section, — | T ——
n

Aluminum:

Brass:

i
12

L =l£;.bz (Hg _hj)= 'I_'zo.(stz)(n3 —16")=76.459x10’ mm*

B =%(3)(32)’ —32.768x10° mm*

I, =1,=32.768x10° mm*
I=1+1,+1,=141.995x10°mm* =141,995x10°m*

|a|=ﬂ{ =
3 ny

n=10, |y|=16 mm=0.016 m, &=100x10°Pa

_ (100x10°)(141.995%107)
- (1.0)(0.016)

=88747N-m

n=15 |y/=16 mm=0.016m, ¢=160x10°Pa

o  (160x10°)(141.995x10°%)
(1.5)(0.016)

=946.63N-m

Choose the smaller value. M=887N-m 4
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PROBLEM 4.39

A steel bar and an aluminum bar are bonded together to form the composite
beam shown. The modulus of elasticity for aluminum is 70 GPa and for steel is
200 GPa. Knowing that the beam is bent about a horizontal axis by a couple of
moment M = 1500 N - m, determine the maximum stress in (a) the aluminum,

(b) the steel.

SOLUTION
J l Use aluminum as the reference material.
3 For aluminum, n=1
he2.8571 For steel, n=E_E, =200/70=28571
@ Transformed section:
h=) Part A, mm’ nA. mm’ ¥, mm nAy,. mm’ d, mm
I 600 1714.3 50 85714 12.35
- 2 1200 1200 20 24000 17.65
& 3 29143 109714
= 109714 _ =
Y, = 2143 =37.65 mm d ==|yﬂ —};,1
1, =;’1—2b, B +mA d} = 2'!::-2’7' (30)(20)° +(1714.3)(12.35)* =318.61x 10’ mm"*
L= 1522-52 I +n,A,di = é(so)uo)’ +(1200)(17.65)> = 533.83x10° mm"*
I1=1+1,=85244x10° mm"* =852.44x10"° m*
M =1500 N-m
Stress: o= —"—W
1
(@) Aluminum: n=1, y=-37.65mm=-0.03765 m
5
= (I)(LOO)(—0.0?_;ZGS) =66.2x10°Pa o, =66.2 MPa 4
852.44x10
()  Steel: n=28571, y=60—37.65=22.35mm=0.02235m

nMy _ (2.8571)1500)(0.02235)
i 852.44x107°

—112.4x%10°Pa

o, =—

o, =—112.4 MPa 4
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PROBLEM 4.40

A steel bar and an aluminum bar are bonded together to form the composite
beam shown. The modulus of elasticity for aluminum is 70 GPa and for steel is
200 GPa. Knowing that the beam is bent about a horizontal axis by a couple of
moment M = 1500 N - m, determine the maximum stress in (@) the aluminum,

b) the steel.
——‘ 30 mm |—— ( )
SOLUTION
lj Use aluminum as the reference material.
For aluminum, n=1
O] For steel, n=E,/E, =200/70=2.8571
ik Transformed section:
art , mm nA, mm y,, mm [y,, mm , mm
® P A, mm® : | 5 nG, mm’ | d
n=2.857 1 600 600 50 30000 25.53
< 2 1200 3428.5 20 68570 4.47
) 4028.5 98570
- 98570 e e
Yo =5 = 2447 mm d =y - T

L=TL K A, d} =%(30)(20)’ +(600)(25.53)% =411.07x10° mm*

I, :’l'—; B +nAy di = 2“:;" (30)(40)’ + (3428.5)(4.47)> =525.64x10° mm*
I=1+1,=936.71x10° mm* =936.71x10° m*
M =1500 N-m
Stress: o=- o’
i
(@) Aluminum: n=1 y=60-2447=35.53 mm=0.03553 m
3
- (1)(1500)(0.03 353) R Pa
936.71x10
(b) Steel: n=28571, y=-2447 mm=-0.02447 m

- _ (285710 500)(43;02447) i
936.71x10

o, =—56.9 MPa 4

o,=111.9 MPa <
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" PROBLEM 4.47

540 s5.mm  1he reinforced concrete beam shown is subjected to a positive bending

- Giameter _Moment of 175 kN - m. Knowing that the modulus of elasticity is 25 GPa
/ for the concrete and 200 GPa for the steel, determine (@) the stress in the

50 mm steel, () the maximum stress in the concrete.

|— 300 mm——l_T
SOLUTION
E, 200 GPa |" 300 '*l
R=—t=""""_80
E. 25GPa ‘r‘"
®
A= 4-%.;2 =(4)(%)(25)2 =1.9635% 10° mm? Qs X

430
nA, =15.708x10° mm”

- nAs i
Locate the neutral axis: ——

300x§ —(15.708x10° (480 — x) = 0

150x% +15.708 x10° x —7.5398 % 10° =0

2 6
Bl an - ~15.708x10° +J(15.708.x 10°)" + (4)(150)(7.5398 % 10°)
(2X(150)
x=177.87 mm, 480—x=302.13 mm

I =%{300)x3 +(15.708x10" 480 — x)°

= %(300)(1 77.87)% +(15.708 x10° )(302.13)’

=1.9966x10° mm® =1.9966x10"> m*

nMy
S
(a) Steel: y=-302.45 mm =-0.30245 m
ﬂ
o= WL, L 103)(—?;30245) =212x10° Pa o=212MPa 4
1.9966 x10
{(h) Concrete: y=177.87 mm=0,17787 m

3
- (ONISXIO NONTIRTY 4o 505 yotipy o=-15.59 MPa 4
1.9966x 10
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PROBLEM 4.48
540 ; Solve Prob. 4.47, assuming that the 300-mm width is increased to
340 mm 25-mm
diameter 390 mm.
- ﬁ —ﬁﬁ'}mm PROBLEM 4.47 The reinforced concrete beam shown is subjected to a
: i positive bending moment of 175 kN - m. Knowing that the modulus of
l"_ 300 “""“‘| elasticity is 25 GPa for the concrete and 200 GPa for the steel, determine

(a) the stress in the steel, (b) the maximum stress in the concrete.

SOLUTION
E, 200 Gpa-80

E 25 GPa

sl dr =il X 2
A=dd (4}[4}(25)

=1.9635%10° mm?
nA, =15.708x10° mm?
Locate the neutral axis:

350x%—(lS.?OleD’)(480—x)=0

175x% +15.708x10° x —7.5398x10° =0

|<—35o—>1

]

nA, __1

—15.708x10° + Jus."mscx 10°) + (4)(17517.5398 x 10°)

Solve for x: x=
(2)(175)

x=167.48 mm, 480—-x=312.52 mm
I %(350);:’ +(15.708x10°)(480 — x)°

= %(350){167.48)3 +(15.708x10°)(312.52)°

=2.0823x10° mm* =2.0823x107* m*

P
f)
(@) Steel: y=-31252 mm=-0.31252 m
__8.0)175x 10‘)(42;3 1252) _ 210x10° P
2.0823x10
(4) Concrete: y=167.48 mm =0.16748 m

3
(1.0)175x10 )(0;:6?48) —_14.08x10° Pa
2.0823x10

o=210 MPa 4

o=-14,08 MPa 4
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PROBLEM 4.53

The design of a reinforced concrete beam is said to be balanced if the maximum stresses
in the steel and concrete are equal, respectively, to the allowable stresses o, and o,.

Show that to achieve a balanced design the distance x from the top of the beam to the
neutral axis must be

_4a
1+ ..
o.E

x:

where £, and E_ are the moduli of elasticity of concrete and steel, respectively, and d
is the distance from the top of the beam to the reinforcing steel.

SOLUTION

M-z M < L >

1 { T
g _md-x) _.d_ X
o. x x
d 1 o, Eo ':ll
—=l+——E =1+ ==
x no, E.o, d""
- nAs :|:

E‘_‘O'_‘. b e o

1+
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Bruss P 10 mm PROBLEM 4_56 e o
Steel \— i .;‘ 10 mm
| Five metal strips, each of 40 mm wide, are bonded together to form the
Mlawrmen i composite beam shown. The modulus of elasticity is 210 GPa for the

steel, 105 GPa for the brass, and 70 GPa for the aluminum. Knowing

el f|_3!0mm that the beam is bent about a horizontal axis by a couple of moment
B, | j1omm 1800 N - m, determine (@) the maximum stress in each of the three
M- metals, () the radius of curvature of the composite beam.
SOLUTION
" Use aluminum as the reference material.
L = n=1.0 in aluminum.
@ + 3.0 y
= n=£_/E, =210/70=3 in steel.
i 1" n=E,/E,=105/70=1.5 in brass.
@ < 20 Duye to symmetry of both the material arrangement and the geometry, the neutral axis
& <1~ 1.5 passes through the center of the aluminum portion.
For the transformed section,
I =;’—'2b1h,’ +mAd] =§{40)(10)3 +(1.5)(40)(10)(25)" =380x10° mm*
1, =T"227 L +n, A,da =%(zm)(m)3 +(3.0)(40)(10)(15)* = 280%10* mm*
1, :fs—zb,h;‘ :%(40)(20)3 =26.67%10° mm*
I, =1, =280x10° mm* ;=1 =380x10° mm*
1= 1=13467x10°mm* =1.3467x10° m*
@ o=-""  \here M =1800N-m
Aluminum: n=1 y=-10mm = 0010 m
g, = LOAZNOND) _ 15 4710° pa G, =13.37 MPa 4
1.3467x 10
Brass: n=15 - y=-30mm=-0,030m
Y = (]'5)(1800)(0'130) =60,1x10° Pa o, =60.1 MPa 4
1.3467 %10
Steel: n=3,0, y=-20 mm =-0.020 m
= (3'0)(]800)(0‘2‘7‘0) =80.1x10° Pa o, =80.1 MPa <
1.3467x10
- 1 M 1800
(b) Radius of curvature, —=—= 5 —=0.01909 m™ p=524m 4
p EJ1  (70x10°)1.3467x10°°)
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PROBLEM 4.101

determine the stress at (a) point A, (b) point B.

Knowing that the magnitude of the horizontal force P is 8 kN,

SOLUTION

A = (30)(24) = 720 mm? = 720 x 107° m?
e=45—-12=33mm = 0.033m

re g é(:m)(z-s)3 =34.56 x10° mm* = 34.56 x 10’ m*

12
c=-;—(24mm)=l2mm =0.012m P=8x10°N
M = Pe = (8% 10°)(0.033) = 264N - m

P Mc  8x10°  (264)0.012)

P T .. - =—102.8 x 10°Pa
L R e R v Ty T

B o el BRI OONOL) g i
4T T 720x10° ' 3456x10

o, =-102.8MPa <

05 = 80.6MPa 4
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1 60 mm
et
£
L—H() mm-—I
|-2I.‘0 mm -|—-I Section aa
80 mm

PROBLEM 4.102

The vertical portion of the press shown consists of a
rectangular tube of wall thickness ¢ = 10 mm. Knowing that the
press has been tightened on wooden planks being glued
together until P = 20 kN, determine the stress at (a) point 4,
() point B.

SOLUTION
Rectangular cutout is 60 mm X 40 mm.

A = (80)(60)

— (60)(40) = 2.4 x 10’ mm® = 24 x 107> m?

1= -(60/80)’ - =-(40)(60)" = 1.84 X 10° mn*

=1.84%x10°m*
¢c=40mm =0040m e =200+ 40=240mm = 0.240 m

P =20x10°

N

M = Pe = (20 % 10°)(0.240) = 4.8 x 10°N - m

P, Me _ 20x10°  (4.8x10°)X0.040)

o’:—-i-_:
@ =T " ki

P Mc _ 20x10°  (4.8%10°)(0.040) _

1.84 % 10°° =112.7x 10°Pa o, =112.7MPa 4
o4 X

b — e S—
L A 1 24x107

T 10°Pa o = —96.0 MPa <
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0.9in.

PROBLEM 4.105

Knowing that the allowable stress in section ABD is 10 ksi,
determine the largest force P that can be applied to the bracket

shown.

SOLUTION

|- 245 in. _.l L 3

aca 2ol
P | M=24s5P
B
£, & ‘s

Statics: M = 2.45P
Cross section: 4 = (0.9X(1.2) = 1.08 in>

c= %{0.9) =0.45in.

fs T'E(l.z)(o.of = 0.0729in"

At point B: o = —10 ksi

A 1
P__(245PX045) _ .00
1.08 0.0729

P = 0.623 kips

10 =—

P=6231b 4




Draw the shear and bending-moment (liugmms for a simpl}' snppm'tetl
beam AB of span L subjected to a single concentrated load P at its mid-
point C (Fig. 5.7).

4 (@) 2 AL == = E
it

r—x—uv Fig. 5.7
Dl '9

M ( fD O {7 - B We first determine the reactions at the supports from the free-body
R=L1p e diagram of the entire beam (Fig. 5.8¢); we find that the magnitude of
' each reaction is equal to P/2.

() Ry=+P Next we cut the beam at a point D between A and € and draw the

free-body diagrams of AD and DB (Fig. 5.8b). Assuming that shear and

11‘ v bending moment are positive, we direct the internal forces ¥V and V' and

C E the intermal couples M and M’ as indicated in Fig. 5.6a. Considering the

l ‘3“ free body AD and writing that the sum of the vertical components and

1“‘: Lp o ( . i the sum of the moments about D of the forces acting on the free body
|

are zero, we find V = +P/2 and M = +Px/2. Both the shear and the
bending moment are therefore positive; this may be checked by observing
that the reaction at A tends to shear off and to bend the beam at D as
4 indicated in Figs. 5.6h and ¢. We now plot V and M between A and C
5P , (Figs. 5.8 and ¢); the shear has a constant value V = P/2 while the
' L bending moment increases linearly from M = 0 atx = 0 to M = PL/4
%L. | atx = L/2.
) Cutting, now, the beam at a point E between C and B and consider-
(e) 2 ing the free bodv EB (Fig. 5.8¢), we write that the sum of the vertical
components and the sum of the moments abont E of the forces acting on
| M the free body are zero. We obtain V = —P/2 and M = P(L - x)/2. T]‘lt'
R R ! shear is therefore negative and the Ewndmg moment positive; this can be
| checked by observing that the reaction at B bends the beam at E as
| indicated in Fig. 5.6¢ but tends to shear it off in a manner opposite to
Ly 3 that shown in Fig. 5.6b. We can complete, now, the shear and bending-
& moment diagrams of Figs. 5.8 and ¢; the shear has a constant value V =
(e) —P/2 between C and B, while the bending moment decreases linearly
Fig. 5.8 fromM = PL/M4atx = L2toM =0atx = L.
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Fig. 5.9

We cut the beam at a point C between A and B and draw the
free-body diagram of AC (Fig. 5.10a}, directing V and M as indicated in
Fig. 5.6a. Denoting by x the distance from A to C and replacing the
distributed load over AC by its resultant wx applied at the midpoint of
AC, we write

+1ZF, =0 —wx—-V=20 V= —wx

+82Me = 0O wx(2)+M—0 M=

2
- —wx

We note that the shear diagram is represented by an oblique straight line
(Fig. 5.106) and the bending-moment diagram by a parabola (Fig. 5.10¢).
The maximum values of V and M both oceur at B, where we have

Vg =-wL Mg=—mwl’

H.'

Fig. 5.10

L] *l "

A . 5
(a)

".r
L

A B X
) sl

M
L

A B x
(c) Mg= - twl?




20 kN 40 kN

v s \

D

LZ 5 m+LS m—-—‘~—2 mJ 80 mm

20 kN 40 kN

* I I*I 1

I | Bi 1 ¥ 1 D
ACE===3"7 =1 1

I Y cr

11 z21%3 41715 61T, 1n

46 kN
2.5 m-=|+=—3 m—=|+2 m-=

2(11\-{\:*

20 L—N*

v,

‘.}'
+26 kN
x
_2” kw ~—¢J = 14 k:\:
=25 m Im 2 m--
M
+25kN . m

b i

=50kN «m

SAMPLE PROBLEM 5.1

230 mm  Eor the timber beam and loading shown. draw the shear and bending-moment

diagrams and determine the maximum normal stress due to bending.

SOLUTION

Reactions. Considering the entire beam as a free body, we find
R; =40kNT  Rp=14kN1

Shear and Bending-Moment Diagrams. We first determine the
internal forces just to the right of the 20-kN load at A. Considering the stub
of beam to the left of section 1 as a free body and assuming V and M to be
positive (according to the standard convention), we write
+13F, = 0: —20kN -V, =0 V, = —20 kN
+5SM, = 0: (20kN)Om) + M, =0 M, =0

We next consider as a free body the portion of beam to the left of
section 2 and write
+TEF5=U: —20kN — V, = Vo, = —20kN
+NSM, = 0: (0kN)25m)+ M, =0 M, = —50kN -

The shear and bending moment at sections 3, 4, 5, and 6 are deter-
mined in a similar way from the free-body diagrams shown. We obtain

V= +26kN M;=—-50kN-m
V,= +26 kN M,= +25kN - m
Vs = —14 kN Ms= +25kN - m
Vs = —14 kN Mg=0

For several of the latter sections, the results may be more easily obtained by
considering as a free body the portion of the beam to the right of the section.
For example, for the portion of the beam to the right of section 4, we have

+TEF9=U: V,—40kN + I4kN =0 V,= +26kN
+52M, = 0: -M;+ (14kN)2m) =0 M;= +25kN+'m

We can now plot the six points shown on the shear and bending-
moment diagr;lm_'i_ As indicated earlier in this section, the shear is of constant
value between concentrated loads, and the bending moment varies linearly;
we obtain therefore the shear and bending-moment diagrams shown.

Maximum Normal Stress. It occurs at B, where [M| is largest. We
use Eq. (3.4) to determine the section modulus of the beam:

S = I’ = H0.080 m)}(0.250 m)* = 833.33 X 10™° m
Substituting this value and M| = M, = 50 X 10° N - m into Eq. (5.3) gives
(Mg (au x 10° N m)

a-u = =
' S 53333 x 10°°
Maximum normal stress in the beam = 60.0 MPa

= 60.00 X 10° Pa
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SAMPLE PROBLEM 5.2

The structure shown consists of a W10 % 112 rolled-steel heam AB and of
two short members welded together and to the beam. (a) Draw the shear
and bending-moment chac-'mmi for the beam and the given loading. (h) De-
termine the maximum lmmlal stress in sections just to the left a.nd just to
the right of point D.

SOLUTION

Equivalent Loading of Beam. The 10-kip load is replaced by an
equivalent force-couple svstem at D. The reaction at B is determined by
considering the beam as a free body.

a. Shear and Bending-Moment Diagrams

From A to C. We determine the internal forces at a distance x from
point A by considering the portion of heam to the left of section 1. That
part of the distributed load acting on the free body is replaced by its resul-
tant, and we write
+IZE, =10 -3x-V=0 V = —3x kips
+42ZM, = 0: @)+ M=0 M=-15kp-ft
Since the free-body diagram shown can be used for all values of x smaller

than 8 ft, the expressions obtained for V and M are valid in the region 0 <
r < §ft.

From C to D. Considering the portion of beam to the left of section 2
and again replacing the distributed load by its resultant, we obtain
+13F, = 0: ~24 -V =0 V= -24kips
FVEMy=0:  Ux-4)+M=0 M=96-24r kip-h
These expressions are valid in the region 8 ft < x < 11 #.

From D to B. Using the position of beam to the left of section 3, we
obtain for the region 11 ft < x < 16 ft

V = —34 kips M = 226 — 34x kip - ft

The shear and bending-moment diagrams for the entire beam can now be
plotted. We note that the couple of moment 20 kip - ft applied at point D
introduces a discontinnity into the bending-moment diagram.,

b. Maximum Normal Stress to the Left and Right of Point D. From
Appendix C we find that for the W10 x 112 rolled-steel shape, § = 126 in®
about the X-X axis.

To the left of D:  We have M| = 168 kip - ft = 2016 kip - in. Sub-
stituting for |M| and § into Eq. (5.3), we write
M| 2016 kip - in.

S 126in’

To the right of D: We have M| = 148 kip - ft = 1776 kip - in

Substituting for [M| and § into Eq. (5.3), we write

(M| 1776 klp-m '
O =~ — = 14.10 ksi o, = 1410 ksi
5 126 in’

o, = = 16.00 ksi a, = 16.00 ksi



5.1 through 5.6 For the heam and loading shown, (a) draw the

shear and bending-moment diagrams, (b} determine the equations
of the shear and bending-moment curves.

! : I
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Fig. P5.5 Fig. P5.6



PROBLEM 5.1

4 — _?-'1: For the beam and loading shown, (a) draw the shear and bending-moment
| ~ @ diagrams, (b) determine the equations of the shear and bending-moment
a f b curves,
. L
SOLUTION
Reactions:
(+IM. = 0: LA—bP =0 A:ff
vy
) Pa
AEDM +T)ZM’A=0. LC—EIP=0 C=-L—
PbIA(x .,l From A4 to B: O<x<a
L +TEFy=0: ﬂ—Vz'i}
L
P Pb
y=2" <
L ] 3
{ 1
Pb
M, =0 M——x=10
e (), —be— _,T +‘) J
A * e .
Pbx
Vil
¥ P L
L A V
A 2 S— % From B o C: a<x<l MGC ] @
Po
T +TEFy=O: V+%E={) -_-L—‘;QJE.Q.
M
Pab i o
L L
/\ -
e 1 — +)EMK={): "M"‘T[L'—x):O
o] a L
M= Pa(l - x) <
L
At section B: M= £ao |




' PROBLEM 5.2

T

TITIL
A rﬂ"‘ 2872878  For the beam and loading shown, (@) draw the shear and bending-moment

h diagrams, (#) determine the equations of the shear and bending-moment
curves,
L J
SOLUTION
Reactions:
wl F)EM g = 0: A2l A=
2 2
1 z wil
r +)EM =0: BL-wL-Z=0 B=->
2 2
A B
W
ree body diagram Ior determining reactions., L L ) 4
Free body diagram for determini i iliU.H <>”
Over whole beam, 0<x< L wL‘ f
TV
Place section at x,
wx M
Replace disiributed load by equivalent concentrated load. A
L
H2F, a0 X yx-V =0 i |"'*"‘W
2 2
L
V=w—-x|
(5]

v
L/2 M

w
\ __ wi’
B g
-
I W

DEM, =0 2 sl M=o
? 2 2

= 1;-(Lx e

M=%x(£-x) .

: : L
Maximum bending moment occurs at x = 3




I PROBLEM 5.3

[1] B [
A IS ]—l S@ S € For the beam and loading shown, (g) draw the shear and bending-

—_— | - moment diagrams, (b) determine the equations of the shear and

L bending-moment curves.
SOLUTION FromAtoB (0<x<a):
i Lt
D 5 M
B ALl—|37
i I -
A AS X v

+1}:Fy=0: —wx -V =0

V=—wx 4

DHEM,; =0: (wx]izc-+M=D

Ry 2
™M a L FromBiwoC (a<x<l):
1 wa.
W
wa? l’ 8
"-i'- AI - g
[~ 2
= = X !
H4XF=0: —wa-¥=0 V = —wa 4

DIM,; =0: (wa)[x—g—]+M=0 M:—wa[x—ﬁji




PROBLEM 5.4

For the beam and loading shown, (@) draw the shear and bending-moment

A}"i? = diagrams, (b) determine the equations of the shear and bending-moment
' Curves.
b
SOLUTION 7 . x
wx/L J DM
lﬁl‘:ﬂ I
A rD 4 .?E Lo
>y
> — v
vV
"‘TEF), = O _l_‘ffﬁ o e
2
=2 4
2L
DEM, = LN AT
2 L 3
WX
M=— 4
6L
MI & At x=1L,
G v Wl V], = wol >
2 AKX
W 1* > 7
T M- Mo, = 22 4




w

HERR

£

AL_,I#_'H : CH:}IHD

Wi

PROBLEM 5.5

For the beam and loading shown, (a) draw the shear and bending-moment
diagrams, (b) determine the equations of the shear and bending-moment

CuUrves.
L
SOLUTION
v Reactions: A=D=wa
WO
From 4 to B: D<x<a
L+ % w
o M WX
w f) i‘_)M
=-Wa, R
W
% v wal| yv
—Jwal +HZF,=0: wa-wx-V=0
V = wia—x) 4
—%
C o
A B +}Z_MJ=[}: —wm+[wx)§+M=0
Wi
e
j M=wa-—|4
Jale 2
'ND.'L—X J‘V From Bto C: a<x<l—a
2FE,=0: wa—wa—V =90
V=04
4 ll‘j: +)EM =0: —wax+wa(x—£)+M=0 M=Lur <
MC ' - 2 2
Hi=-% FromCtoD: L-a<x<l
wo. _ -
HIF, =0 V-wl-x)+wa=0
w(L-x)
C V=wl-x—-a) 4
M CJ’ L
+)ZM, =0 —M—w(.!.—x)( _"‘)+wa(L—x)=n
wWo.

M = wd(L - x) - %(L —x)’] 4




w PROBLEM 5.6
Blvlﬂﬂrrlflc
A T 28 SD  Tor the beam and loading shown, (4) draw the shear and bending-moment
v J I_ diagrams, (#) determine the equations of the shear and bending-moment
@ a Curves,
f I i
SOLUTION
Calculate reactions after replacing distributed load by an equivalent
concentrated load.
. M
Reactions are j
-
A=D:%W(L—2a) v
! -
From A4 to B: O<x<a iw“" o)
Az 2o LI
Y. * 2
L w(L-22} 1
} V= EW(L -2a) 4
A 11) 1
+YEM = 0; — Wl = 2a)+ M =0
b 1
.\gwa_- e M= Ew(L -2a)x 4
- = * From B to C: a<x<l-a
x—a
-3 W(t-20) b=
w w(ix-a
b - M [N
g ""(‘% ~23 D D
- N f N %
MRS ot T
1 W(L-2a) v wilL-2 v
P a D—y. Z * @ “)
Place section cut at x. Replace distributed load by equivalent concentrated
load.
i 1 L
+|ZF, =0 Ew(L—Za)—w(x—a)—V=0 V=w E—x 4
M, = 0: -%w(L - 2a)x + w(x - a}(x;“)+ M=0
= %w[(L —2ac-(x-a)] d

PROPRIETARY MATERIAL, © 2012 The MeGraw-Hill Compnanies, Ine. All rights reserved. No pant of this Manual may be displayed,
reproduced, or distributed in any form or by any means, without the prior writlen permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. A student using this manual is using it
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PROBLEM 5.6 (Continued)

From C to D: L-a<x<lL

+f£Fy -0 V4 %w(l. —2a)=0

MC V=—%(L—20)1

! |
LL_x » iW(L-Za.) +‘)ZMJ =0: =M+ Ew(L -2a)(lL.-x)=0
M= %W(L -2a)(l-x) 4

2 &
Alx=3'. Mm=w‘?—— 4




3kN
1.8 kN/m

1.5 m == 1.5 m == 1.5 m >

D =

PROBLEM 5.15

is%mlin_ For the beam and loading shown, determine the maximum
T normal stress due to bending on a transverse section at C.
4B Q 300 mm

SOLUTION

Reaction at A:

)My =0: —454+ (3.0)3) + (1.5)3) + (1.8)4.5X2:25) = 0

Use AC as free body.
)EM, =0: M, — (7.05X1.5) + (1.8)(1.5)(0.75) = 0
M, =855kN-m=855x10°N-m

1

I=—bk = é(smamf =180 x 10° mm*

12

~180%10%m*

c= -;—(300) =150 mm = 0.150 m

Me  (8.55x10%)0.150)

; P 7.125x10°Pa
o

A=705kN T

1.3 &N/

!

Ale 1.s

i

T.05kV

D,

C
Vc.

M.

o =1713MPa 4




PROBLEM 5.24

I Draw the shear and bending-moment diagrams for the
beam and loading shown and determine the maximum

L [ | W200% 313 pormal stress due to bending.
1L6m 32m {
SOLUTION
SE el Reaction at A:
40 ktd-va F)EMy = 0: —4.84+ 40 + (25)3.2(1.6) = 0
N C ¥ ¥ v ¥ ¥ ¥
— B
1 r\ A=35kN|
A =}
}_J_ ! GM;‘—: 3. 2m g Ato O<x<l.6m

3 HXF=0:35-V=0 ¥ =35kN

N\ G
L
5 fex—l ™ DM, =0: M+40-35c=0
K 35 kN v
M = (30x — 40) kN - m
I-+M _4_5

CtoB: l.6m < x < 4.8m
M (kM o) 40.5
y\ A TF, =0:35-25x-1.6)-¥ = 0
25 W/ N

0 3 AD ket l—Ii“ V = (-25x + 75) kN

/ G"' Lawn ﬁm +‘>ZM}{' =0: M+40-35x

o sl 1 1.6

= +(25)(x~1.6)(x .~ ng

M =(-125x" + 75x - 72)kKN - m
Normal stress: For W200x31.3, § =298x10°mm’

[M| _405%10°N-m

5 =1359x10°Pa 0 =135.9MPa «
S 298x10°m




|-- 1K) |n|||.--|
E= ---II. = 20 mm

LR
el 100 mm

20 mm == —

== e

Fig. 6.8
‘-— 0100 m —| I——II 100 m -.-|
_-i . '!5',,3 ———

IIIJE‘.{] m | _ o l] 060 m -‘ -1—

0100 m

I_

S
-4 L— (0,020 m

(a) (h)
Fig. 6.9

A beam is macde of three }_)Lmlw 20 In. 10O e i cross section, nailed
together (Fig, 6.8). Knowing that the spacing between nails is 25 mm and
that the vertical shear in the beam is V = 500 N, determine the shearing
force in each nail,

We first determine the horizontal force per unit length, g, exerted
on the lower face of the upper plank. We use Eq. (6.5), where @ repre-
sents the first moment with respect to the neatral axis of the shaded area
A shown in Fig. 6.9a, and where 1 is the moment of inertia about the
same axis of the entire cross-sectional arca (Fig. 6.95). Recalling that the
first moment of an area with respect to a given axis is equal to the product
of the arca and of the distance from its centroid to the axis,t we have

Q = Ay = (0.020 m X 0.100 m)(0.060 m)
120 x 10°% m?

(0,020 m)0.100 m)*

+2[H0.100 m)(0.020 m)?

+(0.020 m X 0.100 m)(0.060 m)?]

= 1.667 X 10°° + 2(0.0667 + 7.2)10°°
16.20 X 10™* m*

Py
Il

Substituting into Eq. (6.5), we write
VQ (500 N)(120 x 1075 m?)
= 16.20 X 10 ®m"

= 3704 N/m

Since the spacing between the nails is 25 mm, the shearing foree in each
nail is

F = (0.025m)g = (0.025 m)(3704 N/m) = 92.6 N




1 11 S kN
|-— 4 m —*L—‘L 0.4 m

|- 100 mm —|

20 m |_ -1_; . ]
!\‘-]uiutn
B0 inm ['*. '—1-

20 mmn —| f](ntllh 68.3 mm
o !

|

G i

1.5 kN
T

20y mm

'r if; = 0417 m
L
Newutral axis * A _I- ;
i i x
LI
: 1
i
e ey
i L)
 F— J
T T T +
[ ] )
e |
MNonitral wsis . :
S T

h b it = 00583 m

0020m] V] —1

LEX TR

SAMPLE PROBLEM 6.1

Beam AB is made of three planks glued together and is subjected, in its
plane of symmetry; to the loading shown. Knowing that the width of cach
glued joint is 20 mm, determine the average shearing stress in each Jumt
at scetion n-n of the beam. The location of the centroid of the section is
given in the sketch and the centroidal moment of inertia is known to be
I=863x10°

SOLUTION

Vertical Shear at Section n-n. Since the beam and loading are both
symmetric with respect to the center of the beam, we have A =
B=15kNT

wl
o
Fa

Considering the portion of the beam to the left of section n-n as a free body,
we write

+12F, = I5kN -V =10 = 1.5kN

Shearing Stress in Joint @.  We pass the section a-a through the glued
joint and separate the cross-sectional area into two parts. We choose to
determine Q by computing the first moment with respect to the neutral axis
of the area above section a-a.

Q = Ay, = [(0.100 m)(0.020 m)](0.0417 m) = 83.4 X 10 *m?
Recalling that the width of the glued joint is ¢ = 0,020 m, we use Eq. (6.7)

to determine the average shearing stress in the joint.
Vo
r“l"' = It =

(1500 N)(53.4 X 10 " m?)
(5.63 X 10 " m*)0.020 m)

= 725 kPa

Shearing Stress in Joint b.  We now pass section b-b and compute Q
by using the area below the section,

Q = Ay, = [(0.060 m)(0.020 m)](0.0583 m) =

VO (1500 N)T0.0 % 107" m?)
r.l“' = = . T.ﬂ!
It (5.63 X 10 " m")(0.020 m)

70.0 X 10°°

= BHUOS kPa




15 kips 20 kips 15 kips

PROBLEM 6.9

1t

r_—l,,l 7 For the beam and loading shown,

s a— ] consider section m-n and determine
‘j‘“ —— E 7 B () the largest shearing stress in that
ﬁ ‘ : section, (6) the shearing stress at

TR 2R 2R 2H point &,

0.6 in.

SOLUTION

By symmetry, R, = Rj.

From shear diagram,

Determine moment of inertia.

v (lips)
26

[ L

(a)

+] YF,=0:

R+ Ry —15-20-15=0

R, = Ry = 25kips

V' = 30kips atn-n.

Part A(in?) d(in) Ad®(in*) T (in*)
Top Flng 6 4.7 132.54 0.18
Web 3.30 0 0 21.30
Bot. Fing 6 4.7 132.54 0.18
b 265.08 21,66
I=YA4d> + Y1 =28674in*
Part A(in?) F(in.) Ap(in®)
@ 6 4.7 282
@ 1.65 2.2 3.63
53 31.83
Q=3 Ay
=31,83in®
t =0.375in.
Toi= Ve _ _(29)G1.83) Tpae = 740 ksi o

I (286.74)(0.375)

PROPRIETARY MATERIAL © 2012 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced, or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. A student using this manual is vsing it
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PROBLEM 6.9 (Continued)

Part Ain?) Fin.) Apin’)
@ 6 4.7 282

@ 0.15 42 0.63

T 28.83

Q=T Ay = 28.83in’

t=03751in.

f—VQ—

(23)(28.83)

Tl (286.74)(0.375)

r=670ksi o




PROBLEM 6.10

0.3 m
n _ '
10 kN mmmI |—|-" —E—f i For the beam and loading
; - 7 . 12 mm shown, consider section
= =2k ) 150 mm n-n and determine (a) the
- . ' | 100 mm & est shearing stress in
—J 12 mm |&l‘g sheari g -
f =T ) —: i that section, (b) the
o2 | s | I shearing stress at point a.
A3 T F ITimn
SOLUTION
At section n-n, V' = 10 kN.

L ;i L >
=— +4| —b,h, + Ad
5+ 4y + 4t

1 3 s 3 -
= 5(100)150)” + 4[(12](5:}}(12) + (50)12)(69) |J

— 28.125 x 10° + 4[0.0{}12 x 10° + 2.8566 x m‘]

= 39.58 x 10° mm* = 39.58 x 10 ®*m*

(@) O=4»+24)y
= (100X(75)(37.5) + (2X50X12)(69)
= 364.05 x 10° mm® = 364.05 x 10° m’
f=100mm=0.100m

_ VO (10x10°)(364.05 x 10°°)

T =920 x 10°Pa
max =g (39.58 x 107°)(0.100)

&) O=4n+24)y
= (100X 40)(55) + (2)(50)(12){69)
= 302.8 x 10° mm® = 302.8 x 10®m’
f=100mm-= 0.100m

_VQ  (10x10°)302.8 x10°°)

T e = 765 x 10°Pa
It (39.38 x 107")(0.100}

®

s -f

T = 920 kP2

®©

z, = 765 kPa




PROBLEM 6.11

For the beam and loading shown, consider section
n-n and determine {a) the largest shearing stress in
that section, () the shearing stress at point a.

imensions in mm

SOLUTION
" 1 6o kn
At section n-n, V' =80 kN
. : 4 N [
Consider cross section as composed of rectangles of types @, @, and @.
P2 . e 30 v 9o kv
I = Tli(] 2)(80)° + (12)(80)(90)* = 8.288 x 10° mm*
l i\#@
I, = E(lfm}(mf + (180)(16)(42)* = 5.14176 x 10° mm* @
I, = l(]ﬁ){ﬁﬂ}’ = 419,24 x 10* mm* +®
1T ha i

I =4I +2I, + 2, = 44274 x 10° mm*
= 44274 x 10° m*

F
—

(a) Calculate O at neutral axis,
O, = (12)(80)(90) = 86.4 x 10° mm*
, = (180)(16)(42) = 120.96 x 10° mm*

0, = (16)(34)(17) = 9.248 x 10° mm* % ;,'
0 =20, + 0, + 20, = 312.256 x 10° mm” = 312,256 x 10 °m’
10 _BOXIONIOXINTY s ygfipy 7 =17.63 MPa 4
I (44274 % 10°°)2 % 16 x 107)
(b) At point a, 0 =0, =86.4x10°mm* = 86,4 x10° m*
_Vo _ _@Ox10)864x107) 101 105 r = 13.01 MPa 4

It (44274 x 107°)(12 x 107)




10 kips 10 kips

in. PROBLEM 6.12
i

i |=

8in.

T

B o

For the beam and loading shown, consider

in. section n-n and determine (a) the largest
shearing stress in that section, (b) the shearing
stress at point a.

| =

"168in.  12in.  16in

,.,_a;.il._ !____'*!_ == 4 in. t |
ﬁ» I .a_!=—~J

__‘Ir_
-

SOLUTION
V (kigs)
By symmetry, R, = Rg. \o
A2F -0 R, +Rz-10-10=0 | N
R, = Rz =10 kips
From the shear diagram, ¥V =10 kips at nn. 4
1,.,5 1 .3
j s
50— i
. ;3 1 3 _ -4
= E{4)(4;. - E(3};(3} = 14,583 in (—An
\ 77772 S I,
— — 1 1 - 3 N N 2in.
(a) 0= 4y + 4y, =3) 5 (1.75) + (2) 5 2)(1) = 4.625 in % N
)
11 . A/_/
:=E+E =1in 2

__Vo _qaoy4e62)
@ (14.583)()

@ Q== (4)[%]{1.?5) 350
1 1

-
LYo _ (103.3)
It (14.583X1)

lin.

Tonax = 3.17 ksi 4

A
e ]
bm.

z, = 240 ksi 4




PROBLEM 6.13

m‘L" z For a beam having the cross section shown, determine the largest
301_ ) allowable vertical shear if the shearing stress is not to exceed
* § 60 MPa.
Dimensions in mm -I_
o M
N
10
=
SOLUTION
_ L'-’J.Llfl Diensions
nl AN praresey
3o ¥ T
-+ as
ik \—4— ua iz
2o
—4 35
o NN
PN \L\

Calculate moment of inertia.

1

I= 12(50mm)(]20mm)3 - 2[%(30mm)4 + (30mm x 30mm)(35mm)2|J

2
I =72x10°mm* — 2[1.170 x 10° mm*] = 4.86 x 10° mm*
=486x10°m*

Assume that z,, occurs at point a.

¢ = 2(10mm) = 0.02m
Q = (10mm x 50 mm)(55mm) + 2[(10 mm x 30 mm)(35 mm)]
=485x10°mm’ =48.5x10°m’

PROPRIETARY MATERIAL © 2012 The McGraw-Hill Companies, Inc, Al rights reserved. No part of this Manual may be displayed,
reproduced, or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
hers and ed: P itted by McGraw-Hill for their individual course preparation. A student using this manual is using it
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PROBLEM 6.13 (Continued)

For 7, = 60 MPa, T =Ty = }—LQ
, -6 3
B el 8T I 0] V =1203kN o

(4.86 x 107 m")(0.02m)
Check 7 at neutral axis: f=50mm=0.05m
Q= (50 x 60)(30) — (30 x 30)(35) = 58.5 x 10’ mm’

N -6 3
Fe Vo _ (120.3 kN)(is.SJx 107°m?) =29.0MPa < 60MPa OK
It (4.86 x 107" m” )(0.05m)




Dimensions in mm 40

PROBLEM 6.14

For a beam having the cross section shown, determine the largest
allowable vertical shear if the shearing stress is not to exceed 60
MPa.

SOLUTION

=0

"
|

o 40w

i - 30 —410 -

N

NRE

Mg,

y,
L L 4]
-

Thg

Calculate moment of inertia.

1 1 1
I= z[ﬁ(m mm)(120 rnm)3|J - E(sn mm)(40 mm)?

= 2[1.440 x 10° mm*] + 0.160 x 10° mm*
= 3.04 x 10° mm*

I =3.04 x10¢m*

Assume that 7,, occurs at point a.

t =10mm=0.0Im
O =(10mm x 40mm )40 mm)
=16x10° mm* Q0=16x10"°m?

For z,, = 60 MPa, T, =7, =F§—
r -6 ___3
60 x 10°Pa = — (o x 10 o) ¥ =1140kN 4
(304 x10° m*)(0.01m)

Check r at neutral axis:
t=50mm=0.05m
0 =2[(10 x 60X30)] + (30 x 20)(10) = 42 x 10°m? = 42x 10° m*

_ VO _ (114.0kN)42 x 10°m’)
I (3.04x107° m' ) 0.05 m)

= 315MPa< 60MPa OK




2.4 kN 4.5 kN

PROBLEM 6.16

b
& = _’F_ T’_ For the beam and loading shown, determine the minimum
N ——-1_"__“3 — Y —— m w: 150 mm required width b, knowing that for the grade of timber
f T used, ¢,, = 12 MPa and r,;; = 825 kPa.
Il m—=p—1lm—=+—1 I'ﬂ4>|
SOLUTICN
V G F)Mp=0: —3R, +(2)(24) + (1)4.8)= 0
3.2 R, =32kN
(2.2) 506 Draw shear and bending moment diagrams.
0.3 )
P 5 = FT—% Vo =40KN  |M| =40kN-m
M 3
o) Bending: § :| |'“m‘ ot iR lc;
o 12x10
B0 — 3333310 m’ = 333.33 % 10° mm’
MCkN-m) :
Ue For a rectangular cross section,
8.2
p Lo
Faladl . alip
L lh o
# ¢ N 2 6S 26 10°
b =—; ! )(333'3{)‘ L 88.9 mm
h 150°
; Sheav. e %bh’ Jj:ll[h
= "f
% W Q:A;:%bhz, 1:%51:3
L v _w
et It 2bh

The required value for b is the larger one.

3

e LY. BORIT,

27 2825xi0
=72727 %107 m? = 7.2727 x 10° mm?

_bh_ 72727 x10°

- h 150

= 48.5 mm

5=88.9mm <«




PROBLEM 6.17

~{bj~= A timber beam 4B of length I and rectangular cross section carries a
AGLIIT IV VIV LLY, b“ Ih uniformly distributed load w and is supported as shown. (2) Show that
_(:Ii; " D ]&:——— 4 the ratio 7, /o, of the maximum values of the shearing and normal

stresses in the beam is equal to 2A/L, where k and L are, respectively,
the depth and the length of the beam. (h) Determine the depth /& and
A the width 5 of the beam, knowing that L =5 m, w = 8§ kN/m,
z,, = 1.08 MPa, and 7,, =12 MPa.

SOLUTION

From shear diagram, Wl = (1)

4 For rectangular section, A = bh (2)

3V,
[\ h T2 s 2
b wi?
\I \I From bending moment diagram, |M|,, = 5 (4)

g m For a rectangular cross section,
M s =Ly (5)
6
2
T~ |_A-drs.-'lﬂ - 1115:2 0
. 5
-%i.-. B ;T.-‘? (@  Dividing Eq. (3) by Eq. (6), ;i,; = 5
()  Solving for k:
_Ln, _ ON.08x10%) _ s 16m h=225mm o

20,  (2)(12 % 10%)
Solving Eq. (3) for &:

Iwl _ (3)8 x 10°X5)
8ht,,  (B)(225 x 107*)(1.08 x 10%)

=61.7%107m b =617 mm 4




Dimensions in mm

PROBLEM 6.37

Knowing that a given vertical shear ¥V causes a maximum shearing stress of 75
MPa in an extruded beam having the cross section shown, determine the shearing

stress at the three points indicated.

SOLUTION

Point ¢

Point b:

Point a;

(Q1),, occurs at b,

= ? 7 is proportional to O/,
t
Q. = (30)(10)(75)
= 22.5% 10°mm’
t. = 10 mm

O./t. = 2250 mm>

0, = 0. + (20)(50)(55)
= 77.5x 10°mm’
t; = 20 mm
Oy/t; = 3875 mm’
0. = 20, + (120)(30)(15)
= 209 x 10°mm’
£, =120 mm
0,/t, = 1741,67 mm*

z, =17, =75 MPa

Ta _ r.El _ Tc
Qa&a Q.b "lr‘tb Qc‘llr r|:'
[ _ T5MPa A

1741.67 mm? 3875 mm> 2250 mm>

% N
Y

a.

s st

7, = 33.7 MPa <
7, = 75.0 MPa 4
7, = 43.5MPa o




10 MPa

<L- 40 MPa
[ 7
‘ 0 M Pa

-

Fig. 7.11

= 30 MPa

\ e = TOMPa
(/\/\{- 26.6°

/\/\

Fig. 7.12

Lr$ e

\ /“ 26.6°
Tl]ll\\fS

o' 0, = 0,— 45 = —18.4°

Fig. 7.13

o' =20 MPa

i
o' =20 MPa

Fig. 7.14

For the state of plane stress shown in Fig. 7.11, determine (4) the prin-
cipal planes, (h) the principal stresses, (¢) the maximum shearing stress
and the corresponding normal stress.

(@) Principal Planes.
write the stress components as

Following the usual sign convention, we

o, = +30 MPa o, = —10 MPa Ty = +40 MPa
Substituting into Eq. (7.12), we have
27, 2(+40) 80
y
an 28. = = = —
an 2 = =0, 50-(-10) 60
28, = 53.1° and 150° + 53.1° = 233.1°
0, = 26.6° and 116.6°

(b) Principal Stresses. Formula (7.14) vields

i o, — o, \2
gy r v 2
o in = = \/ ———i] e e
max. nin 2 ( 2 ) iy
=20 + V(30) + (40)?
Ohn = 20+ 50 = 70 MPa
T pin = 20 — 50 = =30 MPa

The principal planes and principal stresses are sketched in Fig. 7.12. Mak-
ing @ = 26.6° in Eq. (7.3). we check that the normal stress exerted on
face BC of the element is the maximum stress:

50— 10 50+ 10

o= = + - cos 53.1° + 40 sin 53.1°

)

= 20 + 30 cos 533.1° + 40 sin 33.1° = 70 MPa =

Jmax

(¢} Maximum Shearing Stress.

o, — 0o, z . 5 3
Tom = 72 + Tey = V (30) + (40)" = 50 MPa

Formula (7.16) vields

Since o, and o, have opposite signs, the value obtained for 7,
actually repre*;ents the maximum value of 1':]1(—* shearing stress at the point
considered. The orientation of the planes of maximum shearing stress and
the sense of the shearing stresses are best determined by passing a section
along the diagonal plane AC of the element of Fig. 7.12. Since the faces
AB and BC of the element are contained in the prin(;ipal p]anes»:, the
diagonal plane AC must be one of the planes of maximum shearing stress
(Fig. 7.13). Furthermore, the equilibrium conditions for the prismatic
element ABC require that the shearing stress exerted on AC be directed
as shown. The cubic element corresponding to the maximum shearing
stress is shown in Fig. 7.14. The normal stress on each of the four faces
of the element is given by Eq. (7.17):

o, + o,
[r — cr‘mr — .) —

30 - 10

= 20 MPa




T(r,r = 85.54 ksi

b ir = 796 ksi

=l Q=

-

/ F = 13.52 ksi
r

? il
(L He —/
= s
h a.. = 4.68 ksi

wriln

SAMPLE PROBLEM 7.1

A single horizontal force P of magnitude 150 Ib is applied to end D of lever
ABD. Knowing that portion AB of the lever has a diameter of 1.2 in., deter-
mine (a) the normal and shearing stresses on an element located at point H
and having sides parallel to the x and y axes, (b} the principal planes and the
principa] stresses at point H.

SOLUTION

Force-Couple Sysiem. We rt'p]ilt'e the force P h}‘ an l’t]lli\"ﬂ]l‘]lt force-
conp[c system at the center C of the transverse section L-(mtuiniug pnint H:

P=1501b T = (150 1b)(18 in.) = 2.7 kip - in.

M, = (150 Ib)(10in.) = 1.5 kip - in.

a. Stresses oy, ry, Txy at Point H. Using the sign convention shown
in Fig. 7.2, we determine the sense and the sign of each stress component
by carefully examining the sketch of the force-couple system at point C:
M 1.5 kip * in.}(0.6 in.

B +( lP X 7 ) o, = +8.54 ksi
1 17 (0.6in.)
Te (2.7 kip * in.)(0.6 in.)
— =+
] 3w (0.6in.)!

o, =0 o, =

T, = +7.96 ksi

L

1'15, =

We note that the shearing force P does not cause any shearing stress at
point H.

b. Principal Planes and Principal Stresses. Substituting the values of
the stress components into Eq. (7.12), we determine the orientation of the
principal planes:

5 27y, 2(7.96) _—
tdn-"TU,-tryT{)—S.Sdﬁ .
26, = —61.0° and 180° — 61.0° = +119°

8, = —30.5° and +59.5°

Substituting into Eq. (7.14), we determine the magnitudes of the principal
stresses:

o, t+ o, O 2 §
max, min x + Ty
- 2 2 Y

0 + 8.84 0 - 8584\ "
i \/(T) + (7.96) = +4.42 * 9.10

o

Il

= +13.52 ksi

"rlu.n
T = —4.65 ksi
Considering face ab of the element shown, we make 6, = =30.5%in Eq. (7.5)
and find o = —4.68 ksi. We conclude that the principal stresses are as

shown.



For the state of pl st already considered in Example 7.01,
{a) construct Mohrs circle, () determine the principal stresses,
¥ {¢) determine the maximum shem'ing stress and the c{)rrc:ipund.ing normal
stress.

- ME._L, 40 MPa (a) Construction of Mohr's Circle. ' We note from Fig. 7.19« that

\_'LE the normal stress exerted on the face oriented toward the v axis is

o H_;r tensile {positive) and that the shearing stress exerted on that face tends

to rotate the element counterclockwise. Point X of Mohr's circle, there-

fore, will be p!()lt('d to the right of the vertical axis and below the hori-

(@) zontal axis (Fig. 7.195). A similar inspection of the normal stress and

10*‘ = shearing stress exerted on the upper face of the element shows that

Y point ¥ should be plotted to the left of the vertical axis and above the

7 horizontal axis. Drawing the line XY, we obtain the center C of Mohr's
circle: its abscissa is

r(MPa))

8 A o{MPa)
] T . o, +to, 50+ (-10)
o, = 2 = 2 = 20 MPa

Since the sides of the shaded triangle are

CF =50 — 20 = 30 MPa and FX = 40 MPa

] the radius of the circle is

Fig. 7.19 R = CX = V(30)" + (40)* = 50 MPa

1The following jingle is helpful in remembering this convention. “In the kitchen, the elock
is above, and the counter is below.™

(b} Principal Planes and Principal Stresses. The principal

stresses are

T = 0OA = 0OC + CA =20 + 50 = T0 MPa

oy = OB = OC — BC = 20 — 50 = —30 MPa

Recalling that the angle ACX represents 26, (Fig. 7.19b), we write

FX 40
tan 28, = CF =3

26, =53.1° 8, = 26.6°

Since the rotation which brings CX into CA in Fig. 7.20b is conterclock-
wise, the rotation that brings Ox into the axis Oa corresponding to @,
in Fig. 7.20a is also counterclockwise,

(c) Maximum Shearing Stress. Since a further rotation of 90°
counterclockwise brings CA into CD in Fig, 7.20b, a further rotation of
45° counterclockwise will bring the axis Oa into the axis Od corresponding
to the maxinnun shearing stress in Fig, 7.20a. We note from Fig. 7.20h
that 7, = R = 50 MPa and that the corresponding normal stress is o =
e = 20 MPa. Since point D is located above the o axis in Fig. 7.200,
the shearing stresses exerted on the faces perpendicular to Od in Fig, 7.20a
must be directed so that they will tend to rotate the element clockwise.

o' = 20 MPa a'= 20 MPa T(MPa))
e a'=ag, . =20

."r‘“ 7, Tawe = 50 MPa . )
e <]

/5
! \ P —+—3

, X g, = T0MPa ‘\
40~ N
Yoo ok i = 30 MPa
'—P—ok]‘{_. b S el \
] * PR (I
41— i = — 30
L))
(a) h

Fig. 7.20




|
Tm MPa

““‘T[ 'Mmup .

—= 15 MPa

|

r(MPa) )

o, = N0 MPa

= JI X(100, 48)

ir =

25 M1

Y(60, —48) *

- o = 132 MPa -

s

1

*TEJ. 1l—b/ﬂ =337

+ @ = 25MPa

/\JA TN = 132 MPa

‘\.
L

¢ = 180° - 60° — 67.4°

T LMl'il] ) ¢ s szlﬁa

=1116MPa ¥

(/

/\\// 7. =413 MPa

\ﬁ' 30°

: — g
Zﬂp-ﬁuA
o (MPa)

= },—’m = 48.4 MPa

._1@. i~

SAMPLE PROBLEM 7.2

For the state of plane stress shown, determine (a) the principal planes and
the principa] stresses, (D) the stress components exerted on the element
obtained by rotating the given element counterclockwise through 30°.

SOLUTION

Construction of Mohr's Circle. We note that on a face perpendicular
to the x axis, the normal stress is tensile and the shearing stress tends to rotate
the element clockwise; thus, we plot X at a point 100 units to the right of
the vertical axis and 48 units above the horizontal axis. In a similar fashion, we
examine the stress components on the upper face and plot point Y(60, —45).
Joining points X and Y by a straight line, we define the center € of Mohr’s
circle. The abscissa of C, which represents @ ., and the radius R of the circle

an be measured directly or calculated as follows:

= OC = ya, + 0,) = 5100 + 60) = 80 MPa
= V(CF) + (FX)* = V/(20)® + (48)® = 52 MPa

a. Principal Planes and Principal Stresses. We rotate the diameter
XY clockwise through 26, until it coincides with the diameter AB. We have

XF 48 e _warEs
tdtl_ﬂp—ﬁ—ﬁ—f‘!d 20, =674°) 6,=2337°)
The principal stresses are represented by the abscissas of points A and B:

Con =OA=0C+CA=80+52 o,,.= +132\MPa
Oue=OB=0C—BC=8-52 o,,=+ 25MPa
Since the rotation that brings XY into AB is clockwise. the rotation that

brings Ox into the axis Oa corresponding to o, is also clockwise; we obtain
the orientation shown for the principal planes.

b. Stress Components on Element Rotated 30°". Points X’ and Y’
on Mohrs circle that correspond to the stress components on the rotated
element are obtained by rotating XY counterclockwise through 28 = 60°,
We find

¢ = 150° — 60° — 67.4°

o, =0K=0C — KC = 80 — 52cos 52.6° o,
o, =0OL=0C+CL =80+ 52cos526° o,
Tyy = KX' = 52 sin 52.6° Tak

¢ = 52.6°
+ 454 MPa
+111.6 MPa
41.3 MPa

Since X' is located above the horizontal axis, the shearing stress on the face
perpendicular to Ox' tends to rotate the element clockwise.



80 MPa PROBLEM 7.2

derivations of Sec. 7.2.

For the given state of stress, determine the normal and shearing stresses
swmpa  exerted on the oblique face of the shaded triangular element shown. Use a
method of analysis based on the equilibrium of that element, as was done in the

SOLUTION
30 MPa, T 20 Acss S5°
Acos S£°
S5 S5 :n
Yo MPa = Yo A a5
~— A i -
6 &A
Stresses Areas Forces
+/3F = 0:

oA — 804 cos55° cos55° + 404 sin 55° sin 55° =
o = 80 cos”55° — 40sin” 55°
+\ ZF =0
7A — 804 cos 55° sin 55° — 404 sin 55°cos 55°

7 = 120 cos 55° sin 55°

o = -0.521 MPa 4

7 =564 MPa 4




3
#

45 MPa PROBLEM 7.4

j—.@— For the given state of stress, determine the normal and shearing stresses
75"

o~ Mpa €xerted on the oblique face of the shaded triangular element shown. Use a

method of analysis based on the equilibrium of that element, as was done in the
derivations of Sec. 7.2.

18 MPa

SOLUTION

4 Mg us A coslS®
18 1P, 13 A o
150 21 MPQ.. A e Iso ] o 21 A Sih K’
z \N'j A
G 18 MPa. Asinls®
GA 13 AsiniS®
Stresses Areas Forces

+/ EF=0: 0A+184 cos15°sin 15°
+454 cos 15°cos 15°—27 4 sin 15° sin 15°
+ 184 sin 15° cos 15°=0

o= —18 cos 15° sin 15°—45 cos” 15°

+27sin” 15°—18 sin 15° cos 15°

o=-492 MPa 4
N XF=0: 74+184 cos 15° cos 15°
—454 cos 15° sin 15°
—27A4 sin 15° cos 15°
—184 sin 15° sin 15°=0

7=—18(cos’ 15°—sin® 15°)+(45+27)cos 15° sin 15°

7=2.41MPa 4




40 MPa

¥ 35MPa

: % 60 MPa

4

PROBLEM 7.9

For the given state of stress, determine (@) the orientation of the planes of
maximum in-plane shearing stress, (b) the maximum in-plane shearing stress,
(¢) the corresponding normal stress.

Y
SOLUTION
0,=—60 MPa o, =-40 MPa 7, =35MPa
o -0
(@) tan 28, =-——2 —560”0 =(0.2857
o (2X35)
28, =15.95° 0. =8.0° 98.0° 4
o, — 0. ;

- ] Y

() ’E‘m——J[ : ) +7,,

2
= J[:@;ﬂ) +(35)°

_0.+0, _

7,0 =36.4 MPa

~oh=dy o’ =-50.0 MPa <

() o'=0,, =

2




80 MPa

frrf—
/

el

__} _ 50MPa

PROBLEM 7.16

For the given state of stress, determine the normal and shearing stresses after the element
shown has been rotated through (a) 25° clockwise, (5) 10° counterclockwise.

SOLUTION
0,=0 o0,=-80MPa 7, =-50MPa
o, t0, O,—0,
g, ta, 0.,~0 ;
o 85 Y + cos 20 +7_, sin 26
2 2 ¥
i ¢ L
Ty =— Ysin 28 + 7, cos 28
2 ¥
o.to, 0,-0 ;
O,=— X _ Y cos 28 -1, sin 26
Y 2 2 R4
(@) 8=-25° 26=-50°
G, =40+ 40 cos (~50°) - 50 sin (~50°) o, =24.0 MPa 4
Ty =—40 sin (-50°) - 50 cos (~50°) 7y =-1.5 MPa 4
0, =40~ 40 cos (-50°)+ 50 sin (-50°) o, =-104.0 MPa 4
(b) €=10° 20=20°
0, =—40 + 40 cos (20°) — 50 sin (20°) o, =-19.5MPa <
7,4, =—40 sin (20°) - 50 cos (20°) Ty ==60.7 MPa 4
0, =—40 - 40 cos (20°) + 50 sin (20°) o, =-60.5 MPa <




I 1.6 MPa

T

PROBLEM 7.17

The grain of a wooden member forms an angle of 15° with the vertical. For the
state of stress shown, determine (a) the in-plane shearing stress parallel to the
grain, (b) the normal stress perpendicular to the grain.

SOLUTION
g, = —4 MPa O'y =—-1.6 MPa Txy =0
8 = -15° 26 = -30°

ag.—a
(@ 1, =—"—"sin20+7,,cos26

—4 - (-1.6

10 (=30°) + 0 T,y = —0.600 MPa <
o, +0 -0

b)) o =—7 > X+ ——2L c0s 26 +17,, 5in 26

_ A+ (16 4-(-16)

2

cos (—30°) + 0 O, =-3.84 MPa




y PROBLEM 7.25

The steel pipe A8 has a 102-mm outer diameter and a 6-mm wall
thickness. Knowing that arm CD is rigidly attached to the pipe,
determine the principal stresses and the maximum shearing stress
at point X.

SOLUTION

o
i
|2
2

]

Ji=

SIS

() -r*)=4.1855x10°mm*
.1855%10°m*

I=—J=20927x10"°m*

I
= &

Force-couple system at center of tube in the plane containing points H and X
F.=10kN
=10x10°N y
M, =(10x10°)(200x107)
=2000 N-m
M. =—(10x10*)(150x107*)
=-—1500 N-m
Torsion: At point K, place local x-axis in negative global z-direction.
T=M,=2000N-m Y
c=r,=51x10"m
Tc _ (2000)(51x10°) l K

A 4.1855%10° e X
=24.37x10°Pa
=24.37 MPa



PROBLEM 7.25 (Continued)

Transverse shear: Stress due to transverse shear V' = F_ is zero at point K.

Bending:

_ M Je _ (1500)(51x107) _

o, —~=36.56x10°Pa =36.56 MPa
! 2.0927x10°

Point X lies on compression side of neutral axis:

o, =—36.56 MPa

Total stresses at point X

o =24.37 MPa

X

=0, 0,=-36.56MPa, T,

1
O e =E(0'x +0,)=-18.28 MPa

2
o,—0
R—‘j[ 5 y} +17;, =30.46 MPa

=0, +R=-1828+3046 G =12.18 MPa 4

a-max
O in = Opye — R=—18.28-30.46 0., =—48.7 MPa 4

T = B 7. =30.5MPa 4




PROBLEM 7.31

40 MPa
ke Solve Probs. 7.5 and 7.9, using Mohr’s circle.

35 MPa

2 G0MPa PROBLEM 7.5 through 7.8 For the given state of stress, determine (a) the
T i principal planes, (b) the principal stresses.

P feseh PROBLEM 7.9 through 7.12 For the given state of stress, determine (a) the

in-plane shearing stress, (¢) the corresponding normal stress.

orientation of the planes of maximum in-plane shearing stress, (#) the maximum

SOLUTION

o, =—60 MPa,
g, =—40 MPa,
T,y =35 MPa

0,10

Ie = ¥ _-_50MPa

aeg

Plotted points for Mohr’s circle:
X:(0,,T,)=(-60 MPa, —35 MPa)
¥:(o,, 7,,) =(-40 MPa, 35 MPa)
C:(Oye» 0) =(—50 MPa, 0)

GX 35

(@) tan 8= e 3.500
B =74.05°
8, = —%ﬁ =-37.03° 8,=-37.0° 4
o =180°— §=105.95°
g, = %a’ =52.97° 8, =53.0° 4
R=VCG +GX =107 +35% =36.4 MPa
(b)) Opn=0,,—-R=-50-364 O, =864 MPa
Crox = O e + R=-50+36.4 Opax =—13.6 MPa 4
(@) 8,=0,+45°=797° 8,=8.0° 4
6, =6, +45°=97.97° 8, =98.0° 4
T = R=36.4 MPa Tpax =36.4 MPa 4
() o'=0,,=-50MPa ¢’ =-50.0 MPa o




PROBLEM 7.32

12 ksi

-~ Solve Probs 7.7 and 7.11, using Mohr’s circle.

]

“1 | 4% PROBLEM 7.5 through 7.8 For the given state of stress, determine (a) the
i principal planes, (4) the principal stresses.

15 ksi
o PROBLEM 7.9 through 7.12 For the given state of stress, determine (a) the
orientation of the planes of maximum in-plane shearing stress, () the maximum in-

plane shearing stress, (c) the corresponding normal stress.

SOLUTION
o, =4 ksi,
G, =-12 ksi,
T,y =—15 ki
o, +0 .
G = T’”z —4 ksi

Plotted points for Mohr’s circle:
X (0, —T,,) = (4 ksi, 15 ksi)
Y:(0,, 7,,) =(-12 ksi, 15 ksi)
C:(0es 0) = (—4 ksi, 0)

(@) tan QZE:E:LS?S
CcF 8
a=61.93°
1

8, =——a=-3096°
2
B=180°—a=118.07°

1
6, =5 f=59.08°

R=\J(CFY +(FX)? =J(8)° + (15} =17 ksi

(B) 0,=0py =O0pe +R=—4+17
Omin = Omin = Oye — K=—4-17
(@) 6,=0,+45°=14.04°
8 =6, +45°=104.04°
Tox = R

(bj) 0-, = ﬂ-avf:

T e

8, =-31.0° 4

6, =59.0° 4

O oy =13.00 ksi
O,.,=—21.0ksi
8, =14.0° 4
8, =104.0° 4
Towe =17.00 ksi 4

o’ =—4.00ksi 4




~+e

=

T 30 MPa

0 MPa PROBLEM 7.36
Solve Prob 7.14, using Mohr’s circle.
60 M Pa
| PROBLEM 7.13 through 7.16 For the given state of stress, determine the

normal and shearing stresses after the element shown has been rotated through
() 25° clockwise, (b) 10° counterclockwise.

SOLUTION

Plotted points for Mohr’s circle: 7 (mPa

1]
X: (—60 MPa, —30 MPa) %
¥: (90 MPa, 30 MPa)

® e
C: (15 MPa, 0) slF

78 {MPa)

&)
rd
L]

20,=21.80° 6,=1090° | =

R=VEC +FX =+75 +30% =80.78 MPa

25° 2, 20=50° 2

(@) @=25°

@=20-28, =50°-21.80°=2820° 2
0, =0,, —Rcosp o, =—562 MPa 4
Ty =—Rsing T, =382 MPa o

Oy =0, + R cos@ o, =862 MPa 4

PROPRIETARY MATERIAL © 2012 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced, or distributed in any form or by any means, without the prior written permission of the publisher, or used heyond the limited

distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. A student using this manual is using it

without permission.

PROBLEM 7.36 (Continued)

73 (Mpa)
Y’
Y
g o G
2w < (nfa)
28,
*\ ¢
xl
B 8=10°"D, 20=20°"
q)=29p +20=21.80°+20° = 41.80° D

O, =0, —Rcosg o, =—452MPa 4
Ty =Rsing 7,y =53.8 MPa «

G, =0, + Rcosg@ o, =752 MPa 4




Il.ﬁ MPa PROBLEM 7.39

g Solve Prob. 7.17, using Mohr’s circle.
Wi 11 4MPa
—> '=—— PROBLEM 7.17 The grain of a wooden member forms an angle of 15° with the
r P11 gl vertical. For the state of stress shown, determine («) the in-plane shearing stress
o I {:150 parallel to the grain, () the normal stress perpendicular to the grain.
SOLUTION
o,=—4MPa og,=-16MPa 7,=0
o, +0,
Ope =——— =—28MPa
Plotted points for Mohr’s circle: 22 ) (MFa)

X:(0,,-7,) = (-4 MPa, 0)

¥: (0, 7,) = (~1.6 MPa, 0)
X {3 = Y T

C:(0,,,.0) = (2.8 MPa, 0)
ave (N.Fa.}
8 =—-15° 28=-30°

CX =12MPa R =12MPa

(@) Ty =—CX'sin30° = —Rsin30° = —125in30° 7, = —0.600 MPa 4

(b)) ©6.=0,, —CX c0s30° = —2.8 — 1.2c0s30° G, = —3.84 MPa <




— 400 psi

]
|
!

PROBLEM 7.40

Solve Prob. 7.18, using Mohr’s circle.

PROBLEM 7.18 The grain of a wooden member forms an angle of 15° with the

vertical. For the state of stress shown, determine () the in-plane shearing stress parallel
to the grain, (b} the normal stress perpendicular to the grain.
SOLUTION
o, =0, =0, 7, =400psi
o, t0o
G, = ——2 =0
ave 2
T (M)
Points: i
X: (0, T,,) = (0,—400 psi)
¥: (6,,7,,) = (0,400 psi) clo 6
¥ tay P (MPa)
C: (G- 0 = (0,0)
3
& = —15°, 28 = -30° X! "
CX = R = 400 psi
(@ T = Rcos30° = 400 cos30° T,y = 346 psi 4

) G, =0.. — Rsin30° = —400 sin30° ., =—200psi 4
X ave X P




PROBLEM 7.41

Solve Prob. 7.19, using Mohr’s circle.

PROBLEM 7.19 A steel pipe of 12-in. outer diameter is fabricated from
+-in.-thick plate by welding along a helix which forms an angle of 22.5° with
a plane perpendicular to the axis of the pipe. Knowing that a 40-kip axial force
P and an 80-kip - in. torque T, each directed as shown, are applied to the pipe,
determine ¢ and t in directions, respectively, normal and tangential to the

weld.

SOLUTION
H, 2344 [esy

T

Y

> |, 5063 ks

d,=12in. ¢, =%d2 =6in., (=0.25in.

C] :(-'2 —IZS.TS in.
A=x(; — ¢ )=n(6" ~5.75") =9.2284 in”

J=2(c3 —cf)=2(6* -5.75") =318.67 in*
¥ 2 2
T Stresses:
0':——13:— 2 =—4.3344 ksi
A 02284
w k| A% =— (80)(6) =1.5063 ksi
725 J 31867
0, =0, 0,=-43344ksi, 7,,=1.5063 ksi
Draw the Mohr’s circle.
. X (0,-1.5063 ksi)
¥Y: (—4.3344 ksi, 1.5063 ksi)
C: (—2.1672 ksi, 0)
L TATH
tan & = 13065 =0.69504 a=3418°
¥ 2.1672
B=(2)(22.5) - =10.8°
45. & 2 2
1 ) £ T &E’:} R=J(2.1672) +(1.5063)" =2.6393 ksi
W A 1.506
g g, =—2.1672 - 2.6393 cos 10.8°
¥
7, =—2.63935in10.2°
l" U —p—1,1672

o, =—4.76 ksi 4

1, =—0.467 ksi 4




[ S—— PROBLEM 7.42
|
a | Solve Prob. 7.20, using Mohr’s circle.
8
ol fo
5[:‘ T — -i-—-

determine the largest centric load P th

PROBLEM 7.20 Two members of uniform cross section 50x80 mm are glued
together along plane a-a that forms an angle of 25° with the horizontal. Knowing
that the allowable stresses for the glued joint are =800 kPa and 7=600 kPa,

at can be applied.

SOLUTION
P/A
J’I T

o, =0
T =0
o, = P/A
A=(50x107}80x107%)

=4x107 m?
i{lﬂ:ﬂsSD“)
24

24

P:*ﬁ

1+ cos50°

o=

pe (2)(4x107° Y800 10°)
B 1+ cos 50°
P<390x10°N

2AT

<&

x!

Spe°

o
s, -7)

o

-3
- (2)@4x10 )(60ﬂx103)=6_2?xm3N

P
T=—-sin50° P=
24

Choosing the smaller value,

sin50°

sin 50°
P=390kN 4




PROBLEM 7.43

100 kN

Solve Prob. 7.21, using Mohr’s circle.

PROBLEM 7.21 Two steel plates of uniform cross section 10 x 80 mm
are welded together as shown. Knowing that centric 100-kN forces are
applied to the welded plates and that § = 25°, determine (a) the in-
plane shearing stress parallel to the weld, (b) the normal stress
perpendicular to the weld.

100 kN

SOLUTION
7 5
o 1003"‘10 — = 125%10° Pa= 125 MPa
A (10x 107380 x 107
g, =0 T, =0
Y x
So° & From Mohr’s circle:
(a) 7,, = 62.5sin50° 7, = 47.9MPa 4
W b o, = 62.5+ 62.5c0s50°
2.5 — o, =102.7 MPa 4
125 » w




PROBLEM 7.45

Solve Prob. 7.23, using Mohr’s circle.

PROBLEM 7.23 A 400-1b vertical force is applied at D to a gear
attached to the solid l-in.-diameter shaft AB. Determine the principal
stresses and the maximum shearing stress at point / located as shown

on top of the shaft.

A00 b

SOLUTION

Equivalent force-couple system at center of shaft in section at point H:

V=4001b M = (400)(6) = 2400 Ib - in
T = (400)(2) = 800 Ib - in

Shaft cross section d =1in, = %d =0.5in.

L= %04 = 0,098175in* 1= %J = 0.049087 in*

Torsion: = Tol _S0N0) 4,074 x10° psi = 4,074 ksi
J o 0.098175
Bending; o= Me _ (2800005) _ 54 446 %107 psi = 24.446 ksi
I 0.049087
Transverse shear: Stress at point /1 is zero.
Resultant stresses: O, = 24.446 ksi, o, =0, 7, = 4.074 ksi
1 ;
% | (usid O = (0, + 0,) = 12223 ksi
b | 2
O~
\ R= J[¥] +1;f
2 ¥
B A G"'
\ < i = \(12.223)% + (4.074)> = 12.884 ksi
\ £ 0, =0,,+R o, = 25.107ksi 4
- Oy =0Cp— R 0, = —0.661 ksi
12,175
25,107 Toax = R Toax = 12.88ksi o




PROBLEM 7.46

Solve Prob. 7.24 using Mohr’s circle.

PROBLEM 7.24 A mechanic uses a crowfoot wrench to loosen a bolt
at £ Knowing that the mechanic applies a vertical 24-1b force at 4,
determine the principal stresses and the maximum shearing stress at
point H located as shown as on top of the 3 -in.-diameter shaft.

SOLUTION

Equivalent force-couple system at center of shaft in section at point H:
V=241b M =(24)6)=1441b-in

T = (24)(10) = 240 Ib - in

Shaft cross section;

Torsion:

Bending:

Transverse shear:

Resultant stresses:

) Limi)
¥
B A g
r Gesi
28,

~ %

l+—3.477

- 5. 116

d=075in. ¢= %d =0.375in.

J = %c" =0.031063in* 1= %J = 0.015532 in*

. 3¢ » (240)0.375)

= 2.897 x 10° psi = 2.897 ksi

J 0031063
= Me _ QOID) _ 5477 x10° psi = 3.477 ksi
I 0015532

At point H, stress due to transverse shear is zero.

0, =3477ksi, 0,=0, 7, =2.897ksi

Ope = %(ax +0,) = 1.738ksi

2

o, -0
2 x ¥ 2
R-J{ > ]+r

= J1.738% + 2.8977 = 3378 ksi

6,=0,, +R 0, =5.116ksi 4
Oy = Gy — R o, =-1640ksi 4
Tomx = R Toax = 3.378ksi o
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] PROBLEM 7.47

Solve Prob. 7.25, using Mohr’s circle.

6mm A 51 mm

PROBLEM 7.25 The steel pipe 48 has a 102-mm outer diameter
and a 6-mm wall thickness. Knowing that arm CD is rigidly
attached to the pipe, determine the principal stresses and the
maximum shearing stress at point K.

SOLUTION

|

102

v, = = 51mm n=r —1=45mm

8

J= E(r: - 1) = 41855 10° mm* = 4.1855% 10°% m*

I= %J =2.0927 x10%m*

Force-couple system at center of tube in the plane containing points A/ and K:
F,=10x10°N
- 3 -3y —
M, = (10X 10° )(200 X 1077) = 2000 N - m
M, =—(10x10°)(150x107) = ~1500 N - m

Torsion: Y T=M,=2000N m yl,_..
5 * ®
Z 3 -_—
| %, = Te _ (2000)(51 % 105 ) 2437 MPa
J 4.1855 X 107

Note that the local x-axis is taken along a negative global z-direction.

Transverse shear: Stress due to ¥ = F_is zero at point K.
M |c x107
Bending: |"rl _IM.e _ asonst 104, Iz
I 2.0927 x 10
Point X lies on compression side of neutral axis. a, = —36.56 MPa
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PROBLEM 7.47 (Continued)

Total stresses at point K: o,=0, 0, =-36.56MPa, = 24.37 MPa

Ty
s l e
G = E(a‘ +0,) =—-1828 MPa

T3 (R

2
c,— 0
[w"w—lJ + 12, = 30.46 MPa
2 >

Opax = Oy + R = —18.28 + 30.46
6 (mPa) e we

; (o]
\ G = 12.18 MPa
> » Opin = O — R = —18.28 — 30.46

O = —48.74MPa 4



Y PROBLEM 7.47

Solve Prob. 7.25, using Moht’s circle.

51 mmn

PROBLEM 7.25 The stezl pipe 48 has a 102-mm outer diameter
and a 6-mm wall thickness. Knowing that arm CD is rigidly
attached 1o the pipe, determine the principal stresses and the
maximum shearing stress at point K.

SOLUTION
rﬂ=§5’-=~l£%=51mm r=r —t=45mm
2 2
J= 12’—( 4~ 7t) = 41855 10° mm* = 4.1855 x 106 m*

I= %J =2.0927%10°m*

Force-couple system at center of tube in the plane containing points A and K:
F, =10x10°N
— 3 3y —
M, = (10X 10° 200 x 107) = 2000 N - m
M, = 10x10° 150 107) = —1500 N - m

Torsion: y T=My=2000N-m -Yl___._
@ ¢=r=51x107m i x {
z o o | = —
{ T, _Te _ QOOONSIXI0T) _ o) o0 iy
L 4.1855%10°¢

Note that the local x-axis is taken along a negative global z-direction.

Transverse shear: Stress due to V' = F, is zero at point K.
M 5 i
Bending: lor,| = Me _ WX _ 56 56 MmPa
I 2.0927 x 10
Point K lies on compression side of neutral axis. o, = —36.56 MPa
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PROBLEM 7.47 (Continued)

Total stresses at point K o.=0, ©0,=-3656MPa, 7, =2437MPa
1

One = 50 +7,) = ~18.28MPa

2 ICEN

v + riv = 3046 MPa

. Etmy  Tnmx = O + R =-18.28 + 3046
Crin = T — B = —18.28 — 30.46

%

e R fax — 3046 MPa 4

Opae = 12.18 MPa o

g = —4874MPa o




PROBLEM 7.48
Selve Prob. 7.26, using Mohr’s circle.

PROBLEM 7.26 The axle of an automobile is acted upon by the
forces and couple shown. Knowing that the diameter of the solid
axle is 32 mm, determine (@) the principal planes and principal
stresses at point H located on top of the axle, (b) the maximum
shearing stress at the same point.

SCOLUTION
¢ :% = —(32) =16mm=16x10"m
Torsion: 7= & = -ET—;-
J  mc
T= M: 54399 % 10° Pa = 54.399 MPa
(16 X 107> m)
Bending: I= {}c“ = ~(16>< 107" = 51472 x 10°m*
= (0.15m)}3 x 10°N) = 450N - m
-3
o= M _ WOEXIT) _ 139 887 x 10° Pa = ~139.882 MPa
I 51.472% 10
Top view Stresses
u |
E—— aq.saz e
..
1-—°«’5="—J 54,399 MPa
o, =-139.882MPa, o,=0, 7, =-54399MPa
Plotted points; X:(~139.882,54.399);  Y:(0,— 54.399); C:(—69.941,0)

\_y (mﬂ}

= —(crI + o,)=—69.941 MPa

(214392383) +(54.399)% = 88.606 MPa
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=189°0), 6 =108.5°)«

PROBLEM 7.48 (Continued)
2 L
20, = > (54399
o, -0, -139.882
=0.77778
(a)
G, = Oy — R = —69.941 — 83.606
158.5 tPa. Oy = Oge + R = 69941+ 88.606
1)) T T =R
18,67 MPa

G, =-1585MPa 4
g, = 18.67MPa o
Towx = 88.6MPa o




8 ksi PROBLEM 7.49

R
] i Solve Prob. 7.27, using Mohr’s circle.
J : | PROBLEM 7.27 For the state of plane stress shown, determine (a) the largest
P i value of 7,, for which the maximum in-plane shearing stress is equal to or less
than 12 ksi, (#) the corresponding principal stresses.
SOLUTION

The center of the Mohr’s circle lies at point C with coordinates

o, +0
* Yy —{10-8 4}_ ;
[ 3 ,0] ( 7 0] (1ksi, 0).

The radius of the circle is 7, =12 ksi.

(in-plane)
[T

Y, )

| + b 1 kss I
= 8 ks'—ste— (037 —n

The stress point {0,,—7,,) lies along the line X, X, of the Mohr circle diagram. The extreme points with
R<12ksi are X, and X,.

(a) The largest allowable value of 7, is obtained from triangle CDX:
PXi = DX =\CXs ~CH"
7, =V12° -9’ 7, =794 ksi 4

(b) The principal stresses are o,=1+12 0,=13.00ksi 4

G, =1-12 g, =-11.00 ksi




lg MPa PROBLEM 7.52
Trl_f

F a7 ] Solve Prob. 7.30, using Mohr’s circle.

|
‘_I—i 75@' -‘I_Ic,j_{]), PROBLEM 7.30 For the state of plane stress shown, determine (@) the value of

T,, for which the in-plane shearing stress parallel to the weld is zero, (4) the

M e
i I correspending principal stresses.

SOLUTION

Point X of Mohr’s circle must lie on XX" so that ¢, =12 MPa, Likewise, point Y lies on line YY" so
that &, =2 MPa. The coordinates of C are

"'ZJ, 0= (7 MPa, 0).

150

¥
»
\ °
~_]
Q

T MPee———
12 HPa

[ o’

Counterclockwise rotation through 150° brings line CX to CB, where 7=0.

o.-0
R= "2 ysec30°=12 2sec30°=5.7'? MPa
e T o
(@) ‘T,5= 3 tan 30
= _%[an 30° T.‘ry =-2.80 MPa ‘
(b) 0,=0,,+R=T+577 0, =12.77 MPa 4

0,=0,,.—R=7-577 o, =123 MPa «




PROBLEM 7.112

The pressure tank shown has an 8-mm wall thickness and butt-welded
seams forming an angle £ = 20° with a transverse plane. For a gage
pressure of 600 kPa, determine (a) the normal stress perpendicular to the
weld, (b) the shearing stress parallel to the weld.

SOLUTION

d=16m (=8x10"m r:%d-!=0.792 m

pr_ (600x10°)0.792)
T 8x10”

pr_ (600x10°)0.792)
% 2XEx107)

Jl =

Oy =

Oge

=%(cr, +0,)=44.56x10°Pa

1
R:E(a,—az):ldl.SleOf'Pa
73

=59.4%x10°Pa

=29.7%10°Pa

, t/—e\:
T J

<
- Ppr
it

e Br >

(@ ©,=0,,-Rcos40°=33.17x10° Pa

(b) 7, =Rsin40°=9.55x10°Pa

o, =332 MPa 4

7, =9.55 MPa 4




PROBLEM 7.113

For the tank of Prob. 7.112, determine the largest allowable gage pressure,
knowing that the allowable normal stress perpendicular to the weld is
120 MPa and the allowable shearing stress parallel to the weld is 80 MPa.

PROBLEM 7.112 The pressure tank shown has a 8-mm wall thickness
and butt-welded seams forming an angle £ = 20° with a transverse plane.
For a gage pressure of 600 kPa, determine {(g) the normal stress
perpendicular to the weld, (b) the shearing stress parallel to the weld.

SOLUTION

d=16m ¢t=8x10"m r=%d-t=0.?92 m

I A s
¢ 2t

1 3 pr

g, =—(c+0,)=——

ave 2(1 2) 4 ¢

1 1 pr

R=—(0y-0y)=—"—

Sl -0 =25

o,=0,, —Rcosd(°

[i i 40")E =0.55852"
4 2 P /

o imi
| \C 6
%%a_]w
g

t L

Il

o (120x10°)8x107)
T 0.5585¢  (0.5585)(0.792)

7, = R sin 40° =[%sin40°)%=0.160?%

Tt (80x10°)(8x107)
P = 00607F  (0.1607)(0.792)

=2.17x10°Pa =2.17 MPa

P

=5.03%x10°Pa =5.03 MPa

The largest allowable pressure is the smaller value. p=2.17 MPa 4




PROBLEM 7.114

For the tank of Prob. 7.112, determine the range of values of £ that can be
used if the shearing stress parallel to the weld is not to exceed 12 MPa
when the gage pressure is 600 kPa.

PROBLEM 7.112 The pressure tank shown has a 8-mm wall thickness
and butt-welded seams forming an angle £ = 20° with a transverse plane.

For a gage pressure of 600 kPa, determine {a) the normal stress
perpendicular to the weld, (b) the shearing stress parallel to the weld.

SOLUTION

d=16m ¢=8x10"mm r:%d—t:0.792m

_ pr_ (600x10°)(0.792)
B 8x107
=59.4x10°Pa =594 MPa

o, =2 =297 MPa
2

R :%:14.35 MPa

7, = R|sin2 |

1sin 28,1= 72 = 12— 30808
R 1485

28, =-53.91°

28, =+53.91°

2, =180°—53.91° = +126.09°[]

2, =180°+53.91°=+233.91° D
Let the total range of values for £ be

Safe ranges for 5

B, =+427.0°

B, =27.0°

B =63.0°

B, =117.0°
—180° < 8 < 180°

—220°<8<27.0° 4
and 63.0°< £<117.0° 4




160 kN
Al
—=I, = 375 mm—+~ ‘

A

il

160 kN

=—(0.375 m —=

B

“-.i

. 206 mm
12.6 mm -1 ’<7 - <’| o,
|

L |'=‘

T T T4
¢=103mm | b 90 4 mm 5,
i s ¢ b
206 |
) i —=| |=—7.87 mm
B el o
1 =529 x 107%m*
§ = 511 x 1053
206 mm
12.6 mm 1 ‘ & ~|
C k4 1
T+ A=
103 mim t b 96.7 mm
t
(=
—_— T
: T)
—|L =
by = T

i - 1
\ i L \ N/ '1!;,
o S
./\ g =B TR
,\ 2 )J
==y
Il
-—L = 851 mm = ’
N
W200 x 52 b",'fi

the normal stress o, = 103.0 MPa and the shearing stress 7,

SAMPLE PROBLEM 8.1

A 160-kN force is applied as shown at the end of a W200 X 52 rolled-steel
beam. Neglecting the effect of fillets and of stress concentrations, determine
whether the normal stresses in the beam satisfy a design specification that
they be equal to or less than 150 MPa at section A-A".

SOLUTION

Shear and Bending Moment. At section A-A’, we have

M, = (160 kN)(0.375 m) = 60 kN + m
V_,; = 160 kN

Normal Stresses on Transverse Plane. Referring to the table of
Properties of Rolled-Steel Shapes in Appendix C, we obtain the data shown
and then determine the stresses o, and oy,

At point a:

M 60 kN -
o, = 2= = 1174 MPa
S 511 X 10°°m
At point b:
Uy 904 mm
= — = (117.4 MPa)— = 103.0 MP:
96 = Ta C ( a 1) 103 mm 4

We note that all normal stresses on the transverse plane are less than 150 MPa,

Shearing Stresses on Transverse Plane
At point a:

At point b:
Q = (206 X 12.6)(96.7) = 251.0 X 10’ mm® = 251.0 X 10°m*
_ VaQ _ (160 kN)(251.0 X 10"° m?)

= 96.5 MP:
It (529 % 107° m*)(0.00787 m) &

Principal Stress at Point b. The state of stress at point b consists of
= 96.5 MPa.

We draw Mohr’s circle and find

1 1 1 . .
(T.,,u=;CT;,+R=;U_l,+ ;a’b + 7
_ 1030 103.0Y .

- 1050 JB0Y + o)
T = 160.9 MPa

The specitication, @, = 150 MPa, is not satisficd

Comment. For this beam and loading, the principal stress at point b
is 36% larger than the normal stress at point a. For L = 881 mm, the maxi-
mum normal stress would oceur at point a.



Two forces P and P,, of magnitude Py = 15 kN and P, = 18 kN, are applied
as shown to the end A of bar AB, which is welded to a c»hndnc.a] member
BD of radius ¢ = 20 mm (Fig. 8.21). Knowing that the distance from A to
the axis of member BD is @ = 50 mm and assuming that all stresses remain
below the proportional limit of the material, determine (¢) the normal and
shes lr'mg_j stresses at p(lmt K of the transverse section of member BD located
at a distance b = 60 mm from end B, () the principal axes and principal
stresses at K, {c) the maximum shearing stress at K.

Internal Forces in Given Section. We first replace the forces P| and
P; by an equivalent system of forces and couples applied at the center C of
the section mnta.mmg point K (Fig. 8.22). This system, which represents the
internal forces in the section, consists of the folloqug forees and couples:

1. A centric axial force F equal to the force Py, of magnitude
F=P =15kN

2, A shearing force V equal to the force P,, of magnitude
V="p,=18kN

3. A twisting couple T of torque T equal to the moment of P, about
the axis of member BD:

T = Pya = (18 kN)(50 mm) = 900 N - m

4. A hending couple M,, of moment M, equal to the moment of P,
about a vertical axis through C:

M, = Pa = (15kN)(50 mm) = 750N - m

5. A bending couple M., of moment M. equal to the moment of P,
about a transverse, horizontal axis through C:
M, = P,b = (18 kN)(60 mm) = 1080 N - m
The results obtained are shown in Fig, 8.23

a. Normal and Shearing Stresses at Point K. Each of the
forces and conples shown in Fig. 8.23 can produce a normal or shearing
stress at point K. Our purpose is to compute separate 1\ cach of these
stresses, and then to add the normal stresses and add the she aring stresses.
But we must first determine the geometric properties of the section,

Geometric Properties of the Section We have

A = m® = 7(0.020 m)* = 1.257 X 107 m?
I, =1 = {mc* = {m(0.020 m)* = 125.7 x 10™° m*

Je = ime* = 3m(0.020 m)* = 251.3 X 107" m*
We also determine the first moment @ and the width ¢ of the area of the
cross section located above the z axis. Recalling that i = 4¢/3m for a
semicircle of radius e, we have

e 1 2 i(‘_ ..g
Q =A" —(21&,)(3“)—3

=533 x 107 m?

¢® = %(ﬂ 020 m)®

and

t =2 = 2(0.020 m) = 0.040 m

Normal Stresses. We observe that normal stresses are produced at
K by the centric force F and the bending couple M, but that the couple M,

a = 50 mm

P, = 1S kN

Fig. 8.21

M.
Fig. 8.22

Z/ [\l_: h _.“

V = 18kN
Fig. 8.23

529



o, = 1074 MPa 1S kN

£,y = —52.5 MPa
Fig. 8.24

ey
=214 M

Finsin

Fig. 8.26

\‘/

o =537 MPa

Fig. 8.27

s

e "

1285 MIP'a

ll

"“-.

a, “22?i°

IS kN

15 kN

'.'\I

does not produce any stress at K, since K is located on the neutral axis cor-
respundmg to that muple Determining each sign from Fig. 8.23, we write

M,e 50 N - m){0.020 m
NN 0. T ){_9 4)
A 1257 X 10 °m

—11.9MPa + 119.3 MPa
+107.4 MPa

a,

Shearing Stresses. These consist of the shearing stress (1, it due
to the vertical shear V and of the shearing stress (7,,)uia {.mied h} the
torque T. Recalling the values obtained for Q, #, L, zmd Jc, we write

VQ (18 x 10° N)(5.33 X 10 ®m?)
(T.ry)l'.' = 4+— =+ i P 3
Lt (125.7 x 10 7 m)(0.040 m)
+19.1 MPa
Te (900 N + m) (0.020 m)

(Toy)ruist = T T Baxi0tm —71.6 MPa

Adding these two expressions, we obtain 7, at point K.

7oy = (o) + (To)aiw = +19.1 MPa — 716 MPa

Ty = —52.53 MPa
In Fig. 824, the normal stress o, and the shearing stresses and 7, have
been shown acting on a square element located at K on the surface of
the cvlindrical member. Note that shearing stresses acting on the longi-
tudinal sides of the element have been included.

Il

b. Principal Planes and Principal Stresses at Point K. We can
use either of the two methods of Chap. 7 to determine the principal
planes and principal stresses at K. Selecting Mohr's circle, we plot point
X of coordinates o, = +107.4 MPa and -7, = +52.5 MPa and point ¥
of coordinates o, = 0 and +7,, = =52.5 MPa and draw the circle of
diameter XY (Fig. 8.25). Observing that

OC = CD = 3(107.4) = 53.7 MPa DX = 52.5 MPa

we determine the orientation of the principal planes:

DX 525
tan 26, = <D = '5—;—3 = (.97765 26, = 44.4° )
. [>-15
6, =222°)

We now determine the radius of the circle,
= V(53.7 + (52.5)° = 75.1 MPa

and the principal stresses,
o,.«=0C +R=537+ 751
Twin = O0C — R =337 - 75.1

The results obtained are shown in Fig. 8.26.

125.8 MPa
—21.4 MPa

¢. Maximum Shearing Stress at Point K. This stress corre-
sponds to points E and F in Fig. 5.25. We have
Tuw = CE =R =75.1 MPa
Observing that 26, = 90° — 26, = 90° — 44.4° = 45.6°, we conclude that
the planes of maximum shearing stress form an angle 8, = 22.5° 5 with
the horizontal. The corresponding element is shown in Fig. 8.27. Note

that the normal stresses uL'ting on this element are l‘l.‘PH‘.‘it.‘]lt(‘ll h‘__\' OC in
Fig. §.25 and are thus t'tiua] to +53.7 MPa.




PROBLEM 8.37
01 Several forces are applied to the pipe assembly shown.
Knowing that the pipe has inner and outer diameters equal to
1.61 and 1.90 in., respectively, determine the normal and

1901 shearing stresses at (a) point H, (b) point K.

1500 b

Gin,

SOLUTION

Section properties:
P=1501b
T'=(200 Ib)(10 in.) = 2000 Ib-in
M. =(1501b)(10in.) =1500 Ib-in
M, =(200 Ib-50 Ib)(10 in.) - (150 Ib)(4 in.)

=900 Ib-in
V.=200-150-50=0
V,=0
A=7(0.95" - 0.805%) =0.79946 in’
= %(0_95“ ~0.805")=0.30989 in* 0.805m
J=21=0.61979 in* 0,87,
@ PointH o _P Mc__ 150 lb' = (1500 |b-m)(9.945 in.)
R A I 0.79946 in’ 0.30989 in
=187.6 psi + 4593 psi 0, =479 ksi 4
PRt e RE RN Ty =307 ksi <
J 0.61979 in
M, r -
¢ PoigtK: e P Mpe 150 Ib‘ = (900 1b m)(q.is in.)
== A T 0.79946 in 0.309891in
=187.6 psi— 2759 psi oy =-2.57 ksi 4

Ty = ? = same as for 7, 7y =3.07 ksi 4




PROBLEM 8.19

200 mm

hﬁﬂ mm 160 [llﬁl/

500 xl 1250 N

Neglecting the effect of fillets and of stress concentrations, determine

the smallest permissible diameters of the solid rods BC and CD. Use
rau = 60 MPa_

A
B
SOLUTION
. o.Jb
7, =60x10"Pa 500
0.1®

J = M?*+T? ¥ D

el Ml i i il A

¢ 2 T &

el

ﬂ' Tan

Bending moments and torques.

Just to the left of M =(500)(0.16)=80 N-m
T =(500)0.18)=90 N-m
VM?+7? =120416 N-m
Just to the left of D: T=90N-m
M =(500)(0.36)+(1250)0.2) =430 N-m

JM24+T? 243932 N-m

Smallest permissible diameter d -

- - (2120416)

e =1.27765 x10°m’
T X

¢ =0.01085m =10.85 mm

dye =217 mm <

Smallest permissible diameter d-,.

o = (D(43932)
7(60x10%)
c=001670 m=16.7 mm

=4.6613x10°m’

dqp=334mm 4




PROBLEM 8.42

~ A 13-kN force is applied as shown to the 60-mm-diameter cast-iron
f/ post ABD. At point H, determine (a) the principal stresses and
principal planes, (b) the maximum shearing stress.

I3 kN 300 mm

100 mm

|
|
|
|
|
|
|

\r :
| ¥
: ’\J L~
|

125 min

SOLUTION
DE = 1257 + 300> = 325 mm
At point D, F.=0
F, = —[ﬂ]us} =-12kN
' 325
F, = —[E]{B) =-5kN
g 300
Moment of equivalent force-couple system at C, the centroid of the section containing point /:
i j &k
M =(0.150 0200 0|=-1.00i +0.75j — 1.8k kN - m
0 -12 -5
12 0.75 kWi Section properties:
S5 kv
L8Ny~ 60 mm c=ld=30mm
1.0 kN« p 2
H i A =7 = 2.8274x10° mm?

¥ %c*‘ = 636.17 x 10° mm*
J =21 = 12723 x10° mm*

For a semicircle, @)= %c:’ =18.00 x 10* mm?




At point H, P
A
Ic
Ty = 7
79.13 MPa
20.04 MPa
Y
|
. B

(b)

PROBLEM 8.42 (Continued)

12x10°  (1.8x10°)30x107)

I 28274x107 636.17x107°

Vo _ (0.75x10)30x107%) |

(5x10°)(18.00x107%)

= —89.13 MPa

= 20.04 MPa

It 12723%10°°
T @ 0, =2 =_44565MPa
R =
A
\ O, =Oue + R
®
Op = Oype ~ R
tan26, = 2L = 04497
o]

(636.17 x 107°)(60 x 107?)

2
(%J + 7 = 48.863 MPa

0, = 43MPa <
0, = -93.4 MPa <

6, =121°, §,=102.1° 4

Tom = R = 489 MPa <




PROBLEM 8.44

Forces are applied at points 4 and B of the solid cast-iron bracket
shown. Knowing that the bracket has a diameter of (.8 in., determine
the principal stresses and the maximum shearing stress at (@) point H,
(b) point K.

2500 b

600 b

SOLUTION

At the section containing points / and K,

P=25001b (compression)

v, =-6001b
V,=0
M, =(3.5-1)(600)=1500 Ib - in

M, =0
M. =—(2.5)(600)=—-15001b - in

1500 Jb-in 1500 Jb- in

Forces Couples
c= la" =041in.
2

A=rxec® =0.50265in?

I=§c4 =20.106x10%in*

J=21=40212x10"in*
For semicircle,

2 3
=—g
0 3

=42.667x10"in’




(a)

(b)

At point /:

At point K:

PROBLEM 8.44 (Continued)

_P Mc__ 2500  (1500)(0.4)

Ty ek o =3
A 1 0.50265  20.106x10
=24.87x10’ psi
Ty =2 =w= 14.92x10 psi
J 40212x10
e =287 12435 ksi
2
R =\/(24%) +(14.92)° =19.423 ksi
Jmux o O-avc + R
Omin = Ogye — R
T —l(o' -7 )
max 2 max min
oy F . =—4.974x10’psi
4 0.50265
i
7 R
J It
_(1500)(0.4)  (600)(42.667x107)
40212x107  (20.106x1072)(0.8)
=16.512x10*psi
S B
2
2
4974 :
R :\,{_TJ +(16.512)% =16.698 ksi
o-max o o-avc +R

Omin = Tave — R

1
Thax = E(Jmax ~ Ohin )

—_ 14.92 ks
J'C

4
————
- =

2?.37 ks

Oy =31.9ksi o
Opin = —6.99 ksi 4

7. =19.42ksi <

— 16512 ks!

LL M "’ ks v

il—

o, =1421ksi <

O,in =—19.18 ksi

Toue =16.70 ksi




and the deflection and slope at A.

l"

Al oo ‘
|

Fig. 9.9

constant EI, we write

Integrating in x, we obtain

dy

EI
dx

have

which we carry back into (9.8):

the elastic curve:

or
Y~ 6EI
{9.11) and (9.9). We find

. rr’
Y4~ T3EI

The cantilever beam AB is of uniform cross section and carries a load P
at its free end A (Fig. 9.9). Determine the equation of the elastic curve

P

—q—x—p—\

Fig. 9.10

P+ Cl

C, = +PL®

Integrating both members of Eq. (9.9), we write
Ely = —§Px° + §PLx + C,
But, at B we have x = L, y = 0. Substituting into (9.10), we have
0= —3PL® + {PL* + C,
Cs ="=3PL"

Ely = —}Px" + §PL* - 4PL?

P p
(=x* + 3L% - 2L

dy\ _ PL’

and 64 = (E':._-)A T 2FI

Using the free-body diagram of the portion AC of the beam
(Fig. 9.10), where C is located at a distance x from end A, we find

M= —-Px

(9.7)

Substituting for M into Eq. (9.4) and multiplying both members by the

(9.8)

We now ohserve that at the fixed end B we have x = L and 6 = dy/dx = 0
(Fig. 9.11). Substituting these values into (9.8) and solving for C;, we

(9.9)

(9.10)

Carrying the value of C; back into Eq. (9.10), we obtain the equation of

(9.11)

The deflection and slope at A are obtained by letting x = 0 in Eqs.




)
[+ =0, ;;=()J [x =L, _a;=(]]
B
A== x
e
Fig. 9.14
i
L2
e
c,‘
Fig. 9.15

The simply supported prismatic beam AB carries a uniformly distributed
load w per unit length (Fig. 9.12). Determine the equation of the elastic
cirve and the maximum deflection of the heam.

Fig. 9.12
Drawing the free-body diagram of the portion AD of the beam
(Fig. 9.13) and taking moments about D, we find that
(9.12)

Substituting for M into Eq. (8.4) and multipl}-'ing both members of this
equation by the constant EI, we write

¥
M= %w.[.x - %wx‘

EI ty w o o Lors (9.13)
dr’ 2 2
Integrating twice in x, we have
dy 1 1
El == — —un® + —wla® + (9.14)
I i 7 obx C,
1 1
Ely= - Ewr“ + Ew[.xs + Cx + Cs (9.15)

Observing that y = 0 at hoth ends of the beam (Fig. 9.14), we first let
x=0and y = 0in Eq. (915} and obtain C; = 0. We then make x = L
and ¢ = 0 in the same equation and write
0=—-gwl'+ 5wl + CL

C, = — gul®
Carrying the values of C; and C; back into Eq. (9.15), we obtain the
equation of the elastic curve:

Ely= - it + 5wl — sl

or

(—x* + 2Lx° — L) (9.16)

Y7 24k1

Substituting into Eq. (9.14) the value obtained for C;, we check

that the slope of the beam is zero for x = L/2 and that the elastic curve

has a minimum at the midpnint C of the heam (Fig. 9.15). Letting x =
L/2 in Eq. (9.16), we have

w i 1543 L)
s 10 ol AR B e R e
Ye 2451( TR

The maximum deflection or, mere precisely, the maximum absolute value
of the deflection, is thus

B 5wl
384E]

Swl*
354ET

Iy|mu -




Fig. 9.19

2. From D to B (x > L/4).

[r=%r6,=8)]

[x=%L yi=n]

For the prismatic beam and the loading shown (Fig, 9.16), determine the
slope and deflection at point .

1
Efy1=§

We must divide the beam into two portions, AD and DB, and deter-
mine the function gx) which defines the elastic curve for each of these L T
portions. r
1. From A to D (x < L/4). We draw the free-bady diagram of k —_ ‘A‘i
a portion of heam AE of length x < L/4 (Fig. 9.17). Taking moments L
about E, we have Fig. 9.16
3P
M= ox ©.17) ”
or, recalling Eq. (9.4), A [4‘:1 ) M,
N I3
Py 3 T__.I
2l —5 = —Px 9.18] X
i 4 . . i
where 11(x) is the function which defines the elastic curve for portion AD ‘
of the beam. Integrating in x, we write Fig. 9.17
dy 3.
EIg, =El 2= P+ Cy 9.19) P

ax
-— —}L—-
P+ Cix + C, 9.20) nl _l)
- 4 M,
F

We now draw the free-body diagram
of a partion of beam AE of length x > L/4 (Fig. 9.18) and write

L L ip
My="y-plx-= 9.21)
2T (J 4) O2) e 918

[x=Ly,=0]

or, recalling Eq. (9.4) and rearranging terms,
d,

ET —=
dr”

1 1
R + = .
JBx+ gL (9.22)

where y5(x) is the function which defines the elastic curve for portion DB
aof the beam. Integrating in x, we write

dys 1, 1
EI8, = EI z = - EPI_ + ZPLI + C3 (9.23)
El lPx3+lPLl+C +C (9.24)
Hp =" = X X ..
2 21 s 3 4

Determination of the Constants of Integration. The conditions
that must be satisfied by the constants of integralion have been summarized
in Fig. 9.19. At the support A, where the deflection is defined by Eq. (9.20),
we must have x = 0 and 4, = 0. At the support B, where the deflection is
defined by Eq. (9.24), we must have x = L and i, = 0. Also, the [fact that
there can be no sudden change in deflection or in slope at point D requires
that y, = y, and #, = 8, when r = L/4. We have therefore:

[x=10.4y =0],Eq.(920: 0=0Cs (9.25)
[x=Ly =0,Eq(9.24): 0= 11—21’1.3 + GzL + G, (9.26)
[x = L/4,8, = 8], Eqs. (9.19) and (9.23):

3, (A
—_PI’+ C, = —PL®> + C4 (9.27)
125 128

[x = L/4. n= yg], Eqﬁ. (9.20) and (9.24):

PL? L 1upeL? L
+C—= + C3—+ C, (9.28)

512 1 1536 4

Solving these equations simultaneously, we find

7pPL? 11PL2 PI?
Ci=-—C=0C=-—",C,=—
128 128 384

Substituting for C; and C; into Egs. (9.19) and (9.20), we write that for
x =< Lj4,

2

ElIg, = EP wi_ UL (9.29)
1T T s -
Ely, = %Pf - 'TI;LS__I (9.30)

Letting x = L/4 in each of these equations, we find that the slope and
deflection at point D are, respedi\'ei}-',

PL2 4 _arc?

3281 " T T e

8 =

We note that, since 8p # 0, the deflection at D is not the maximum
deflection of the beam.
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SAMPLE PROBLEM 9.1

The overhanging steel beam ABC carries a concentrated load P at end C. For
portion AB of the beam, (a) derive the equation of the elastic curve, (b) deter-
mine the maximum deflection, (¢) evaluate y,,,, for the following data:

Wi4 x 68 I=722in' E = 29 x 10° psi
P=50kips L=15ft=180in. a=4ft=48in.

SOLUTION

Free-Body Diagrams. Reactions: Ry = Pa/L | Rg = P(1 + a/L) 1
Using the free-body diagram of the portion of beam AD of length x, we find

M=+P%x 0<zx<L)
Differential Equation of the Elastic Curve. We use Eq. (9.4) and write
d 2!.0‘ a
El—= —-P—x
v L
Noting that the flexural rigidity EI is constant, we integrate twice and find
ﬁ"j 1l a ,
I-==--PI2+C 1
dx 2 L : (1)
1 a ;4
Ely = — EPEI + Cix + C; (2)

Determination of Constants. For the boundary conditions shown, we
have
[x =0, 4y = 0]
[x=L,y =0}

From Eq. (2), we find C,=0
Again using Eq. (2), we write

P g 1
EI(0) = — EP%L“ +CGL €=+ Pl

a. Equation of the Elastic Curve. Substituting for C, and C; into Egs.

(1) and (2), we have
-
dx 6EIl L
S |
= l.PEJ:3 + =PalLx

ffy 1 a , 1
Pal.” [ x (1)"]
=l (2} | i
6 L~ 6 Y7 6EI [L )] @

El— = — =P—x~ + —Pal.
dx 2° I, 6
b. Maximum Deflection in Portion AB. The maximum deflection
Y Occurs at point E where the slope of the elastic curve is zero. Setting
dy/dx = 0 in Eq. (3), we determine the abscissa x,, of point E:

Pal. X\ L
0= - = —— = 0577
ﬁEI[l 3(:)] ol

We substitute x,, /L. = 0.577 into Eq. (4) and have
Pal’ Pal’
3%:}—[(0.577) - (0.577)%) g, = 0.0642° ;J
c. Evaluation of y,,,. For the data given, the value of y,,, is
50 kips)(48 in.)(150 in.)*
e = 0051 S 150 )

T (29 x 10° psi)(722 in')

(3)

Ely =

ylll;ll =

Y = 0.238 in,



i

SAMPLE PROBLEM 9.2

. Tx
w = 1wy sin
For the beam and iuadiug shown, determine (a) the equation of the elastic

m B curve, (b) the slope at end A, (¢) the maximum deflection.

: |
SOLUTION

Differential Equation of the Elastic Curve. From Eq. (9.32),

d'y . 7x
EIE:T = —w(x) = —wysin 5 (1)
Integrate Eq. (1) twice:
d* L
El e V= +wy—cos = + C, (2)
dv’ T L

a4 2
E.’—"‘r =M= +ut'.'.,jr"—2 sin ? +Cx+C, (3)

-
dx

Boundary Conditions:

From Eq. (3), we find
Again using Eq. (3), we write

[J:=0.M=0]: C3=D
[x =L M=0]:

2

i
[x = 0. M = 0] [x=L M=10] L=
v =0,y = 0] = L) 0= u‘..; sinm+C,L C; =0
Afes — ———= 5 ¢ Thus
i ‘--.“:-:‘__:_-———.———::,.--:.-"'f—-' ot dE' 3
5 — y L  =nx
El — = +w,— sin — (
dx” " L
E |
Integrate Eq. (4) twice:
dy L .
EI=S = E18 = —wy— cos 2= + C,
dx T L
L' mx
Ely = —wy— sin f + Cyx + C,
Boundary Conditions:
[x =0 4 = 0] Using Eq. (6), we find C,=0
[x=L,y=0] Again using Eq. (6). we find C; = 0
: ; L' x
y a. Equation of Elastic Curve Ely = —w,—sin e
™
By Wi
Ao B . b. Slope at End A. For x = 0, we have
-%i —_—-_—_t:—ﬁ#’{’f& e wol’
L/ | L2 | L ’El
¢. Maximum Deflection. For x = IL
L T B wol.}

4

ELyp = —twy— sin — Nk
o 2 B 3 ) |



PROBLEM 9.1

For the loading shown, determine (a) the equation of the elastic curve
for the cantilever beam 4B, (b) the deflection at the free end, (¢) the
slope at the free end.

I L 1

SOLUTION

M il e B Pl
g (_) § Sl
AN J P A J 1 i
l 2 z X iy
3""@!‘ x V' é“!’L v M, 3W0L
) It
1 1 wex® x
IM, = 0: EWULZ—EWDL:+%-E+M:0
1 5, 1 wox
M= —wl" + —wylx —
I L
dy 1 5 1 wox3
El— = —wol™ + —wolx — ——
& 3 T
4
EfﬁzflwuLZIJrlw L +€5
dx 3 4 24L
[xzﬁ,%:q}: 0=-=0+0-0+C =0
1 1 Wwox®
Ely = —Ewul.zxz + E“’uh; - -1-29-;—5 +C,
[x=0,y=0]: 0=-0+0-0+0+C, C,=0
i - _ Wyl 1.4 1 5
(a) Elastic curve: y=—-22!_pPx "I+ x| 4
EIL\ 6 12 120

PROPRIETARY MATERIAL © 2012 The McGraw-Hill Companies, Inc. All nghts reserved. No part of this Manual may be displayed,
reproduced, or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. A student using this manual is vsing it
without permission.

PROBLEM 9.1 (Continued)
w1 1 1 11wyt
=i E— —_———t— | = —-— N
GO ¥a EI(IS 12 120] 120 EI
11w,z
Y8 =120 B 4
B _ i :vwo_f[l_l L)‘ 1wl
@ P x|, EI\3 4 24 8 FI
3
5 =L g
8 Al




v PROBLEM 5.2
o
_l 1 I L i l ‘{ For the loading shown, determine (a) the equation of the elastic curve
AGEREET Saler ape x for the cantilever beam 4B, (b) the deflection at the free end, (¢) the
B slope at the free end.
L !
SOLUTION
x
F)ZM, = 0: (wx)+ M =0 %
M:—%wxz Llllll jM
A o a1
d’y 2 W
Ef— =M = —wx
dx?
Efﬂ = —lwx3 + 0
dx 6
d _ o L L3
x=L —=0Q,: 0=—wl+C, C =—wiL
[ = qj 6 e
Efc-b'- = —-l-wx3 + -l-wL3
dx 6 6
L4 1.3
Ely=—wx"+—wLlx+C,
24 6
[x=L,y=0] 0——iwl."+lwi.4 +C, =0
2 24 6 .
G = (L - l)IM_’." = —iwﬁ
24 6 24
(@) Elastic curve, y = (x* — 4l + 3%) 4
24EF
3wl wi! wi!
b tx = 0. =- =—— =— 1 4
0 ye~=0 Y4~ TE T sE Y4 = 8E
3 3
() ﬂiatx:(]. L4 :E ﬂgzﬂiﬂ
dx dx|,  6EI 6EI




EXAMPLE 10.01

A 2-m-long pin-ended column of square cross section is to be made of
wood. Assuming E = 13 GPa, oy = 12 MPa, and using a factor of safety
of 2.5 in computing Euler’s critical load for buckling, determine the size
of the cross section if the column is to safely support (a) a 100-kN load,
(b) a 200-kN load.

(a) For the 100-kN Load. Using the given factor of safety, we
make

P, =25(100kN) = 250kN L=2m E =13GPa
in Euler’s formula (10.11) and solve for I. We have
P LY (250 X 10° N)(2m)?
[=—=—= ( s 3,( ZE 7.794 X 107® m*
mE (13 X 10” Pa)

Recalling that, for a square of side a, we have I = a'/12, we write

4

f—z =7794X10°°m* ¢ =983mm~ 100 mm

We check the value of the normal stress in the column:

P 100 kN
=

=———=10MPa
A (0.100 m)?

Since o is smaller than the allowable stress, a 100 X 100-mm cross section
is acceptable.

(b) For the 200-kN Load. Solving again Eq. (10.11) for I, but
making now P, = 2.5(200) = 500 kN, we have

I=15588X 10 %m*
4
da =
= 15588 %X 107 4 = 116.95 mm

The value of the normal stress is

r 200 kN
o=—=————=1462MPa
A (0.11695 m)*

Since this value is larger than the allowable stress, the dimension obtained
is not acceptable, and we must select the cross section on the basis of its
resistance to compression. We write
P 200kN
ou  12MPa
@ =1667 X 10°m*> a4 =129.1mm

A= = 16.67 X 103 m?

A 130 X 130-mm cross section is acceptable.




SAMPLE PROBLEM 10.1

An aluminum column of length L and rectangular cross section has a fixed
end B and supports a centric load at A. Two smooth and rounded fixed
plates restrain end A from moving in one of the vertical planes of symmetry
of the column, but allow it to move in the other plane. (a) Determine the
ratio a/b of the two sides of the cross section corresponding to the most
efficient design against buckling. (b) Design the most efficient cross section
for the column, knowing that L = 20 in, E = 10.1 X 108 psi, P = 5 kips,
and that a factor of safety of 2.5 is required.

SOLUTION

Buckﬁng in xy Plane. Referring to Fig. 10.17, we note that the effec-
tive length of the column with respect to buckling in this plane is L, = 0.7L.
The radius of gyration r. of the cross section is obtained by writing

I, = 5ba® A =ab
] I %bﬂg ﬂg
and, since I. = ArZ, LR R - e = a/VI2
and, since I. rs e T h=e /
The effective slenderness ratio of the column with respect to buckling in

the xy plane is

L. B 0.7L (1
r-  a/V12
Buckling in xz Plane. The effective length of the column with respect
to buckling in 'Ig;iiplane is L, = 2L, and the corresponding radius of gyra-
12,

tion is r, = b/ Thus,

L, 2L

n  b/VI2

a. Most Efficient Design. The most efficient design is that for which the
critical stresses corresponding to the two possible modes of buckling are equal.
Referring to Eq. (10.13"), we note that this will be the case if the two values
obtained above for the effective slenderness ratio are equal. We write

(2)

0.7L o 2L
a/V12  b/VI12
T i a 07 (EL
and, solving for the ratio a/b, A ik 0.35

b. Design for Given Data. Since FS. = 2.5 is required,
P., = (F.8.)P = (2.5)(5 kips) = 12.5 kips
Using a = 0.35b, we have A = ab = 0.35b> and
Po _ 125001b
A 0357
Making L. = 20 in. in Eq. (2), we have J[‘E,/i"s‘r = 138.6/b. Substituting for E,
L./r, and o, into Eq. (10.13'), we write
_ mE 125001b  #°(10.1 X 10° psi)
(L /)P 035b°  (138.6/b)
b = 1.620 in. a = 0.35b = 0.567 in.

T =

0o



646 Columns

Q

| 1
40 mm

60 mm
Fig. P10.12

P

]i
52, P

Fig. P10.14

|
60 mm

10.12 Two brass rods used as compression members, each of 3-m effec-

10.13

10.15

tive length, have the cross sections shown. (@) Determine the wall
thickness of the hollow square rod for which the rods have the
same cross-sectional area. (b) Using E = 105 GPa, determine the
critical load of each rod.

A column of effective length L can be made by gluing together
identical planks in either of the arrangements shown. Determine
the ratio of the critical load using the arrangement a to the critical
load using the arrangement b.

| @

d

=

i
S [y N
(a)

Fig. P10.13

(b)

Determine the radius of the round strut so that the round and

square struts have the same cross-sectional area and compute the
critical load of each strut. Use E = 200 GPa.

A compression member of 7-m effective length is made by welding
together two L152 X 102 X 12.7 angles as shown. Using E =
200 GPa. determine the allowable centric load for the member if



10.118 The steel rod BC is attached to the rigid bar AB and to the fixed
support at C. Knowing that G = 11.2 X 10° psi, determine the
diameter of rod BC for which the critical load P, of the system is
S0 b,

Fig. P10.118



10.122 The uniform aluminum bar AB has a 20 X 36-mm rectangular
cross section and is supported by pins and brackets as shown. Each
end of the bar may rotate freely about a horizontal axis through the
pin, but rotation about a vertical axis is prevented by the brackets.
Using E = 70 GPa, determine the allowable centric load P if a
factor of safety of 2.5 is required.

Fig. P10.122

10.123 A column with the cross section shown has a 13.5-ft effective
length. Using allowable stress design, determine the largest cen-

tric load that can be applied to the column. Use oy = 36 ksi and
E = 29 X 10° psi.

l\'il||—'

% in. —=| |=— 10 in.

| 6 in. |

Fig. P10.123
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