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Analysis of Loads Analysis of Loads 

•• Dead Loads (D.L.):Dead Loads (D.L.):

Permanent loadsPermanent loads–– Permanent loadsPermanent loads

–– Weight of the structure (R.C. unit weight = 25 Weight of the structure (R.C. unit weight = 25 kNkN/m/m33))

–– Weight of fixed attachmentsWeight of fixed attachments

•• Live Loads (L.L.):Live Loads (L.L.):

–– Due to intended occupancyDue to intended occupancy

Snow ice rainSnow ice rain

Reinforced Concrete IIReinforced Concrete II

–– Snow, ice, rainSnow, ice, rain

–– Earth and hydrostatic pressureEarth and hydrostatic pressure

–– Lateral loads due to wind and earthquakesLateral loads due to wind and earthquakes

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Load Transfer to ColumnsLoad Transfer to Columns

3 m

Snow Load = 4.0 kN/m2

Live Load = 5 kN/m2

Dead load = 10 kN/m2
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9 m 3 m

3 m

Roof

3rd Floor

3rd floor 

columns

2nd Floor

1st Floor

2nd floor 

columns

1st floor 

columns
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Ground floor 
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Tributary Area = 18 mTributary Area = 18 m22

3 m
1.5 m4.5 m

1.5 m

1.5 m

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

9 m 3 m

3 m

•• 33rdrd Floor Columns (no live load):Floor Columns (no live load):

Snow load = (18)(4) = 72 Snow load = (18)(4) = 72 kNkN

Dead load = (18)(10) = 180 Dead load = (18)(10) = 180 kNkN

Total = 252 Total = 252 kNkN

•• 22ndnd Floor Columns:Floor Columns:

Live load = (18)(5) = 90 Live load = (18)(5) = 90 kNkN

Dead load = (18)(10) = 180 Dead load = (18)(10) = 180 kNkN

Total = 252 + 90 + 180 = 522 Total = 252 + 90 + 180 = 522 kNkN

•• 11stst Floor Columns :Floor Columns :

Reinforced Concrete IIReinforced Concrete II

11 Floor Columns :Floor Columns :

Total = 522 + 90 + 180 = 792 Total = 522 + 90 + 180 = 792 kNkN

•• Ground Floor Columns:Ground Floor Columns:

Total = 792 + 90 + 180 = 1,062 Total = 792 + 90 + 180 = 1,062 kNkN

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Lecture 2 Lecture 2 –– OneOne--way Joist way Joist 
Slab SystemSlab System
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OneOne--way Joist Floor Systemway Joist Floor System
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OneOne--way Joist Floor Systemway Joist Floor System
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OneOne--way Joist way Joist 
Floor SystemFloor System

G l f i  G l f i  General framing General framing 
layout of the pan joist layout of the pan joist 
systemsystem

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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General framing layout of the pan General framing layout of the pan 
joist systemjoist system
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ACI Code RecommendationsACI Code Recommendations

�� ACI 8.13.1: Joist construction consists of a ACI 8.13.1: Joist construction consists of a 

monolithic combination of regularly spacedmonolithic combination of regularly spacedmonolithic combination of regularly spaced monolithic combination of regularly spaced 

ribs and a top slab arranged to span in one ribs and a top slab arranged to span in one 

direction or two orthogonal directions.direction or two orthogonal directions.

Solid Slab, hs = larger of  
50mm without filler

40mm with filler

(1/12) S
hs

S

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Max. 750mm
Min. b=100mm

Max. = (3.5)bSlope 1:12
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Minimum Slab System DepthMinimum Slab System Depth

�� Based on deflection control. use table 9.5(a) in Based on deflection control. use table 9.5(a) in 

the ACI code to check minimum thicknessthe ACI code to check minimum thicknessthe ACI code to check minimum thickness the ACI code to check minimum thickness 

required.required.

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Distribution Rib (Cross Rib)Distribution Rib (Cross Rib)

Distribution RibsDistribution Ribs

�� Placed perpendicular to joists*Placed perpendicular to joists*p p jp p j

�� Spans < 6.0 m:  Use NoneSpans < 6.0 m:  Use None

�� Spans 6.0Spans 6.0--9.0 m:  Provided at 9.0 m:  Provided at 

midspanmidspan

�� Spans > 9.0 m:  Provided at thirdSpans > 9.0 m:  Provided at third--

pointspoints

At l t tiAt l t ti φφ12 b i12 b i

Reinforced Concrete IIReinforced Concrete II

�� At least one continuous At least one continuous φφ12 bar is 12 bar is 

provided at top and bottom of provided at top and bottom of 

distribution rib.distribution rib.

*Note:  not required by ACI Code, but *Note:  not required by ACI Code, but 

typically used in constructiontypically used in construction
Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University



Reinforced Concrete II Hashemite University

Dr. Hazim Dwairi 5

Dead Load CalculationsDead Load Calculations

�� Permanent loads such as fixed Permanent loads such as fixed 

machines or furnituremachines or furniture

�� Weight of the structural elements Weight of the structural elements 

(R.C. unit weight = 25 (R.C. unit weight = 25 kNkN/m/m33))

�� Weight of fixed attachments such as Weight of fixed attachments such as 

Reinforced Concrete IIReinforced Concrete II

gg

tiles, mortar, false ceiling …etc.tiles, mortar, false ceiling …etc.

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Typical OneTypical One--way Joist Slabway Joist Slab

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Typical Cross-Section
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Load CalculationsLoad Calculations

�� Slab Loads:Slab Loads:

–– TilesTiles = (0.025) (22) = (0.025) (22) = 0.55 = 0.55 kNkN/m/m22

–– Mortar Mortar = (0.025) (22) = (0.025) (22) = 0.55 = 0.55 kNkN/m/m22

–– Sand FillSand Fill = (0.100) (13) = (0.100) (13) = 1.30 = 1.30 kNkN/m/m22

–– Solid Slab Solid Slab = (0.070) (25) = (0.070) (25) = 1.75 = 1.75 kNkN/m/m22

TotalTotal = 4.15 = 4.15 kNkN/m/m22

�� Rib Loads:Rib Loads:

Reinforced Concrete IIReinforced Concrete II

–– Joist WebJoist Web = (0.18) (0.135) (25)= (0.18) (0.135) (25)= 0.61 = 0.61 kNkN/m/m

–– 5 Blocks/m 5 Blocks/m = 5 (0.18 = 5 (0.18 kNkN/Block) /Block) = 0.90 = 0.90 kNkN/m/m

–– PlasterPlaster = (0.52) (0.025)(22) = 0.29 = (0.52) (0.025)(22) = 0.29 kNkN/m/m

TotalTotal = 1.80 = 1.80 kNkN/m/m
Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Load CalculationsLoad Calculations

�� Total Ultimate Rib LoadTotal Ultimate Rib Load

Dead Load from SlabDead Load from Slab (0 52) (4 15) 2 16(0 52) (4 15) 2 16 kNkN/m/m–– Dead Load from SlabDead Load from Slab= (0.52) (4.15) = 2.16 = (0.52) (4.15) = 2.16 kNkN/m/m

–– Live Load from SlabLive Load from Slab = (0.52) (2.0)= (0.52) (2.0) = 1.04 = 1.04 kNkN/m/m

wwuu = 1.2 (1.80 + 2.16) + 1.6 (1.04) = = 1.2 (1.80 + 2.16) + 1.6 (1.04) = 6.42 6.42 kNkN/m /m 

�� Total Ultimate Load on Slab:Total Ultimate Load on Slab:
22

Reinforced Concrete IIReinforced Concrete II

wwuu = 6.42/0.52 = = 6.42/0.52 = 12.34 12.34 kNkN/m/m22

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Cases of Loading (Pattern Loads)Cases of Loading (Pattern Loads)

�� Using influence lines to determine pattern loadsUsing influence lines to determine pattern loads

�� Largest moments in a continuous beam or frame Largest moments in a continuous beam or frame 

occur when some spans are loaded and others occur when some spans are loaded and others 

are not.are not.

Reinforced Concrete IIReinforced Concrete II

�� Influence lines are used to determine which Influence lines are used to determine which 

spans to load and which spans not to load.spans to load and which spans not to load.

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Qualitative Influence Lines Qualitative Influence Lines 

The The MuellerMueller--BreslauBreslau principle can be stated as principle can be stated as 

follows:follows:follows:follows:

If a function at a point on a structure, such as If a function at a point on a structure, such as 

reaction, or shear, or moment is allowed to act reaction, or shear, or moment is allowed to act 

without restraint, the deflected shape of the without restraint, the deflected shape of the 

structure, to some scale, represents the structure, to some scale, represents the 

influence line of the functioninfluence line of the function

Reinforced Concrete IIReinforced Concrete II

influence line of the function.influence line of the function.

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Qualitative Influence Lines Qualitative Influence Lines 

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

OneOne--way Joist Slab way Joist Slab 
Design ExampleDesign Example

�� Design a typical Design a typical 

joist and solid slabjoist and solid slabjoist and solid slab joist and solid slab 

for the floor for the floor 

system shown system shown 

below.below.

�� Floor system is Floor system is 

part of residentialpart of residential

Reinforced Concrete IIReinforced Concrete II

part of residential part of residential 

building.building.

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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OneOne--way Joist Slab way Joist Slab 
Design ExampleDesign Example

�� Clear Span Clear Span llnn = 4400 = 4400 –– 400 = 4000 mm400 = 4000 mm

�� Min. thickness Min. thickness hhminmin = 4000/18.5 = 216 mm= 4000/18.5 = 216 mm

�� Use typical slab thickness h = 250 mm.Use typical slab thickness h = 250 mm.

4400mm 4400mm

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

OneOne--way Joist Slab way Joist Slab 
Design ExampleDesign Example

�� Recall:Recall:

Ultimate rib loadUltimate rib load ww 6 426 42 kNkN/m/m–– Ultimate rib load Ultimate rib load wwuu = 6.42 = 6.42 kNkN/m/m

–– Ultimate slab load Ultimate slab load wwuu = 12.34 = 12.34 kNkN/m/m22

�� ACI moment and shear envelopesACI moment and shear envelopes
Cm = -1/9 if only 

two spans

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

-1/24 1/14 -1/10 -1/11 1/16 -1/11 

1.0 1.15 1.0 1.0 1.0 

-1/11 

Eq. 1 Eq. 1 

(c) Discontinuous end integral with support where support is spandrel beam

Cm = 

Cv = 
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OneOne--way Joist Slab way Joist Slab 
Design ExampleDesign Example

�� Typical Rib Flexure DesignTypical Rib Flexure Design

ww 6 426 42 kNkN/m/m–– wwuu = 6.42 = 6.42 kNkN/m/m

–– llnn = 4000 mm= 4000 mm

–– d = 250 d = 250 –– 20 20 –– 10 10 –– 10/2 = 215 mm10/2 = 215 mm

–– AAs,mins,min = 0.0033 (120) (215) = 85.14 mm= 0.0033 (120) (215) = 85.14 mm22

Moment Coeff. kN.m a (mm) As (mm2) Bar size

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Mu –ve* wuln
2/24 4.28 7.88 54.4 2φ10

Mu –ve* wuln
2/9 11.41 21.74 150.0 2φ10

Mu +ve** wuln
2/14 7.34 3.09 92.3 2φ10

*Rectangular Section

** T-Section

OneOne--way Joist Slab way Joist Slab 
Design ExampleDesign Example

�� Typical Rib Shear DesignTypical Rib Shear Design

VV 1 15 (6 42)(4 0/2) 14 771 15 (6 42)(4 0/2) 14 77 kNkNVVuu = 1.15 (6.42)(4.0/2) = 14.77 = 1.15 (6.42)(4.0/2) = 14.77 kNkN

φφVVnn = = 1.11.1 x 0.75 x √28/6 x 120 x 215 = 18.77 x 0.75 x √28/6 x 120 x 215 = 18.77 kNkN

φφVVnn > V> Vuu O.K.O.K.

�� Solid Slab DesignSolid Slab Design

–– llnn = 400 = 400 –– 2(15) = 370mm2(15) = 370mm

MM = 12 34 (0 37)= 12 34 (0 37)22/12 = 0 141/12 = 0 141 kN mkN m

Reinforced Concrete IIReinforced Concrete II

–– MMuu = 12.34 (0.37)= 12.34 (0.37)22/12 = 0.141 /12 = 0.141 kN.mkN.m

–– AAss = 8.7 mm= 8.7 mm22 (b=1000mm, d=70(b=1000mm, d=70--2020--10/2=45mm) 10/2=45mm) 

–– AAs,mins,min = 0.0018(1000)(70) = 126 mm= 0.0018(1000)(70) = 126 mm22

–– Use Use φφ10/block or welded wire mesh10/block or welded wire mesh

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforcement DetailsReinforcement Details
0.30 of ln1 or ln2

0.25 of ln1

2φ10 2φ10

2φ10 2φ102φ10

Typical 150mm
At least one bar 

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

continuous or spliced 

a class A splice

ln1 ln2
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The Hashemite University

Department of Civil Engineering

Lecture 3.1 Lecture 3.1 –– Design of TwoDesign of Two--
way Floor Slab Systemway Floor Slab System

Dr  Hazim DwairiDr  Hazim Dwairi
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Dr. Hazim DwairiDr. Hazim Dwairi

OneOne--way  and Twoway  and Two--way Slab way Slab 
BehaviorBehavior

•• OneOne--way slabs way slabs 

carry load in onecarry load in onecarry load in one carry load in one 

direction.direction.

•• TwoTwo--way slabs way slabs 

carry load in two carry load in two 

directions.directions.

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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OneOne--way  and Twoway  and Two--way Slab way Slab 
BehaviorBehavior

•• OneOne--way and way and 

twotwo way slabway slabtwotwo--way slab way slab 

action carry action carry 

load in two load in two 

directions.directions.

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

•• OneOne--way slabs: Generally, way slabs: Generally, 

long side/short side > 2.0long side/short side > 2.0

Types of TwoTypes of Two--way Slabsway Slabs

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Flat slab with 

drop panels                 

Two-way slab 

with beams
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Types of TwoTypes of Two--way Slabsway Slabs

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Flat slab without 

drop panels                 

Waffle Slab

Column Connections in Flat SlabsColumn Connections in Flat Slabs

1 With drop panel

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

1. With drop panel

2. Without drop panel

3. With column capital or crown

4. Without column capital or crown                 
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Joist ConstructionJoist Construction

30cm

50–75cm
2.5cm

Reinforced Concrete IIReinforced Concrete II

•• The twoThe two--way ribbed slab and waffled slab way ribbed slab and waffled slab 

system:  General thickness of the slab is 50mm system:  General thickness of the slab is 50mm 

to 100mm.to 100mm.
Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Economic Choices in SlabsEconomic Choices in Slabs

•• Flat Plate without drop panels: suitable span Flat Plate without drop panels: suitable span 

6 0 to 7 5 m with LL= 3 06 0 to 7 5 m with LL= 3 0 5 05 0 kNkN/m/m226.0 to 7.5 m with LL= 3.0 6.0 to 7.5 m with LL= 3.0 --5.0 5.0 kNkN/m/m22

AdvantagesAdvantages

–– Low cost formworkLow cost formwork

–– Exposed flat ceilings Exposed flat ceilings 

–– FastFast

Disad antagesDisad antages

Reinforced Concrete IIReinforced Concrete II

DisadvantagesDisadvantages

–– Low shear capacityLow shear capacity

–– Low Stiffness (notable deflection)Low Stiffness (notable deflection)

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Economic Choices in SlabsEconomic Choices in Slabs

•• Flat Slab with drop panels: suitable span 6.0 Flat Slab with drop panels: suitable span 6.0 

to 7 5 m with LL= 4 0to 7 5 m with LL= 4 0 7 07 0 kNkN/m/m22to 7.5 m with LL= 4.0 to 7.5 m with LL= 4.0 -- 7.0 7.0 kNkN/m/m22

AdvantagesAdvantages

–– Low cost formworkLow cost formwork

–– Exposed flat ceilings Exposed flat ceilings 

–– FastFast

Disad antagesDisad antages

Reinforced Concrete IIReinforced Concrete II

DisadvantagesDisadvantages

–– Need more formwork for capital and panelsNeed more formwork for capital and panels

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Economic Choices in SlabsEconomic Choices in Slabs

•• Waffle Slabs: suitable span 9.0 to 15 m with Waffle Slabs: suitable span 9.0 to 15 m with 

LL= 4 0LL= 4 0 7 07 0 kNkN/m/m22LL= 4.0 LL= 4.0 –– 7.0 7.0 kNkN/m/m22

AdvantagesAdvantages

–– Carries heavy loadsCarries heavy loads

–– Attractive exposed ceilings Attractive exposed ceilings 

–– FastFast

Disad antagesDisad antages

Reinforced Concrete IIReinforced Concrete II

DisadvantagesDisadvantages

–– Formwork with panels is expensiveFormwork with panels is expensive

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Economic Choices in SlabsEconomic Choices in Slabs

•• OneOne--way Slab on beams: suitable span 3.0 to way Slab on beams: suitable span 3.0 to 

6 0 m with LL= 3 06 0 m with LL= 3 0 5 05 0 kNkN/m/m226.0 m with LL= 3.0 6.0 m with LL= 3.0 -- 5.0 5.0 kNkN/m/m22

–– Can be used for larger spans with relatively higher Can be used for larger spans with relatively higher 

cost and higher deflections cost and higher deflections 

•• OneOne--way joist floor system is suitable span way joist floor system is suitable span 

6.0 to 9.0 m with LL= 4.0 6.0 to 9.0 m with LL= 4.0 –– 6.0 6.0 kNkN/m/m22

–– Deep ribs the concrete and steel quantities areDeep ribs the concrete and steel quantities are

Reinforced Concrete IIReinforced Concrete II

Deep ribs, the concrete and steel quantities are Deep ribs, the concrete and steel quantities are 

relative lowrelative low

–– Expensive formwork expected.Expensive formwork expected.

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Comparison of OneComparison of One-- and Twoand Two--
way Slabs Behaviorway Slabs Behavior

ws =load taken by short direction

wl = load taken by long direction

δA = δB

EI

Llw

EI

Lsw

384

5

384

5 4

l

4

s =

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

EIEI 384384

ls4

4

l

s 16 2Ls  LlFor    ww
Ls

Ll

w

w
=⇒==
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Static Equilibrium for TwoStatic Equilibrium for Two--way way 
SlabsSlabs

• Analogy of two-way slab to plank and 

beam floor

Consider Section A-A:

Moment per m width in 

planks:

m/m-kN 
8

2

1wlM =⇒

beam floor

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Total Moment

8

( ) m-kN 
8

2

1
2T

l
wlM =⇒

Static Equilibrium for TwoStatic Equilibrium for Two--way way 
SlabsSlabs

wl
Uniform load on each beam:

Moment in one beam (Sec: B-B)

Total Moment in both beams:

kN/m
2

1wl⇒

m-kN 
82

2

21
lb

lwl
M ⎟

⎠
⎞

⎜
⎝
⎛=⇒

( ) kN
2

2llM

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Total Moment in both beams: ( ) m-kN
8

2
1wlM =⇒
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Method of DesignMethod of Design

(1)(1) Direct Design Method (DDM):Direct Design Method (DDM):

Limited to slab systems with uniformly distributed Limited to slab systems with uniformly distributed 

loads and supported on equally spaced columns.  loads and supported on equally spaced columns.  

Method uses a set of coefficients to determine Method uses a set of coefficients to determine 

the design moment at critical sections.  Twothe design moment at critical sections.  Two--way way 

slab system that do not meet the limitations ofslab system that do not meet the limitations of

Reinforced Concrete IIReinforced Concrete II

slab system that do not meet the limitations of slab system that do not meet the limitations of 

the ACI Code 13.6.1 must be analyzed using the ACI Code 13.6.1 must be analyzed using 

more accurate procedures.more accurate procedures.

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Method of DesignMethod of Design

(2)(2) Equivalent Frame Method (EFM) :Equivalent Frame Method (EFM) :

A threeA three--dimensional building is divided into a dimensional building is divided into a 

series of twoseries of two--dimensional equivalent frames by dimensional equivalent frames by 

cutting the building along lines midway between cutting the building along lines midway between 

columns.  The resulting frames are considered columns.  The resulting frames are considered 

separately in the longitudinal and transverseseparately in the longitudinal and transverse

Reinforced Concrete IIReinforced Concrete II

separately in the longitudinal and transverse separately in the longitudinal and transverse 

directions of the building and treated floor by directions of the building and treated floor by 

floor.floor.

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Equivalent Frame Method (EFM) Equivalent Frame Method (EFM) 

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Longitudinal 

equivalent frame
Transverse 

equivalent frame

Equivalent Frame Method (EFM) Equivalent Frame Method (EFM) 

Elevation of 

the frame

Perspective

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Perspective 

view
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Column and Middle StripsColumn and Middle Strips

The slab is 

b k i tbroken up into 

column and 

middle strips for 

analysis 

L/4

L/4

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

L/4

L/4

L/4 L/4 L/4 L/4

Minimum Slab Thickness for Minimum Slab Thickness for 
TwoTwo--way Constructionway Construction

•• The ACI Code 9.5.3 specifies a minimum slab The ACI Code 9.5.3 specifies a minimum slab 

thickness to control deflection There are threethickness to control deflection There are threethickness to control deflection.  There are three thickness to control deflection.  There are three 

empirical limitations for calculating the slab empirical limitations for calculating the slab 

thickness (h), which are based on experimental thickness (h), which are based on experimental 

research.  If these limitations are not met, it will research.  If these limitations are not met, it will 

be necessary to compute deflection.be necessary to compute deflection.

•• For slabs without interior beams spanningFor slabs without interior beams spanning

Reinforced Concrete IIReinforced Concrete II

For slabs without interior beams spanning For slabs without interior beams spanning 

between supports between supports -- Table 9.5 (c) Table 9.5 (c) and:and:

–– With drop panels ……………………  125 mmWith drop panels ……………………  125 mm

–– Without drop panels ………………..  100 mmWithout drop panels ………………..  100 mm

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Minimum Slab Thickness for Minimum Slab Thickness for 
TwoTwo--way Constructionway Construction

•• For slabs with beams spanning between the For slabs with beams spanning between the 

supports on all sides:supports on all sides:supports on all sides:supports on all sides:

⇓> 0.2  )( fmfora α

mm 90>

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

⇓<< 0.20.2  )( fmforb α

mm125>

Minimum Slab Thickness for Minimum Slab Thickness for 
TwoTwo--way Constructionway Construction

⇓≤ 2.0  )( fmforc α

•• With drop panels: With drop panels: 

h > 125mmh > 125mm

•• Without drop Without drop 

panels:panels:

Reinforced Concrete IIReinforced Concrete II

h > 100mmh > 100mm

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Minimum Slab Thickness for Minimum Slab Thickness for 
TwoTwo--way Constructionway Construction

•• Definitions:Definitions:

h  =    Minimum slab thickness without h  =    Minimum slab thickness without 

interior beams.interior beams.

llnn =    Clear span in the long direction =    Clear span in the long direction 

measured face to face of columnmeasured face to face of column

β  β  Th ti f th l t h t lTh ti f th l t h t l

Reinforced Concrete IIReinforced Concrete II

β  β  =    The ratio of the long to short clear =    The ratio of the long to short clear 

spanspan

ααmm=   =   The average value of a for all The average value of a for all 

beams on the sides of the panel.beams on the sides of the panel.
Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

BeamBeam--toto--Slab Stiffness Ratio, Slab Stiffness Ratio, αα

•• Accounts for stiffness effect of beams located Accounts for stiffness effect of beams located 

along slab edge reduces deflections ofalong slab edge reduces deflections ofalong slab edge              reduces deflections of along slab edge              reduces deflections of 

panel adjacent to beams.panel adjacent to beams.

beam of stiffness flexural
=α

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

slabofstiffnessflexural
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BeamBeam--toto--Slab Stiffness Ratio, Slab Stiffness Ratio, αα

bcbbcb E

/

/4E I

l

lI
==α

scsscs E/4E IlI

beam uncracked of inertia ofMoment  I

 slab of elasticity of Modulus E

 beam of elasticity of Modulus E

b

sb

cb

=
=
=

Reinforced Concrete IIReinforced Concrete II

•• With width bounded laterally by centerline of With width bounded laterally by centerline of 

adjacent panels on each side of the beam.adjacent panels on each side of the beam.

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

slabuncrackedofinertiaofMoment  Is =

Beam and Slab Sections for Beam and Slab Sections for 
calculation of calculation of αα

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Beam and Slab Sections for Beam and Slab Sections for 
calculation of calculation of αα

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Beam and Slab Sections for Beam and Slab Sections for 
calculation of calculation of αα

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Spandrel (Edge) Beam Interior Beam
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PCA Charts for calculation of PCA Charts for calculation of αα

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

PCA Charts for calculation of PCA Charts for calculation of αα

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Example :Flat Slab without BeamsExample :Flat Slab without Beams

A flat plate floor system 

with panels 7 3 by 6 0 mwith panels 7.3 by 6.0 m 

is supported on 0.50m 

square columns.  

Determine the minimum 

slab thickness required 

for the interior and 

corner panels. 

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

p

Use f’c = 28 MPa and     

fy = 420 MPa

Exterior SlabExterior Slab

•• Slab thickness, from table for Slab thickness, from table for ffyy = 420 = 420 MPaMPa and and 

no edge beams isno edge beams isno edge beams is no edge beams is 

ml

l
h

n

n

8.65.03.7

30
min

=−=

=

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

mmusemmh

n

230 7.226
30

10008.6
min ⇒=

×
=
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Interior SlabInterior Slab

•• Slab thickness, from table for Slab thickness, from table for ffyy = 420 = 420 MPaMPa and and 

no edge beams isno edge beams isno edge beams is no edge beams is 

ml

l
h

n

n

8.65.03.7

33
min

=−=

=

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

mmusemmh

n

210 1.206
33

10008.6
min ⇒=

×
=

Example : Flat Slab with BeamsExample : Flat Slab with Beams

A flat plate floor system 

with panels 7 3 by 6 0 m iswith panels 7.3 by 6.0 m is 

supported on beams in two 

directions which supported 

on 0.40m square columns.  

Determine the minimum 

slab thickness required for 

an interior panel. 

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

p

Use f’c = 28 MPa and     

fy = 414 MPa
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Flat Slab with Beams ExampleFlat Slab with Beams Example

Beam crossBeam cross--sectionssections
All Dimensions in millimetersAll Dimensions in millimeters

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

IIbb = 1.170 x 10= 1.170 x 101010 mmmm44

IIbb = 7.952 x 10= 7.952 x 1099 mmmm44

Interior SlabInterior Slab

)180)(6000(

10170.1

: *

3

410×=beam mmI

DirectionLong

: *

01.4

10916.2
12

)180)(6000( 49
3

==

×==

slab

beam
long

slab

DirectionShort

EI

EI

mmI

α

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

30.3

10548.3
12

)180)(7300( 49
3

==

×==

slab

beam
short

slab

EI

EI

mmI

α
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Interior SlabInterior Slab
α

avrg

fm

66.3
2

3.301.4

:slabinterior for   Average The*

=
+

=α

α
l

l

fm

short

long

2for   thicknessCompute

232.1
4.00.6

4.03.7

:tCoefficien   theCompute

2

>

=
−
−

==β

β

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

mm

f
l

h

y

n

4.160   

236.1936

1400

414
8.09.6

936

1400
8.0

=
×+

⎟
⎠
⎞

⎜
⎝
⎛ +

=
+

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

=
β

USE 

h = 180mm

Thickness of Edge & Corner SlabsThickness of Edge & Corner Slabs

10952.7

:direction longin   Compute*

49×=−beamL

fm

mmI

α

:directionshort in   Compute*

11.5
10555.1

10952.7

10555.1
12

)180)(3200(

9

9

49
3

=
×
×

=

×==

fm

long

slab

α

mmI

α

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

25.4
10871.1

10952.7

10871.1
12

)180)(3850(

9

9

49
3

=
×
×

=

×==

short

slab

f

mmI

α
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Thickness of Edge & Corner SlabsThickness of Edge & Corner Slabs

5.11

3 30 3 30
93.3

01.430.311.530.3
=

+++
=fα

3.30 3.30

4.01

5.11

93.3
4

fmα

014303115254 +++

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

4.25 3.30

4.01

17.4
4

01.430.311.525.4
=

+++
=fmα

Thickness of Edge & Corner SlabsThickness of Edge & Corner Slabs

4.01

3 30

89.3
4

01.430.301.425.4
=

+++
=fmα

007100200307l4.25 3.30

4.01

230.1
30.00.6

30.03.7

:tCoefficien   theCompute

00.710.020.030.7

=
−
−

==

=−−=

short

long

n

l

l

ml

β

β

α 2forthicknessCompute > USE

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

mm

f
l

h

α

y

n

fm

0.163
230.1936

1400

414
8.000.7

936

1400
8.0

2for  thicknessCompute

=
×+

⎟
⎠
⎞

⎜
⎝
⎛ +

=
+

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

=

>

β

USE 

h = 180mm
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The Hashemite University

Department of Civil Engineering

Lecture 3.2 Lecture 3.2 –– Direct Design Direct Design 
MethodMethod

Dr  Hazim DwairiDr  Hazim Dwairi

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Dr. Hazim DwairiDr. Hazim Dwairi

Direct Design Method for TwoDirect Design Method for Two--
way Slabway Slab

•• Method of dividing total static moment MMethod of dividing total static moment Moo

i t iti d ti ti t iti d ti tinto positive and negative moments.into positive and negative moments.

•• Limitations on use of Direct Design Limitations on use of Direct Design 

method:method:
1.1. Minimum of 3 continuous spans in each direction.   Minimum of 3 continuous spans in each direction.   

(3 x 3 panel)(3 x 3 panel)

Reinforced Concrete IIReinforced Concrete II

2.2. Rectangular panels with long span/short span      2Rectangular panels with long span/short span      2

3.3. Successive span in each direction shall not differ by Successive span in each direction shall not differ by 

more than 1/3 the longer span.more than 1/3 the longer span.

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University


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Direct Design Method for TwoDirect Design Method for Two--
way Slabway Slab

4.4. Columns may be offset from the basic rectangular Columns may be offset from the basic rectangular 

grid of the building by up to 0.1 times the spangrid of the building by up to 0.1 times the spangrid of the building by up to 0.1 times the span grid of the building by up to 0.1 times the span 

parallel to the offset.parallel to the offset.

Reinforced Concrete IIReinforced Concrete II

5.5. All loads must be due to gravity only (N/A to All loads must be due to gravity only (N/A to 

unbracedunbraced laterally loaded frames, from mats or prelaterally loaded frames, from mats or pre--

stressed slabs)stressed slabs)

6.6. Service (Service (unfactoredunfactored) live load     twice service dead ) live load     twice service dead 

loadload
Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University



Direct Design Method for TwoDirect Design Method for Two--
way Slabway Slab

7.7. For panels with beams between supports on all For panels with beams between supports on all 

sides, relative stiffness of the beams in the twosides, relative stiffness of the beams in the twosides, relative stiffness of the beams in the two sides, relative stiffness of the beams in the two 

perpendicular directions. Shall not be less than 0.2 perpendicular directions. Shall not be less than 0.2 

nor greater than 5.0nor greater than 5.0

2

2

21StiffnessRelative
l



Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

2

12l
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Basic Steps in TwoBasic Steps in Two--way Slab way Slab 
DesignDesign

1.1. Choose layout and type of slab.Choose layout and type of slab.

22 Ch l b thi k t t lCh l b thi k t t l2.2. Choose slab thickness to control Choose slab thickness to control 

deflection.  Also, check if thickness is deflection.  Also, check if thickness is 

adequate for shear.adequate for shear.

3.3. Choose Design methodChoose Design method

 Equivalent Frame MethodEquivalent Frame Method -- use elasticuse elastic

Reinforced Concrete IIReinforced Concrete II

Equivalent Frame Method Equivalent Frame Method use elastic use elastic 

frame analysis to compute positive and frame analysis to compute positive and 

negative momentsnegative moments

 Direct Design Method Direct Design Method -- uses coefficients to uses coefficients to 

compute positive and negative slab momentscompute positive and negative slab moments
Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Basic Steps in TwoBasic Steps in Two--way Slab way Slab 
DesignDesign

4.4. Calculate positive and negative moments in the Calculate positive and negative moments in the 

slab.slab.slab.slab.

5.5. Determine distribution of moments across the Determine distribution of moments across the 

width of the slab.  width of the slab.  -- Based on geometry and Based on geometry and 

beam stiffness.beam stiffness.

6.6. Assign a portion of moment to beams, if Assign a portion of moment to beams, if 

presentpresent

Reinforced Concrete IIReinforced Concrete II

present.present.

7.7. Design reinforcement for moments from steps Design reinforcement for moments from steps 

5 and 6.5 and 6.

8.8. Check shear strengths at the columnsCheck shear strengths at the columns

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Distribution of MomentsDistribution of Moments

•• Slab is considered to be a series of frames in Slab is considered to be a series of frames in 

two directions.two directions.

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Distribution of MomentsDistribution of Moments

•• Slab is considered to be a series of frames in Slab is considered to be a series of frames in 

two directions.two directions.two directions.two directions.

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Distribution of MomentsDistribution of Moments

In each span of each frame, the total static In each span of each frame, the total static 

Moment MMoment M is:is:Moment, MMoment, Moo, is:, is:

Where:Where:

u areaunit per  load factored w

 3-13 ACI      

8

2

n2u
0

llw
M 

Column or 

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

 cn

n

2

0.886d h using  calc. columns,circular for 

columnsbetween span clear  

strip  theof width e transvers







l

l

l capital diameter

Distribution of MomentsDistribution of Moments

•• Where the transverse span of panels on either Where the transverse span of panels on either 

side of the centerline of supports varies lside of the centerline of supports varies l shallshallside of the centerline of supports varies, lside of the centerline of supports varies, l22 shall shall 

be taken as the average.be taken as the average.

•• Clear span Clear span ln shall extend from face to face of of 

columns, capitals, brackets, or walls. It shall not 

be less than 0.65l1.

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Use equivalent square 

Columns for ln calculations.
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Column Strips and Middle StripsColumn Strips and Middle Strips

Moments vary continuously across width of slab Moments vary continuously across width of slab 

panel To aid the steel placement:panel To aid the steel placement:panel. To aid the steel placement:panel. To aid the steel placement:

Design moments are averaged over the width of Design moments are averaged over the width of 

column strips over the columns & middle strips column strips over the columns & middle strips 

between column strips.between column strips.

Reinforced Concrete IIReinforced Concrete II

The widths of these strips are defined in ACI The widths of these strips are defined in ACI 

sections 13.2.1 and 13.2.2 and illustrated in the sections 13.2.1 and 13.2.2 and illustrated in the 

next slide.next slide.
Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Column Strips and Middle StripsColumn Strips and Middle Strips

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Column Strips and Middle StripsColumn Strips and Middle Strips

max

min

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Positive and Negative Moments Positive and Negative Moments 
in Panelsin Panels

MM00 is divided into +is divided into +veve M and M and ––veve M according to M according to 

rules given in ACI sec 13 6 3rules given in ACI sec 13 6 3rules given in ACI sec. 13.6.3 rules given in ACI sec. 13.6.3 

+ve M

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

-ve M
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Moment DistributionMoment Distribution

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Moment Moment 
Distribution Distribution 
in Exterior in Exterior 
SpanSpanSpanSpan

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Transverse Distribution of Transverse Distribution of 
MomentsMoments

Transverse distribution of the longitudinal Transverse distribution of the longitudinal 

moments to middle and column strips is a functionmoments to middle and column strips is a functionmoments to middle and column strips is a function moments to middle and column strips is a function 

of the ratio of length lof the ratio of length l22/l/l11, , 11, and , and tt..

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Factored Negative Moment in Factored Negative Moment in 
Column StripColumn Strip

•• InteriorInterior negative momentsnegative moments

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Factored Negative Moment in Factored Negative Moment in 
Column StripColumn Strip

•• ExteriorExterior Negative MomentsNegative Moments

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Factored Positive Moment in Factored Positive Moment in 
Column StripColumn Strip

•• For both Exterior and InteriorFor both Exterior and Interior

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Transverse Distribution of Transverse Distribution of 
MomentsMoments

•• Transverse distribution of the longitudinal Transverse distribution of the longitudinal 

moments to middle and column strips is amoments to middle and column strips is amoments to middle and column strips is a moments to middle and column strips is a 

function of the ratio of length lfunction of the ratio of length l22/l/l11, , 11, and , and tt..


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Torsion Constant

Factored Moment in Column Factored Moment in Column 
Strip Strip 

11= Ratio of flexural stiffness of beam to stiffness = Ratio of flexural stiffness of beam to stiffness 

of slab in direction lof slab in direction lof slab in direction lof slab in direction l11..

tt= Ratio of = Ratio of torsionaltorsional stiffness of edge beam to stiffness of edge beam to 

flexural stiffness of slabflexural stiffness of slab
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Factored Moments in BeamsFactored Moments in Beams

For slabs with beams between supports, the slab portion of For slabs with beams between supports, the slab portion of 

column strips shall be proportioned to resist that portion ofcolumn strips shall be proportioned to resist that portion ofcolumn strips shall be proportioned to resist that portion of column strips shall be proportioned to resist that portion of 

column strip moments not resisted by beams.column strip moments not resisted by beams.

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

ACI Provisions for Effects of ACI Provisions for Effects of 
Pattern LoadsPattern Loads

1.1. The ratio of live to dead load.  A high ratio will The ratio of live to dead load.  A high ratio will 

increase the effect of pattern loadingsincrease the effect of pattern loadingsincrease the effect of pattern loadings.increase the effect of pattern loadings.

2.2. The ratio of column to beam stiffness.  A low The ratio of column to beam stiffness.  A low 

ratio will increase the effect of pattern loadings.ratio will increase the effect of pattern loadings.

Reinforced Concrete IIReinforced Concrete II

3.3. Pattern loadings.  Maximum positive moments Pattern loadings.  Maximum positive moments 

within the spans are less affected by pattern within the spans are less affected by pattern 

loadings.loadings.

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University



Reinforced Concrete II Hashemite University

Dr. Hazim Dwairi 13

Slab ReinforcementSlab Reinforcement

•• Spacing of reinforcement at critical sections shall Spacing of reinforcement at critical sections shall 

not exceed two times the slab thickness exceptnot exceed two times the slab thickness exceptnot exceed two times the slab thickness, except not exceed two times the slab thickness, except 

for ribbed construction.for ribbed construction.

•• ++veve M reinforcement _|_ to a discontinuous edge M reinforcement _|_ to a discontinuous edge 

shall extend to the edge of slab and have shall extend to the edge of slab and have 

embedment, straight or hooked, at least 150 mm embedment, straight or hooked, at least 150 mm 

in spandrel beams columns or wallsin spandrel beams columns or walls

Reinforced Concrete IIReinforced Concrete II

in spandrel beams, columns, or walls.in spandrel beams, columns, or walls.

•• --veve M reinforcement _|_ to a discontinuous edge M reinforcement _|_ to a discontinuous edge 

shall be bent, hooked, or otherwise anchored in shall be bent, hooked, or otherwise anchored in 

spandrel beams, columns, or wallsspandrel beams, columns, or walls

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Corner ReinforcementCorner Reinforcement

•• top & bottom As shall be top & bottom As shall be 

Reinforced Concrete IIReinforced Concrete II

sufficient to resist a moment sufficient to resist a moment 

per unit of width equal to the per unit of width equal to the 

maximum positive moment maximum positive moment 

per unit width in the slab.per unit width in the slab.
Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Details of Reinforcement in Slabs Details of Reinforcement in Slabs 
without Beamswithout Beams

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Openings in SlabsOpenings in Slabs

2 23

Opening sizes:

1  Any size is allowed

1

2 2

3

3

3

2  1/8 of column strip width in 

each span is allowed.

3  1/4 of the smallest strip 

width is allowed

In all cases an amount of 

Reinforcement:

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

22
3

reinforcement equivalent to

that interrupted by an opening 

shall be added on the

sides of the opening.
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Lecture 3.3 Lecture 3.3 –– Shear Strength Shear Strength 
of Slabsof Slabs

Dr  Hazim DwairiDr  Hazim Dwairi
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Dr. Hazim DwairiDr. Hazim Dwairi

Shear Strength of SlabsShear Strength of Slabs

•• In twoIn two--way floor systems, the slab must way floor systems, the slab must 

h d t thi k t i t b thh d t thi k t i t b thhave adequate thickness to resist both have adequate thickness to resist both 

bending moments and shear forces at bending moments and shear forces at 

critical sections.  There are three cases to critical sections.  There are three cases to 

look at for shear.look at for shear.
–– OneOne--way shear Slabs supported on beamsway shear Slabs supported on beams

Reinforced Concrete IIReinforced Concrete II

–– OneOne--way shear Slabs without beamsway shear Slabs without beams

–– TwoTwo--way shear Slabs without beamsway shear Slabs without beams

–– Shear Reinforcement in twoShear Reinforcement in two--way slabs without way slabs without 

beams.beams.

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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OneOne--way Shear: Slabs with way Shear: Slabs with 
BeamsBeams

•• Beams with            equal to or greater than 1.0 Beams with            equal to or greater than 1.0 

shall be proportioned to resist shear on tributaryshall be proportioned to resist shear on tributaryshall be proportioned to resist shear on tributary shall be proportioned to resist shear on tributary 

areas which are bounded by 45areas which are bounded by 45--degree lines degree lines 

drawn from the corners of the panelsdrawn from the corners of the panels

• In proportioning beams 

with            less than 1.0, 

use linear interpolation

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

use linear interpolation

• beams shall also resist 

shears caused by factored 

loads applied directly on 

beams

OneOne--way Shear: Slabs with way Shear: Slabs with 
BeamsBeams

•• If the stiffness for the beam        is less than 1.0 If the stiffness for the beam        is less than 1.0 

then the beams framing into the column will notthen the beams framing into the column will notthen the beams framing into the column will not then the beams framing into the column will not 

account for all of the shear force applied on the account for all of the shear force applied on the 

column.column.

•• The remaining shear The remaining shear 

force will produce force will produce 

shear stresses in theshear stresses in the

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

shear stresses in the shear stresses in the 

slab around the slab around the 

column that should column that should 

be checked similar be checked similar 

to flat slabs.to flat slabs.
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Shear in Slabs without BeamsShear in Slabs without Beams

•• There are two types of shear that need to be There are two types of shear that need to be 

addressedaddressedaddressedaddressed

–– OneOne--way shear or beam shear at distance way shear or beam shear at distance dd from the from the 

columncolumn

–– TwoTwo--way or punch out shear which occurs along a way or punch out shear which occurs along a 

truncated cone.truncated cone.
Two-way shear

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

One-way shear

OneOne--way shear (Beam Shear)way shear (Beam Shear)

OneOne--way shear considers critical section a way shear considers critical section a 

di tdi t dd f th l d th l b if th l d th l b idistance distance dd from the column and the slab is from the column and the slab is 

considered as a wide beam spanning considered as a wide beam spanning 

between supports.between supports.


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OneOne-- & Two& Two--way Shear Critical way Shear Critical 
SectionsSections

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

ExampleExample

5.4 m 5.4 m

2.7 m 2.7 m

.4
 m

Let:

wu = 9.8 kN/m2

5
.

m

2
.7

 m
2

.7
 m

0.15+0.12 = 

0.27m 

d=0.12m

2.43 m

0.325+0.12 = 

0.445m 

2.225 m

d=0.12m

Then:

Vu = 9.8 x 5.4 x 2.43

= 128.6 kN

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

5
.4

 m

0.3 m

0
.6

5
 m



Reinforced Concrete II Hashemite University

Dr. Hazim Dwairi 5

TwoTwo--way Shear: Critical Sectionway Shear: Critical Section

TwoTwo--way shear fails along a truncated cone or way shear fails along a truncated cone or 

pyramid around the column The critical section ispyramid around the column The critical section ispyramid around the column.  The critical section is pyramid around the column.  The critical section is 

located located d/2d/2 from the column face, column capital, from the column face, column capital, 

or drop panel.or drop panel.

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

TwoTwo--way Shear: Critical Sectionway Shear: Critical Section

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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TwoTwo--way Shear: Critical Sectionway Shear: Critical Section

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

TwoTwo--way Shear: Concrete Shear way Shear: Concrete Shear 
StrengthStrength

•• For Slabs and footings, For Slabs and footings, VV
cc

is the smallest of a, b is the smallest of a, b 

and c:and c:and c:and c:

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Where:

bo = perimeter of critical section

 = ratio of long side of column to short side

s = 40 for interior columns, 30 for edge columns and 

20 for corner columns.
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TwoTwo--way Shear: way Shear:  EvaluationEvaluation

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Augmenting Shear StrengthAugmenting Shear Strength

•• For slabs which don’t meet the condition for For slabs which don’t meet the condition for 

shear one can either:shear one can either:shear, one can either:shear, one can either:

–– Thicken the slab over the entire panel.Thicken the slab over the entire panel.

–– Use a drop panel to thicken the slab adjacent to the Use a drop panel to thicken the slab adjacent to the 

column.column.

–– Increase Increase bboo by increasing the column size, or by by increasing the column size, or by 

adding a fillet or shear capital around the column.adding a fillet or shear capital around the column.

Reinforced Concrete IIReinforced Concrete II

–– Add shear reinforcement.Add shear reinforcement.

Reinforcement can be done by shear heads, anchor bars, Reinforcement can be done by shear heads, anchor bars, 

conventional stirrup cages and studded steel strips.conventional stirrup cages and studded steel strips.

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Shear ReinforcementShear Reinforcement

•• ShearShear--headsheads: consist of steel I: consist of steel I--beams or channel beams or channel 

welded into four cross arms to be placed in slab above a welded into four cross arms to be placed in slab above a 

column Does not apply to external columns due tocolumn Does not apply to external columns due tocolumn.  Does not apply to external columns due to column.  Does not apply to external columns due to 

lateral loads and torsion.lateral loads and torsion.

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Shear ReinforcementShear Reinforcement

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Location of 

Critical Section
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Shear ReinforcementShear Reinforcement

•• Anchor BarsAnchor Bars: consists of steel reinforcement rods or : consists of steel reinforcement rods or 

bent bar reinforcement .bent bar reinforcement .bent bar reinforcement .bent bar reinforcement .

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Shear ReinforcementShear Reinforcement
•• Conventional Stirrup CagesConventional Stirrup Cages::

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

d ≥ 150 mm

d ≥ 16ds

h =
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Shear ReinforcementShear Reinforcement
•• Headed Shear StudsHeaded Shear Studs::

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Shear ReinforcementShear Reinforcement

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University



Reinforced Concrete II Hashemite University

Dr. Hazim Dwairi 11

Nominal Shear StrengthNominal Shear Strength

•• Shear reinforcement consisting of bars or wires Shear reinforcement consisting of bars or wires 

and singleand single-- or multipleor multiple--leg stirrups shall be leg stirrups shall be 

itt d i l b d f ti h h iitt d i l b d f ti h h ipermitted in slabs and footings where h is permitted in slabs and footings where h is 

greater than or equal to 150mm & 16dgreater than or equal to 150mm & 16dss

dbfVVV c o

'

scn  5.0

dbfVVV c o

'

scn 58.0

Conventional 

Stirrup Cage

Shear Head 

Reinforcement

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite UniversityS

dfA
V

dbfV c

yv

s

o

'

c  17.0





fc oscn Reinforcement

Shear Example ProblemShear Example Problem

Determine the shear Determine the shear 

reinforcement required for anreinforcement required for anreinforcement required for an reinforcement required for an 

interior flat panel considering interior flat panel considering 

the following: the following: 

VVuu= 865kN, = 865kN, 

slab thickness = 220 mm, slab thickness = 220 mm, 

d = 190 mm, d = 190 mm, f’f’cc = 21 MPa, = 21 MPa, 

Reinforced Concrete IIReinforced Concrete II

ffyy= 420 MPa, and column is = 420 MPa, and column is 

500 x 500 mm.500 x 500 mm.

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Shear Example ProblemShear Example Problem

•• Compute the shear terms find bCompute the shear terms find b00 for for VV
cc

  mmb 760,21905004o 

Smaller 

of

= 0.51

= 0.39

=

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

=

kNV

dbfV

c

occ

8.594

)2760)(190)(21)(33.0(75.033.0 '








Shear Example ProblemShear Example Problem

•• VVuu =865 =865 kNkN > 594.8 > 594.8 kNkN, so  , so  

Sh i f t i d!!!Sh i f t i d!!!•• Shear reinforcement is need!!!Shear reinforcement is need!!!

•• Compute maximum allowable shear Compute maximum allowable shear VV
nn

kNVVV 6.201,1)2760)(190( 215.0scn 

kk

Reinforced Concrete IIReinforced Concrete II

Shear reinforcement can be usedShear reinforcement can be used

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Shear Example ProblemShear Example Problem

•• Use shear heads or studsUse shear heads or studs

C t l th ‘C t l th ‘ ’’ d b t dd b t d•• Compute length ‘Compute length ‘a’a’ covered by studscovered by studs

 awidthcolumnb 2 4o 

dbfV oc

21170750000865

17.0 '

u  

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

mma

a

024,1            

190)2500(4                 

2117.075.0000,865






Shear Example ProblemShear Example Problem

Total length = a + d = 1024+190 =1214 mmTotal length = a + d = 1024+190 =1214 mm

S 1250S 1250Say = 1250 mmSay = 1250 mm

•• Determine shear reinforcement Determine shear reinforcement 

kN

V
V

V c
u

s

33601793750/865

 

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

kNsidePerV

kN

s 08.904/3.360  

3.3601.79375.0/865



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Shear Example ProblemShear Example Problem

•• Determine shear reinforcementDetermine shear reinforcement

UU 10 l d ti A10 l d ti A 2*78 5 1502*78 5 150 22•• Use Use 10 closed stirrups A10 closed stirrups Avv =2*78.5=150mm=2*78.5=150mm22

mmS

V

dfA
S

s

yv

9132
190420150








Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

directioneachstirrupsclosedmmUSE

mmdS

mmS

 /  90@10 

952/

9.132
100008.90

max


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
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Example 1: Design of two‐way slab according to DDM 

Design an interior panel of the two‐way slab for the floor system shown. The floor consists of six panels 
at each direction, with a panel size 7.30 m x 6.0 m.  All panels are supported by 400 mm square columns.  
The slabs are supported by beams along the column line with cross sections.  The service live load is to 
be taken as 3.80 kN/m2 and the service dead load consists of 1.15 kN/m2 of floor finishing in addition to 
the self‐weight.  Use fc = 28 MPa and fy = 420 MPa. 

 

 

 

 

 

 

 

 

SOLUTION: 

1.0  SLAB THICKNESS 

The thickness was calculated in an earlier example.  Generally, thickness of the slab is calculated for the 
external corner slab.  So use h = 180 mm. 

The Dead Load of the slab is given as: 

ܮܦ ൌ 1.15 ൅ 1000 ൈ 18010଺ ൈ 25 ൌ 5.65 ݇ܰ/݉ଶ ݓ௨ ൌ ܮܦ1.2 ൅ ௨ݓ ܮܮ1.6 ൌ 1.2ሺ5.65ሻ ൅ 1.6ሺ3.8ሻ ൌ 12.86 ݇ܰ/݉ଶ 

Compute the average depth, d for the slab.  Use an average depth for the shear calculation with a φ12 
bar  

݀ ൌ ݄ െ ݎ݁ݒ݋ܿ െ ݀௕2  

݀ ൌ 180 െ 20 െ 122 ൌ 154 ݉݉ 
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2 
 

2.0  ONE WAY SHEAR 

 

The shear stress in the slab are not critical , the critical 
section is at a distance d from the face of beam, USE 1.0 
m section. 

௨ܸ ൌ ௨ݓ ൬݈ଶ2 െ ݄ݐ݀݅ݓ ܾ݉ܽ݁ െ ݀൰ ൌ 12.86 ൬7.32 െ 0.30 െ 0.154൰ ൌ 44.59݇ܰ 

The one way shear on the face of the beam  

Φ ௖ܸ ൌ Φඥ ௖݂6 ܾ݀ ൌ 0.75 ൈ √286 ൈ 1000 ൈ 154 ൌ 101.86݇ܰ Φ ௖ܸ ൐ ௨ܸ   OK 

 

3.0  STRIP SIZE 

Determine the strip sizes for the column and the middle strip , USE the smaller of l1or l2 

݈ ൌ ݈ଶ4 ൌ 64 ൌ 1.5 ݉ 

Therefore the column strip ܾ ൌ 2݈ ൌ 2 ൈ 1.5 ൌ 3 ݉ 

The middle strips are ܾଵ ൌ 7.3 െ 3 ൌ 4.3 ݉  , ܾଶ ൌ 6 െ 3 ൌ 3 ݉ 
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4.0  STATIC MOMENT COMPUTATION 

moment Mofor the two directions 

long direction: ln=7.3 ‐ 0.4 = 6.9 m   ,  l2 = 6 m  

௢௟ܯ ൌ ௨݈ଶ݈௡ଶ8ݓ ൌ 12.86 ൈ 6 ൈ 6.9ଶ8 ൌ 459.2 ݇ܰ.݉ 

short direction: ln = 6 ‐ 0.4 = 5.6 m  ,  l2=7.3 m  

௢௦ܯ ൌ ௨݈ଶ݈௡ଶ8ݓ ൌ 12.86 ൈ 7.3 ൈ 5.6ଶ8 ൌ 368.0 ݇ܰ.݉ 

 

4.1 Moment (long): 

The factored components of the moments for the 
beam long 

Negative moments = 0.65 x Mol = 298.50 kN.m 

Positive moment = 0.35 x Mol = 160.70 kN.m 

 

4.2 Moment (long) Coefficients 

The moments of inertia about beam, Ib = 1.17 x 1010 mm
4 and Is = 2.916 x 109 mm

4 (long direction) are 
need to determine the distribution of the moments between the column and middle strip. 

ߚ ൌ ݈ଶ݈ଵ ൌ 6.07.3 ൌ 0.8219 

ଵߙ ൌ ௦௕ܫ௦ܧ௕ܫ௕ܧ ൌ 4.01  
ߚଵߙ ൌ 3.296  

4.2.1 Negative Moment (long) Factor 

Need to interpolate to determine how the negative moment is distributed. 
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ݎ݋ݐ݂ܿܽ  ൌ 0.9 ൅ 0.9 െ 0.750.5 െ 1 ൈ ሺ0.8219 െ 0.5ሻ ൌ 0.8034  
4.2.2 Positive Moment (long) Factor 

Need to interpolate to determine how the negative moment is distributed. 

ݎ݋ݐ݂ܿܽ  ൌ 0.9 ൅ 0.9 െ 0.750.5 െ 1 ൈ ሺ0.8219 െ 0.5ሻ ൌ 0.8034  
 

4.2.3 Moment (long) column/middle strips 

Component on the beam (long); 

Column Strip: 

Negative – Moment = 0.8034 x (‐298.5) = ‐239.80 kN.m 

Positive – Moment = 0.8034 x (160.7) = 129.1 kN.m 

Middle Strip: 

Negative – Moment = 0.1966 x (‐298.5) = ‐58.69 kN.m 

Positive – Moment = 0.1966 x (160.7) = 31.59 kN.m 
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4.2.4 Moment (long)‐beam/slab distribution (Negative) 

When α1 (l2/l1) > 1.0, ACI Code Section 13.6.5 indicates that 85 % of the moment in the column strip is 
assigned to the beam and balance of 15 % is assigned to the slab in the column strip. 

Column Strip ‐ Negative Moment (‐239.8 kN.m) 

  Beam moment = 0.85 x ‐239.8= ‐203.8 kN.m 

  Slab moment = 0.15 x ‐239.8= ‐35.97 kN.m 

Column Strip ‐ Positive Moment (129.1 kN.m) 

  Beam moment = 0.85 x 129.1= 109.7 kN.m 

  Slab moment = 0.15 x 129.1= 19.37 kN.m 

 ********************************************************    

Moment (short): 

The factored components of the moments for the 
beam short 

Negative moments = 0.65 x Mol = 239.20 kN.m 

Positive moment = 0.35 x Mol = 128.80 kN.m 

 

Moment (short) Coefficients 

The moments of inertia about beam, Ib = 1.17 x 1010 mm
4 and Is = 3.548 x 109 mm

4 (short) are need to 
determine the distribution of the moments between the column and middle strip. 

ߚ ൌ ݈ଵ݈ଶ ൌ 7.36.0 ൌ 1.217 

ଵߙ ൌ ௦௕ܫ௦ܧ௕ܫ௕ܧ ൌ 3.30  
ߚଵߙ ൌ 4.02  

Negative Moment (short) Factor 

Need to interpolate to determine how the negative moment is distributed. 
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ݎ݋ݐ݂ܿܽ  ൌ 0.75 ൅ 0.75 െ 0.451 െ 2 ൈ ሺ1.217 െ 1ሻ ൌ 0.685  
Positive Moment (short) Factor 

Need to interpolate to determine how the negative moment is distributed. 

ݎ݋ݐ݂ܿܽ  ൌ 0.75 ൅ 0.75 െ 0.451 െ 2 ൈ ሺ1.217 െ 1ሻ ൌ 0.685  
 

Moment (short) column/middle strips 

Component on the beam (short); 

Column Strip: 

Negative – Moment = 0.685 x (‐239.2) = ‐163.85 kN.m 

Positive – Moment = 0.685 x (128.80) = 88.23 kN.m 

Middle Strip: 

Negative – Moment = 0.315 x (‐239.20) = ‐75.35 kN.m 

Positive – Moment = 0.315 x (128.80) = 40.57 kN.m 
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Moment (short)‐beam/slab distribution (negative+positive) 

When α1 (l2/l1) > 1.0, ACI Code Section 13.6.5 indicates that 85 % of the moment in the column strip is 
assigned to the beam and balance of 15 % is assigned to the slab in the column strip. 

Column Strip ‐ Negative Moment (‐163.85 kN.m) 

  Beam moment = 0.85 x ‐163.85= ‐139.27 kN.m 

  Slab moment = 0.15 x ‐163.85= ‐24.58 kN.m 

Column Strip ‐ Positive Moment (88.23 kN.m) 

  Beam moment = 0.85 x 88.23= 75.00 kN.m 

  Slab moment = 0.15 x 88.23= 13.23 kN.m 

 

5.0   SUMMARY OF RESULTS                         

Long Direction    Short Direction 

 
+ve M 
(kN.m) 

‐ve M 
(kN.m) 

   
+ve M 
(kN.m) 

‐ve M 
(kN.m) 

Beam  109.70  ‐203.80    Beam  75.00  ‐139.27 

Column 
Strip 

19.37  ‐35.97   
Column 
Strip 

13.23  ‐24.58 

Middle Strip  31.59  ‐58.69    Middle Strip  40.57  ‐75.35 
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6.0   DESIGN OF REINFORCEMENT                      

     Long Direction 

Column Strip  Middle Strip 

Negative Positive Negative  Positive

Moment (kN.m)  35.97 19.37 58.69  31.59

b (mm)  3000 3000 3000  3000

d (mm)   147.5 147.5 147.5  147.5

h (mm)  180 180 180  180

fy (MPa)  420 420 420  420

f'c (MPa)  28 28 28  28

As (mm
2
)  647 348 1057  568

As,min (mm
2
)  972 972 972  972

φMn (kN.m)  35.971 19.370 58.690  31.590

Bar size (mm)  12 12 12  12

Spacing (mm)  300 300 300  300

As,provided (mm
2
)  1130.97 1130.97 1130.97  1130.97

 

  Short Direction

Column Strip  Middle Strip 

Negative Positive Negative  Positive

Moment (kN.m)  24.58 13.23 75.35  40.57

b (mm)  3000 3000 4300  4300

d (mm)   135.5 135.5 135.5  135.5

h (mm)  180 180 180  180

fy (MPa)  420 420 420  420

f'c (MPa)  28 28 28  28

As (mm
2
)  481 259 1478  794

As,min (mm
2
)  972 972 1393.2  1393.2

φMn (kN.m)  24.580 13.230 75.350  40.570

Bar size (mm)  12 12 12  12

Spacing (mm)  300 300 300  300

As,provided (mm
2
)  1130.97 1130.97 1621.06  1621.06
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Example 2: Design of flat plate with drop panels according to DDM 

Using the direct design method, design the typical exterior flat‐slab panel with drop down panels only.  
All panels are supported on 500 mm square columns, 3500 mm long.  The slab carries a uniform service 
live load of 3.8 kN/m2 and service dead load that consists of 1.15 kN/m2 of finished in addition to the 
slab self‐weight.  Use f’c = 28 MPa and fy = 420 MPa. 

 

7300mm 7300mm

60
00

m
m

60
00

m
m

50
0

13
00

39
00

m
m

80
0

80
0 50

0

41
50

m
m

80
0

1000 4800mm 1000 1000 4800mm 1000 1000

6800mm

80
0

500

Columns 500 x 500 mm

Drop Panels 2100 x 2500 mm
Projection 50 mm

Slab Thinkness 200 mm
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Solution: 

Slab thickness is calculated based upon Table 9.5 (c) in the ACI code: 

Without drop panels :   ݄௠௜௡ ൌ ݈௡33 ൌ 7300 െ 50033 ൌ 206݉݉ 

With drop panels :   ݄௠௜௡ ൌ ݈௡36 ൌ 7300 െ 50036 ൌ 188݉݉ 

  Use h = 200 mm 

ACI code limitations: 

1. For panels with discontinuous edges, end beams with a minimum α equal to 0.8 must be used; 
otherwise the minimum slab thickness calculated by the equations must be increased by at least 
10%. 

2. When drop panels are used without beams, the minimum slab thickness may be reduced by 10 
%.  The drop panels should extend in each direction from the centerline of support a distance 
not less than one‐sixth of the span length in that direction between center to center of supports 
and also project below the slab at least h/4. 

3. Regardless of the values obtained for the equations, the thickness of two‐way slabs shall not be 
less than the following: 

 For slabs without beams or drop panels, 125 mm. 
 for slabs without beams but with drop panels, 100 mm. 

 for slabs with beams on all four sides with αm > 2.0, 3.5 in. and for αm < 2.0, 5 in. (ACI 
Code 9.5.3) 

Therfore,  

The drop panel thickness is: 

݄ ൅ 4݄ ൌ 200 ൅ 2004 ൌ 250݉݉ 

The panel half width is at least L/6 in length: 6ܮ ൌ 73006 ൌ 6ܮ 1216݉݉ ൌ 60006 ൌ 1000݉݉ 

Therefore the drop panel thickness is 250mm and has 2100 x 2500 area. 
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25
0 20
0

500
Drop PanelFlat Slab

Column

 

The load on the slab is given as: 

The dead load of the slab DL is: 

ܮܦ ൌ 1.15 ൅ 1000 ൈ 20010଺ ൈ 25 ൌ 6.15 ݇ܰ/݉ଶ ݓ௨ ൌ ܮܦ1.2 ൅ ௨ݓ ܮܮ1.6 ൌ 1.2ሺ6.15ሻ ൅ 1.6ሺ3.80ሻ ൌ 13.46 ݇ܰ/݉ଶ 

The load on the drop panel: 

The dead load of the panel DL is: 

ܮܦ ൌ 1.15 ൅ 1000 ൈ 25010଺ ൈ 25 ൌ 7.40 ݇ܰ/݉ଶ ݓ௨ ൌ ܮܦ1.2 ൅ ௨ݓ ܮܮ1.6 ൌ 1.2ሺ7.40ሻ ൅ 1.6ሺ3.80ሻ ൌ 14.96 ݇ܰ/݉ଶ 

The drop panel length is L/3 in each direction thus weighted average of wu is: 

௨ݓ ൌ 23 ሺ13.46ሻ ൅ 13 ሺ14.96ሻ ൌ 13.96 ݇ܰ/݉ଶ 

The punching shear at center column is: ݀ ൌ 250 െ 20 െ 12.5 ൌ 217.5݉݉ ܾ௢ ൌ 4ሺ500 ൅ 217.5ሻ ൌ 2870݉݉ 

௨ܸ ൌ 13.96ሾ7.3 ൈ 6.0 െ ሺ0.5 ൅ 0.2175ሻଶሿ ൌ 604.26݇ܰ 

 

1000 500 1000

80
0
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0

50
0
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1000 500 1000
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߶ ௖ܸ ൌ  ݂݋ ݐݏ݈݈݁ܽ݉ݏ
ێێۏ
ۍێێ 0.17 ൬1 ൅ ൰ඥߚ2 ௖݂ᇱܾ௢݀ ൌ 0.51ඥ ௖݂ᇱܾ௢݀0.083ሺ2 ൅ ௦ܾ݀௢ߙ ሻඥ ௖݂ᇱܾ௢݀ ൌ 0.55ඥ ௖݂ᇱܾ௢݀0.33ඥ ௖݂ᇱܾ௢݀            ݏ݊ݎ݁ݒ݋ܩ

 

߶ ௖ܸ ൌ 0.75 ൈ ൫0.33√28 ൈ 2870 ൈ 217.5൯ ൌ 817.51݇ܰ ൐  ܭܱ   604.26݇ܰ

The punching shear at drop panel: ݀ ൌ 200 െ 20 െ 12.5 ൌ 167.5݉݉ ܾ௢ ൌ 2ሺ2500 ൅ 167.5ሻ ൅ 2ሺ2100 ൅ 167.5ሻ ൌ 9870݉݉ 

௨ܸ ൌ 13.96ሾ7.3 ൈ 6.0 െ ሺ2.6675 ൈ 2.2675ሻሿ ൌ 527.01݇ܰ ߶ ௖ܸ ൌ 0.75 ൈ ൫0.33√28 ൈ 9870 ൈ 167.5൯ ൌ 2,165݇ܰ ൐  ܭܱ   527.01݇ܰ

One‐way shear is not critical to be checked. 

Moment Mo for the two directions are: 

Long direction: 

௢௟ܯ ൌ ሺ13.96 ൈ 6.0ሻሺ7.3 െ 0.5ሻଶ8 ൌ 484.13݇ܰ.݉ 

Short direction: 

௢௦ܯ ൌ ሺ13.96 ൈ 7.3ሻሺ6.0 െ 0.5ሻଶ8 ൌ 385.34݇ܰ.݉ 

The column strip will be 3.0 m (6/4 =  1.5m), therefore the middle strips for long section is 3.0 m and the 
middle strip for the short section will be 4.30 m. 

The factored components of the moment for the beam in long direction: 
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Negative – moment   0.65 x 484.13 = 314.68 kN.m 

Positive – moment   0.35 x 484.13 = 169.45 kN.m 

Components on the long interior strip: 

 

Column Strip: 

  Negative – Moment   0.75 x 314.68 = 236.01 kN.m 

  Positive + Moment   0.6 x 169.45 = 101.67 kN.m 

Middle Strip: 

  Negative – Moment   0.25 x 314.68 = 78.67 kN.m 

  Positive + Moment   0.4 x 169.45 = 67.78 kN.m 

 

 

 

 

 

Negative Positive Negative Positive

Moment (kN.m) 236.01 101.67 78.67 67.78

b (mm) 3000 3000 3000 3000

d (mm)  210 162 162 162

h (mm) 250 200 200 200

fy (MPa) 420 420 420 420

f'c (MPa) 28 28 28 28

As (mm
2
) 2990 1669 1290 1111

As,min (mm
2
) 1350 1080 1080 1080

φMn (kN.m) 236.010 101.670 78.670 67.780

Bar size (mm) 16 12 12 12

Spacing (mm) 200 200 250 300

As,provided (mm
2
) 3015.93 1696.46 1357.17 1130.97

Column Strip Middle Strip

Long Direction
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The factored components of the moment for the beam in short direction: 

Negative – moment   0.65 x 385.34 = 250.47 kN.m 

Positive – moment   0.35 x 385.34 = 134.87 kN.m 

Components on the interior strips in the short direction: 

Column Strip: 

  Negative – Moment   0.75 x 250.47 = 187.85 kN.m 

  Positive + Moment   0.6 x 134.87 = 80.92 kN.m 

Middle Strip: 

  Negative – Moment   0.25 x 250.47 = 62.62 kN.m 

  Positive + Moment   0.4 x 134.87 = 53.95 kN.m 

 

 

Negative Positive Negative Positive

Moment (kN.m) 187.85 80.92 62.62 53.95

b (mm) 3000 3000 4300 4300

d (mm)  224 174 174 174

h (mm) 250 200 200 200

fy (MPa) 420 420 420 420

f'c (MPa) 28 28 28 28

As (mm
2
) 2227 1234 954 822

As,min (mm
2
) 1350 1080 1548 1548

φMn (kN.m) 187.850 80.920 62.620 53.950

Bar size (mm) 12 12 12 12

Spacing (mm) 150 250 300 300

As,provided (mm
2
) 2261.95 1357.17 1621.06 1621.06

Short Direction

Column Strip Middle Strip
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Deflection Calculations Deflection Calculations –– Elastic Elastic 
Theory for FlexureTheory for Flexure

� Ultimate strength theory does not help in 

predicting service load deflections so elasticpredicting service-load deflections, so elastic 

theory for flexure will be briefly covered.

� Note that ACI permits working stress design as 

alternate to ultimate strength design.

� Assumptions:

Pl ti i l ft b di

Reinforced Concrete IIReinforced Concrete II

– Plane sections remain plane after bending

– Linear stress-strain curves for steel and concrete

– Perfect bond between steel and concrete

– Concrete tension capacity is neglected.
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f’c

≈0.45f’c

fy

≈0.5fy

�� Note: elastic theory can not be used when Note: elastic theory can not be used when 

concrete stresses are higher than about 0.6f’concrete stresses are higher than about 0.6f’cc
because the assumption of linear elastic stress because the assumption of linear elastic stress 

strain relation is invalidstrain relation is invalid

Shaded area = permitted stress-strain range
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strain relation is invalidstrain relation is invalid

Euler-Bernoulli 

beam theory: EI
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Elastic analysis of beams using Elastic analysis of beams using 
transformed section approach transformed section approach 

�� Consider an element of concrete with a bar at its Consider an element of concrete with a bar at its 

centroidcentroid subjected to axial load:subjected to axial load: εεcentroidcentroid subjected to axial load:subjected to axial load:
x
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Ac= concrete area

Ast= steel area

AT = all concrete transformed area

Ag = gross area of concrete
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�� Beam section Beam section beforebefore cracking:cracking:

εc

ε’s

fc

h
d

f’s

b

A’s

A

b

(n-1) A’s

( 1) Aεs fs
As (n-1) As

Transformed uncracked section

εc

’

fc
f’s

b

A’

b

(n-1) A’s

�� Beam section Beam section afterafter cracking:cracking:
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Transformed cracked section

Example: Calculate stresses in steel and concrete when Example: Calculate stresses in steel and concrete when 

bending moment is (bending moment is (ii) 28 kN.m (ii) 113 kN.m and         ) 28 kN.m (ii) 113 kN.m and         

(iii) (iii) MMcrcr??

300mm

m

As = 3000 mm2

f’c = 23 MPa , fy = 276 MPa, and fr = 2.8 MPa 

Transformed uncracked section
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(ii) 113 kN.m > Mcr
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Deflection Deflection 
CalculationCalculation

M>3Mcr

M>Mcr

M<Mcr

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

M < Mcr Ig

M > Mcr Ie

M > 3Mcr Icr

Deflection CalculationDeflection Calculation

�� ACI code suggests effective moment of inertia to ACI code suggests effective moment of inertia to 

be used in deflection calculation:be used in deflection calculation:be used in deflection calculation:be used in deflection calculation:

where:

M = cracking moment = f I /y

cr
cr

g
cr

e I
M

M
I

M

M
I

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛−+⎟

⎠
⎞

⎜
⎝
⎛=

33

1

Reinforced Concrete IIReinforced Concrete II

Mcr = cracking moment = frIg/yt

M = maximum moment in member at stage for which deflection is 
being computed

Ig = moment of inertia of gross section neglecting area of 
tension steel

Icr = moment of inertia of transformed cracked cross section

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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LongLong--term Deflectionterm Deflection

�� Due to Creep and ShrinkageDue to Creep and Shrinkage

i i i l d fl i– Δi – initial deflection

– Δa = λΔi – long-term, or additional increment

ξ = 1 0 at t = 3 months

db

A

w

s

'
'

'
  ;  

501
=

+
= ρ

ρ
ξλ

Reinforced Concrete IIReinforced Concrete II

ξ = 1.0 at t = 3 months

ξ = 1.2 at t = 6 months

ξ = 1.4 at t = 1 year

ξ = 2.0 at t > 5 year or more

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Deflection CalculationsDeflection Calculations
1.1. Dead load deflection Dead load deflection ΔΔiDLiDL

Load = selfLoad = self--weight + construction weight + construction 

materialsmaterials MDL+LL

((IIee))DLDL

2.2. Dead + Live load deflection Dead + Live load deflection 

ΔΔi(DL+LL)i(DL+LL)

Load = dead load + live load Load = dead load + live load 

((IIee))DL+LLDL+LL

3.3. Total deflection Total deflection ΔΔTT

Ig

Mcr

MDL

(Ie)DL

(Ie)DL+LL

Reinforced Concrete IIReinforced Concrete II

TT

ΔΔTT = = ΔΔiLLiLL + long+ long--term deflection (term deflection (ΔΔtt))

Note: Note: ΔΔiLLiLL = = ΔΔi(DL+LL)i(DL+LL) -- ΔΔiDLiDL

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Δcr

ΔiDL

Δi(DL+LL)

ΔiLL
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Maximum Allowable DeflectionMaximum Allowable Deflection

ΔiLL

ΔiLL

ΔiLL+Δt

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Example: Deflection of Simply Example: Deflection of Simply 
Supported BeamSupported Beam

For the simply supported For the simply supported 

beam shown calculate thebeam shown calculate thebeam shown , calculate the beam shown , calculate the 

deflection and compare to deflection and compare to 

ACI limits. Applied service ACI limits. Applied service 

live load = 22kN/m and live load = 22kN/m and 

service dead load = 30kN/m service dead load = 30kN/m 

including selfincluding self--weight. Use weight. Use 

f’f’ 28 MPa and28 MPa and ff 414414

7.0 m

m
m

5
m

m

Reinforced Concrete IIReinforced Concrete II

f’f’cc=28 MPa and =28 MPa and ffyy = 414 = 414 

MPaMPa, n = 8, n = 8

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

400mm

6
0
0
 

5
2
5

1960mm2
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Step 1: calculate instantaneous deflection due to DLStep 1: calculate instantaneous deflection due to DL

MM due to DL = 1/8 (30)(7)due to DL = 1/8 (30)(7)22 = = 183.75 kN.m183.75 kN.m

MMcrcr = (0.7√f’= (0.7√f’cc) (bh) (bh22/6) = /6) = 89 kN.m89 kN.m

M > M > McrMcr cracked section (use cracked section (use IIee))
400

IIgg = bh= bh33/12 = 7.2 x 10/12 = 7.2 x 1099 mmmm44

400Y400Y22/2 = 8(1960)(525/2 = 8(1960)(525--Y)Y)

200Y200Y22 +16580Y+16580Y--8232000=08232000=0

Y = 165.6mmY = 165.6mm

IIcrcr = (400)(165.6)= (400)(165.6)33/3 + 8(1960)(525/3 + 8(1960)(525--165.6)165.6)22

99 44

5
2

5

nAs

Y

Reinforced Concrete IIReinforced Concrete II

= 2.63 x 10= 2.63 x 1099 mmmm44

((MMcrcr/M)/M)33 = 0.1136= 0.1136

((IIee))DLDL = (0.1136) (7.2x10= (0.1136) (7.2x109 9 ) + (1 ) + (1 -- 0.1136) (2.63 x100.1136) (2.63 x1099))

=  =  3.149 x 103.149 x 1099 mmmm44

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

ΔΔiDLiDL = 5wL= 5wL44/384E/384EccIIeDLeDL

= 5(30)(7000)= 5(30)(7000)44/384(24870)(3.419 x 10/384(24870)(3.419 x 1099))

= = 11.0 mm11.0 mm

Step 2: calculate instantaneous deflection due to DL+LLStep 2: calculate instantaneous deflection due to DL+LL

M due to DL+LL = 1/8 (30+22)(7)2 = 318.50 kN.m

(Mcr/M)3 = 0.0218

(Ie)DL+LL = (0.0218) (7.2x109 ) + (1 - 0.0218) (2.63 x109)

=  2.730 x 109 mm4

ΔΔi(DL+LL)i(DL+LL) = 5wL= 5wL44/384E/384EccIIeDL+LL eDL+LL = = 23.94 mm23.94 mm

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Step 3: calculate instantaneous deflection due to LL

ΔΔiLLiLL = 23.94 = 23.94 –– 11.0 = 11.0 = 12.94 mm 12.94 mm 
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Step 4: calculate long-term deflection Δt

Δt = λΔi = 2 x 11.0 = 22.0 mm

St 5 l l t T t l D fl ti Δ

0.0  ; 2.0
01

2
 

501

'
'

'
===

+
=

+
=

db

A

w

sρ
ρ

ξλ

Step 5: calculate Total Deflections ΔT

short-term ΔT = 23.94 mm

long-term  ΔT = 23.94 + 22.0 = 45.94 mm

ACI Deflection limits:

(a) Floors not supporting or attached to nonstructural elements likely to be

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

(a) Floors not supporting or attached to nonstructural elements likely to be 

damaged by large deflections= l/360 = 19.44mm > 12.94 mm OK

(b) Floors not supporting or attached to nonstructural elements likely to be 

damaged by large deflections= l/480 = 14.58mm 

14.58 mm < 12.94+22 = 34.94 mm NOT OK

Crack ControlCrack Control

�� (ACI 318(ACI 318--05, Section 10.6.3 and 10.6.4) (where 05, Section 10.6.3 and 10.6.4) (where 

ff = 2/3f= 2/3f ) the maximum code permitted bar) the maximum code permitted barffss = 2/3f= 2/3fyy), the maximum code permitted bar ), the maximum code permitted bar 

spacing is:spacing is:

�� Example: for beam with Grade 60 reinforcement Example: for beam with Grade 60 reinforcement 

d ith 50 th i dd ith 50 th i d

4)-10 Eq. (ACI    
280

)300(5.2
280

)380( ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≤−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
≤

s

c

s f
c

f
s

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

and with 50mm cover, the maximum code and with 50mm cover, the maximum code 

permitted bar spacing is:permitted bar spacing is:

OK!  992
67.0

280
)300(253)50)(5.2(

67.0

280
)380( mm

f
mm

f
s

yy

=⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
≤=−⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
=
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Skin reinforcement for Deep Skin reinforcement for Deep 
Beams (ACI 10.7)Beams (ACI 10.7)

�� longitudinal skin reinforcement shall be uniformly longitudinal skin reinforcement shall be uniformly 

distributed along both side faces of the memberdistributed along both side faces of the memberdistributed along both side faces of the member distributed along both side faces of the member 

for a distance of h/2 nearest to the flexural for a distance of h/2 nearest to the flexural 

tension reinforcementtension reinforcement

�� Must be used if h > 900mmMust be used if h > 900mm

015.0 2wskin sbA ≥

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

( )
2

)300  5/(  2

s
skin

A
ATotal

mmordofsmallers

<

≤

∑

Skin reinforcement for Deep Skin reinforcement for Deep 
BeamsBeams

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

‘s’ must conform to ACI (Eq 10-4)
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Example: Continuous beam deflection 

Analyze the short -term and ult imate long-term deflect ions of end-span of mult i-span 

beam shown below. 

 

 

 

 

Beam spacing = 3000 mm 

beff = 9000/4 = 2250 mm  Or 16(125) + 300 = 2300 mm Or 3000 mm  

Ł   beff = 2250 mm 

 

 

 

 

 

 

 

Data: 

f’c = 28 MPa 

fy = 420 M Pa 

γc = 25 kN/ m
3
 

Beam spacing 3000 mm 

Superimposed dead load (not  including beam self weight ) = 1.0 kN/ m
2
 

Live load = 4.80 kN/ m
2
 (30% sustained) 

A’s is not  required for st rength. 

 

 

9000 mm 

600 mm 

3φ25 2φ25 

5φ25 Ignore comp steel 

2250 mm 

125 mm 

300 mm 

600 mm 

537 mm 
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1- M inimum Slab Thinkness: 

M inimum thickness, for members not  support ing or attached to part it ions or other 

const ruct ion 

likely to be damaged by large deflect ions: 

hmin = l/ 18.5 = 9000/ 18.5 = 486.5 mm < 600 mm Ł  OK 

2- Loads and M oments: 

Self weight  = [(3000)(125) + (475)(300)]/ 10
6
 x 25 = 12.94 kN/ m 

wd = (3)(1.0) + 12.94 = 15.94 kN/ m 

wL = (3)(4.8) = 14.40 kN/ m 

In lieu of a moment  analysis, the ACI approximate moment  coefficients (ACI 8.3.3) may 

be  used as follows: Pos. M  = wln
2
 / 14 for posit ive Ie and maximum deflect ion, Neg. M  = 

wln
2
 / 10 for negat ive Ie. 

a. Posit ive moments 

Pos. M d = w dln
2
 / 14 = (15.94)(9)

2
/ 14 = 92.22 kN.m 

Pos. M L = w Lln
2
 / 14 = (14.40)(9)

2
/ 14 = 83.31 kN.m 

Pos. M d+L = 92.22 + 83.31 = 175.53 kN.m 

Pos. M sus = 92.22 + 0.3(83.31) = 117.21 kN.m 

 

b. Negative moments 

Neg. M d = w dln
2
 / 10 = (15.94)(9)

2
/ 10 = 129.11 kN.m 

Neg. M L = w Lln
2
 / 10 = (14.40)(9)

2
/ 10 = 116.64 kN.m 

Neg. M d+L 129.11 + 116.64 = 245.75 kN.m 

Neg. M sus = 129.11 + 0.3(116.64) = 164.10 kN.m 

 

3- M odulus of rupture, modulus of elasticity, and modular ratio: 

f r = 0.7√f ’c = 0.7√28 = 3.704 M Pa 

 Ec = 4700√f’c = 4700√28 = 24870 M Pa 

 n = Es/ Ec = 200,000/ 24,870 = 8.0 

 

 



Dr. Hazim Dwairi                                                                                                     Hashemite University 

 

3 

 

4- Gross and cracked sections moment of inertia: 

a. Positive moment section: 

Gross section at mid-span: 

 

 

 

 

 

 

 

yt = 163.38 mm 

Ig = 1.156 x 10
10

 mm
4
 

 

Cracked section at mid-span: 

 

 

 

 

 

 

 

(2250)( ycr)
2
/ 2 = 8(1470)(537 - ycr) 

y
2

cr + 10.453 ycr – 5613.4 = 0 

2250 mm 

125 mm 

300 mm 

600 mm 

537 mm 

2250 mm 

125 mm 

300 mm 

600 mm 

537 mm 

ycr 

nAs 
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Ł  ycr  = 69.88 mm 

Icr = 2250(69.88)
3
/ 3 + 8(1470)(537 – 69.88)

2
 = 2.822 x 10

9
 mm

4
 

b. Negative moment section: 

Gross section at support: 

Ig = (300)(600)
3
/ 12 = 5.40 x 10

9
 mm

4
 

Cracked section at support: 

 

 

 

 

 

 

 

For As = 2454 mm
2
, A’s = 980 mm

2
, d = 537 mm and d’ = 63 mm, then 

(300)( ycr)
2
/ 2 + (8-1)(980)( ycr - 63) = 8(2454)(537 - ycr) 

y
2

cr + 189.68 ycr - 73164 = 0 

 ycr = 191.79 mm 

 Icr = 300(191.79)
3
/ 3 + 7(980)(191.79 – 63)

2
 + 8(2454)(537 – 191.79)

2
 

 Icr = 3.159 x 10
9
 mm

4
 

5- Effective moments of inertia: 

a. Positive moment section 

M cr = frIg/ yt = 3.704 x 1.156 x 10
10

 /  (600 – 163.38) = 98.07 kN.m 

M cr/ M d = 98.07/ 92.22 = 1.06 >1 thus, (Ie)d = Ig = 1.156 x 10
10

 mm
4
 

M cr/ M sus = 98.07/ 117.21 = 0.84 <1 thus,  

(Ie)sus = (M cr/  M sus)
3
Ig + [1 - (M cr/  M sus)

3
 ]Icr    

300 mm 

600 mm 

537 mm 

ycr 
(n-1)A’s 

nAs 
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          = (0.593)(1.156 x 10
10

) + (1 – 0.593)( 2.822 x 10
9
) = 8.00 x 10

9
 mm

4 
< Ig 

 

M cr/ M d+L = 98.07/ 175.53 = 0.560 <1 thus,  

(Ie)d+L = (M cr/  M d+L)
3
Ig + [1 - (M cr/  M d+L)

3
 ] Icr    

          = (0.176)(1.156 x 10
10

) + (1 – 0.176)( 2.822 x 10
9
) = 4.360 x 10

9
 mm

4 
< Ig 

 

b. Negative moment section 

M cr = frIg/ yt = 3.704 x 5.40 x 10
9
 /  (300) = 66.67 kN.m 

M cr/ M d = 66.67/ 129.11 = 0.516 >1 thus,  

(Ie)d = (M cr/  M d)
3
Ig + [1 - (M cr/  M d)

3
 ]Icr    

          = (0.138)(5.40 x 10
9
) + (1 – 0.138)( 3.159 x 10

9
) = 3.468 x 10

9
 mm

4 
< Ig 

M cr/ M sus = 66.67/ 164.1 = 0.406 >1 thus,  

(Ie)sus = (M cr/  M sus)
3
Ig + [1 - (M cr/  M sus)

3
 ]Icr    

          = (0.067)(5.40 x 10
9
) + (1 – 0.067)( 3.159 x 10

9
) = 3.309 x 10

9
 mm

4 
< Ig 

M cr/ M d+L = 66.67/ 245.75 = 0.271 >1 thus,  

(Ie)d+L = (M cr/  M d+L)
3
Ig + [1 - (M cr/  M d+L)

3
 ] Icr    

          = (0.02)(5.40 x 10
9
) + (1 – 0.02)( 3.159 x 10

9
) = 3.204 x 10

9
 mm

4 
< Ig 

 

c. Average inertia values 

For prismatic members (including T-beams with different  cracked sect ions in 

posit ive and negative moment regions), Ie may be determined at the support  

sect ion for cant ilevers and at  the midspan sect ion for simple and continuous 

spans. The use of the midspan sect ion propert ies for continuous prismat ic 

members is considered sat isfactory in approximate calculat ions primarily because 

the midspan rigidity has the dominant  effect  on deflect ions. 

Alternat ively, for continuous prismatic and nonprismat ic members, 9.5.2.4 

suggests using the average Ie at  the crit ical posit ive and negative moment  

sect ions. The 1983 commentary on 9.5.2.4 suggested the following approach to 

obtain improved results: 

Beams with one end continuous: 

    .   = 0.85  + 0.15     .    

Beams with both ends cont inuous: 

    .   = 0.70  + 0.15(   +    )  

 Where Im refers to Ie at  midspan, Ie1 and Ie2 refer to both ends of the beam 
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    . (  ) = 0.85(1.156 × 10  ) + 0.15(3.468 × 10 ) = 1.503 × 10      

    . (  )   = 0.85(8.000 × 10 ) + 0.15(3.309 × 10 ) = 7.296 × 10     

    . (  )   = 0.85(4.360 × 10 ) + 0.15(3.204 × 10 ) = 4.187 × 10     

 

6- Initial of short-term deflections: 

Δ =  
5

48
 
   

 

     

  

M a is the support  moment  for cant ilevers and the midspan moment (when K is so 

defined) for simple and continuous beams. 

 

 = 1.20 − 0.20
  

  
= 1.20 − 0.20

   
8
 

   
14
 

= 0.85  

(Δ ) =  
5

48
 
   

 

  (     ) 
= 0.85

5

48
 
(92.22 × 10 )(9000) 

24870 × 1.156 × 10  
= 2.301    

Or = 1.769 mm using avrg. (Ie)d = 1.503 x 10
10

 mm
4
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(Δ )   =  
5

48
 
     

 

  (     )    
= 0.85

5

48
 
(117.21 × 10 ) (9000) 

24870 × 8.000 × 10 
= 4.225    

Or = 4.633 mm using avrg. (Ie)d = 7.296 x 10
9
 mm

4
 

(Δ )   =  
5

48
 
     

 

  (     )   
= 0.85

5

48
 
(175.53 × 10 ) (9000) 

24870 × 4.360 × 10 
= 11.610    

Or = 12.089 mm using avrg. (Ie)d = 4.187 x 10
9
 mm

4
 

(Δ ) = (Δ )   − (Δ ) = 11.610 − 2.301 = 9.309    

Or = 12.089 – 1.769 = 10.320 mm 

a. Allowable deflections: 

- For flat  roofs not support ing and not  attached to nonst ructural elements likely 

to be damaged by large deflect ions: 

(Δ ) ≤
 

180
=

9000

180
= 50  > 9.309       

- For floors not support ing and not  at tached to nonst ructural elements likely to 

be damaged by large deflect ions: 

(Δ ) ≤
 

360
=

9000

360
= 25  > 9.309       

 

7- Ultimate long-term deflections: 

 Using ACI method with combined creep and shrinkage effects: 

 =
 

1 + 50 ′
=

2

1 + 0
= 2.0 

Δ    =  (Δ )    = 2.0 × 4.225 = 8.45   

Δ    + (Δ ) = 8.45 + 9.309 = 17.759   

Or = 19.586 mm using avrg. Ie 

a. Allowable deflections: 

- For roof or floor construct ion support ing or attached to nonst ructural 

elements likely to be damaged by large deflect ions (very st ringent limitat ion): 
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Δ    + (Δ ) ≤
 

480
=

9000

480
= 18.75                    .    

 

- For roof or floor const ruct ion support ing or attached to nonst ructural 

elements not likely to be damaged by large deflect ions: 

Δ    + (Δ ) ≤
 

240
=

9000

240
= 37.5         
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Lecture 5 Lecture 5 –– Lap SplicesLap Splices

Dr  Hazim DwairiDr  Hazim Dwairi

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Dr. Hazim DwairiDr. Hazim Dwairi

IntroductionIntroduction

�� Lap splices are needed for long spans, i.e. Lap splices are needed for long spans, i.e. 

l th th l th f il bll th th l th f il blspans longer than the length of available spans longer than the length of available 

reinforcing rebar.reinforcing rebar.

�� Types of splicesTypes of splices

–– Butted and weldedButted and welded

–– Mechanical connectorsMechanical connectors

Must develop 125% 

of yield strength

Reinforced Concrete IIReinforced Concrete II

Mechanical connectorsMechanical connectors

–– Lap splicesLap splices

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Tension Lap SpliceTension Lap Splice

�� Types of lap splicesTypes of lap splices

Contact lap spliceContact lap splice–– Contact lap splice Contact lap splice 

–– NonNon--contact splices (distance < 150mm or one fifth of contact splices (distance < 150mm or one fifth of 

splice lengthsplice length

�� Splice length is the length of the overlapped Splice length is the length of the overlapped 

portion of the barsportion of the bars

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Class A Splice (ACI 12.15.2)Class A Splice (ACI 12.15.2)

When                             When                             ( )

( )
2

dreq's

provideds ≥
A

A

over entire splice length. and 1/2 or less of total over entire splice length. and 1/2 or less of total 

reinforcement is spliced win the required lay reinforcement is spliced win the required lay 

length.length.

( )dreqs

Class B Splice (ACI 12.15.2)Class B Splice (ACI 12.15.2)

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

p 5p 5

All tension lay splices not meeting requirements of All tension lay splices not meeting requirements of 

Class A SplicesClass A Splices
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Tension Lap Splices (ACI 12.15)Tension Lap Splices (ACI 12.15)

Ratio of area of reinforcement provided to area of Ratio of area of reinforcement provided to area of 

reinforcement required by analysis at splice locations.reinforcement required by analysis at splice locations.

AAss ((req’dreq’d)) =  determined for bending=  determined for bending

Reinforced Concrete IIReinforced Concrete II

lldd =  development length for bars (not allowed to =  development length for bars (not allowed to 

use excess reinforcement modification factor)use excess reinforcement modification factor)

lldd must be greater than or equal to 300mm. must be greater than or equal to 300mm. 

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Tension Lap SplicesTension Lap Splices

�� Lap Spices shall not be used for bars larger than Lap Spices shall not be used for bars larger than 

φφ36 (ACI 12 14 2)36 (ACI 12 14 2)φφ36. (ACI 12.14.2)36. (ACI 12.14.2)

�� Lap Splices should be Lap Splices should be placed away placed away regions of regions of 

high tensile stresses high tensile stresses --locate near points of locate near points of 

inflection (ACI 12.15.1)inflection (ACI 12.15.1)

�� Lap splices of bars in a bundle shall be based Lap splices of bars in a bundle shall be based 

on the lap splice length required for individualon the lap splice length required for individual

Reinforced Concrete IIReinforced Concrete II

on the lap splice length required for individual on the lap splice length required for individual 

bars within the bundle, increased in accordance bars within the bundle, increased in accordance 

with12.4. Individual bar splices within a bundle with12.4. Individual bar splices within a bundle 

shall not overlap. Entire bundles shall not be lap shall not overlap. Entire bundles shall not be lap 

spliced.spliced.
Dr. Dr. HazimHazim DwairiDwairi The Hashemite UniversityThe Hashemite University
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Clear Clear 
Spacing of Spacing of 

Spliced BarsSpliced Bars

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Compression Lap Splice Compression Lap Splice 
(ACI 12.16)(ACI 12.16)

fy (MPa) Lap Splice Length

420≤ df0710420

420

≤

>
bydf071.0

( ) by df 2413.0 −

�� Minimum lap splices length = 300 mmMinimum lap splices length = 300 mm

�� For For ffcc′ less than 21 ′ less than 21 MPaMPa, length of lap shall be increased by , length of lap shall be increased by 

oneone--third.third.

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

�� In tied column splices with effective tie area throughout In tied column splices with effective tie area throughout 

splice length (0.0015hs)     use factor = 0.83splice length (0.0015hs)     use factor = 0.83

�� In spiral column splices, In spiral column splices, use factor = 0.75   use factor = 0.75   

�� But final splice length    300mmBut final splice length    300mm≥
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The Hashemite University

Department of Civil Engineering

Lecture 6 Lecture 6 –– Analysis and Analysis and 
Design for TorsionDesign for Torsion

Dr  Hazim DwairiDr  Hazim Dwairi

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Dr. Hazim DwairiDr. Hazim Dwairi

Torsion in Plain Concrete Torsion in Plain Concrete 

MembersMembers

�� Torsion in circular membersTorsion in circular members

DistanceRadial:

Torque Applied:

p

T

I

T

ρ

ρτ =

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Inertia ofMoment Polar :

Distance Radial:

pI

ρ
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Torsion in Plain Concrete Torsion in Plain Concrete 

MembersMembers

�� Torsion in rectangular membersTorsion in rectangular members
The largest stress occurs at the middle of the wide face “a”The largest stress occurs at the middle of the wide face “a”–– The largest stress occurs at the middle of the wide face a .The largest stress occurs at the middle of the wide face a .

–– The stress at the corners is zero.The stress at the corners is zero.

–– Stress distribution at any other location is less than that at the Stress distribution at any other location is less than that at the 

middle andmiddle and

–– greater than zero.greater than zero.

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Torsion in Plain Concrete Torsion in Plain Concrete 

MembersMembers

�� Torsion in rectangular membersTorsion in rectangular members

ab

T
2max α

τ =

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

a/b 1.0 1.5 2.0 3.0 5.0

α 0.208 0.219 0.246 0.267 0.290 1/3

∞
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Cracking StrengthCracking Strength

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Thin Walled Tube AnalogyThin Walled Tube Analogy

�� The design for torsion is based on a thin walled The design for torsion is based on a thin walled 

tube space truss analogy A beam subjected totube space truss analogy A beam subjected totube, space truss analogy. A beam subjected to tube, space truss analogy. A beam subjected to 

torsion is idealized as a thintorsion is idealized as a thin--walled tube with the walled tube with the 

core concrete cross section in a solid beam is core concrete cross section in a solid beam is 

neglected.neglected.

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Thin Walled Tube AnalogyThin Walled Tube Analogy

VV11=V=V33, V, V22=V=V44

According to thin walled theory:According to thin walled theory:

q = Vq = V11/x/xoo=V=V22//yyoo=V=V33/x/xoo=V=V44//yyoo

q = shear force/unit lengthq = shear force/unit length

q = shear flow = constantq = shear flow = constant

Reinforced Concrete IIReinforced Concrete II

q = q = τ.τ.tt
ττ = shear stress= shear stress

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Thin Walled Tube AnalogyThin Walled Tube Analogy

Take moment about Take moment about centroidcentroid::

T (VT (V VV )) /2 (V/2 (V VV )) /2/2T = (VT = (V11+V+V33))yyoo/2 + (V/2 + (V22+V+V44)x)xoo/2/2

T = 2VT = 2V11yyoo/2 + 2V/2 + 2V22xxoo/2/2

Recall: VRecall: V1 1 = = q.xq.xoo &    V&    V2 2 = = q.yq.yoo

T = 2VT = 2V11xxooyyoo/2 + 2V/2 + 2V22yyooxxoo/2/2

T = 2qAT = 2qAoo

Reinforced Concrete IIReinforced Concrete II

qq oo

ττ = T/(2A= T/(2Aoot)t)

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Threshold TorsionThreshold Torsion

�� Torques that do not exceed approximately oneTorques that do not exceed approximately one--

quarter of the cracking torquequarter of the cracking torque TT will not cause awill not cause aquarter of the cracking torque quarter of the cracking torque TTcrcr will not cause a will not cause a 

structurally significant reduction in either the structurally significant reduction in either the 

flexural or shear strength and can be ignored.flexural or shear strength and can be ignored.

�� Cracking is assumed to occur when the principal Cracking is assumed to occur when the principal 

tensile stress reaches            . In a tensile stress reaches            . In a nonprestressednonprestressed

beam loaded with torsion alone the principalbeam loaded with torsion alone the principal

'33.0 cf

Reinforced Concrete IIReinforced Concrete II

beam loaded with torsion alone, the principal beam loaded with torsion alone, the principal 

tensile stress is equal to the tensile stress is equal to the torsionaltorsional shear stress, shear stress, 

τ τ . Recall that:. Recall that:

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

tA

T

o2
=τ

Threshold TorsionThreshold Torsion

R11.6.1-ACI  toAccording

A

 and  of  valuesngSubstituti

)(2  ;   :where

4

3
  ;  

3

2

2

o

cpcp

cp

cp

cpo

A

tA

yxpxyA

p

A
tAA

⎟
⎞

⎜
⎛

+==

==
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4
en      Torsion whNeglect 

33.0 '

cr
u

cp

cp

ccr

T
T

p

A
fT

φ
≤

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
=∴
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Torsion in Torsion in 
Reinforced Reinforced 
Concrete Concrete 
MembersMembersMembersMembers

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
stirrup of CL  toCL

 from distance & oo yx

Reinforcement Requirement for Reinforcement Requirement for 
RC Members in TorsionRC Members in Torsion

�� Reinforcement is determined using space truss Reinforcement is determined using space truss 

analogyanalogyanalogy.analogy.

�� In space truss analogy, the concrete compression In space truss analogy, the concrete compression 

diagonals (struts), vertical stirrups in tension (ties), diagonals (struts), vertical stirrups in tension (ties), 

and longitudinal reinforcement (tension chords) and longitudinal reinforcement (tension chords) 

act together as shown in figure on the next slide.act together as shown in figure on the next slide.

�� The analogy derives thatThe analogy derives that torsionaltorsional shear stress willshear stress will

Reinforced Concrete IIReinforced Concrete II

�� The analogy derives that The analogy derives that torsionaltorsional shear stress will shear stress will 

be resisted by the vertical stirrups as well as by be resisted by the vertical stirrups as well as by 

the longitudinal steelthe longitudinal steel

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforcement Requirement for Reinforcement Requirement for 
RC Members in TorsionRC Members in Torsion

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Vertical Stirrup ReinforcementVertical Stirrup Reinforcement

θ

τ

cot

2

2
 :Recall

4 yvt
o

yvtoo

o

fA
s

y
fnAy

A

T
qyV

A

T
tq

====

==

 crossingstirrupsofnumber =n
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θθ

θ

cot2cot2

2cot

2

oh

yvtyvt

oon

o

o
yvt

o

o

A
s

fA

s

fA
yxT

y

A
fA

s

y
T

sA

==

=

entreinforcem

shear  ofstrength  Yield

stirrup leg one of Area

crack diagonal
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=
=

yv

t

f

A
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Vertical Stirrup ReinforcementVertical Stirrup Reinforcement

�� For For No failureNo failure, i.e., torsion capacity greater than , i.e., torsion capacity greater than 

or equal to torsion demand:or equal to torsion demand:or equal to torsion demand:or equal to torsion demand:

�� For torsion capacity equal to or greater than For torsion capacity equal to or greater than 

torsion demand, we have at the limit state:torsion demand, we have at the limit state:

θφ cot2 oh

yvt

u A
fA

T =

75.0   ;   => φφ un TT

Reinforced Concrete IIReinforced Concrete II

�� Therefore steel area in one leg stirrup is:Therefore steel area in one leg stirrup is:

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

φ ohu
s

θφ cot2 ohyv

u
t

Af

sT
A =

Vertical Stirrup ReinforcementVertical Stirrup Reinforcement

�� ACI 6.3.6 assumes ACI 6.3.6 assumes θ θ = 45= 45oo for for nonprestressednonprestressed

members and replacesmembers and replaces AA byby AA where:where:members and replaces members and replaces AAohoh by by AAoo where:where:

AAoo = 0.85A= 0.85Aohoh

�� Therefore:Therefore:

oyv

u
t

Af

sT
A

φ2
=

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

oyvfφ



Reinforced Concrete II Hashemite University

Dr. Hazim Dwairi 9

Longitudinal Steel ReinforcementLongitudinal Steel Reinforcement

Diagonal Compression StrutsDiagonal Compression Struts

2

44 cotcot

:Torsion  todue Force Axial

fy
s

A
VN yvo

t==Δ θθ

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University31

2

11

24

cotcot

:Similarly

NN

fx
s

A
VN

NN

yvo
t

Δ=Δ

==Δ

Δ=Δ

θθ

Longitudinal Steel ReinforcementLongitudinal Steel Reinforcement

Total axial force is:Total axial force is:

4321total NNNNN Δ+Δ+Δ+Δ=

θθ

θθ

22

22

cotcot)(2

cot2cot2

yvh
t

yv
t

oototal

yvo
t

yvo
t

total

fp
s

A
f

s

A
yxN

fx
s

A
fy

s

A
N

=+=

+=

Longitudinal Steel Force:Longitudinal Steel Force:

θ2tt f
A

fAN
stirrup of permimeter=hp
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t
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s

fAN ==
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=

=
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Longitudinal Steel ReinforcementLongitudinal Steel Reinforcement

h

yl

yvt
l p

f

f

s

A
A θ

:Recall

cot2=

yvoyv

u
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oyv

u
t

fAf

sT

A

AA

Af

sT
A

φ

φ

φ

2

45for  and ,in   Substitute

2

:Recall

o=

=
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Combined Shear and TorsionCombined Shear and Torsion

ot

wv

AtAA

tAT

dbV

/850tik dF

)2/(         :Stress Torsional

/               :StressShear 

=
=

τ
τ

hohoho pAtAA /  , 85.0  :sectioncrackedFor ==
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Equilibrium and Compatibility Equilibrium and Compatibility 
TorsionTorsion

�� Equilibrium TorsionEquilibrium Torsion: : torsion moment is required for torsion moment is required for 

equilibrium of the structure (cannot be reduced byequilibrium of the structure (cannot be reduced byequilibrium of the structure (cannot be reduced by equilibrium of the structure (cannot be reduced by 

internal forces redistribution).internal forces redistribution).

�� Compatibility TorsionCompatibility Torsion: : torsionaltorsional moment results moment results 

from the compatibility of deformations between members from the compatibility of deformations between members 

meeting at a joint (meeting at a joint (torsionaltorsional moment can be reduced by moment can be reduced by 

redistribution of internal forces after cracking if the redistribution of internal forces after cracking if the 

torsion arises from the member twisting to maintaintorsion arises from the member twisting to maintain

Reinforced Concrete IIReinforced Concrete II

torsion arises from the member twisting to maintain torsion arises from the member twisting to maintain 

compatibility of deformations). The reduction in compatibility of deformations). The reduction in TT
uu

is of is of 

the magnitude:the magnitude:

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Equilibrium TorsionEquilibrium Torsion

The torsion in the beams The torsion in the beams 

in Figs (a) & (b) must bein Figs (a) & (b) must bein Figs (a) & (b) must be in Figs (a) & (b) must be 

resisted by the structural resisted by the structural 

system if the beam is to system if the beam is to 

remain in equilibrium. If remain in equilibrium. If 

the applied torsion is not the applied torsion is not 

resisted, the beam will resisted, the beam will 

rotate about its axis until rotate about its axis until 

Reinforced Concrete IIReinforced Concrete II

the structure collapses.the structure collapses.

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Equilibrium TorsionEquilibrium Torsion

A

BB

Reinforced Concrete IIReinforced Concrete II

The canopy applies a The canopy applies a torsionaltorsional moment to the beam moment to the beam AA--BB. . 

For this structure to stand, the beam must resist the For this structure to stand, the beam must resist the 

torsionaltorsional moment, and the columns must resist the moment, and the columns must resist the 

resulting bending moments. resulting bending moments. 
Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Compatibility TorsionCompatibility Torsion

If joint If joint AA is monolithically built is monolithically built 

with cross beamwith cross beam CC--DD thenthenwith cross beam with cross beam CC DD then then 

beam beam AA can only develop end can only develop end 

slope at A if beam slope at A if beam CC--DD twists twists 

about its own axis. If ends about its own axis. If ends CC

and and DD are restrained against are restrained against 

rotation, a rotation, a torsionaltorsional moment moment TT

will be applied to beam will be applied to beam CC--DD. if  . if  

Reinforced Concrete IIReinforced Concrete II

CC and and DD are free to rotate are free to rotate 

about axis about axis CC--DD then then TT would would 

be zero.  be zero.  

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University



Reinforced Concrete II Hashemite University

Dr. Hazim Dwairi 13

Compatibility TorsionCompatibility Torsion
A B

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Hinge

ACI Requirements for Torsion ACI Requirements for Torsion 
DesignDesign

Equilibrium TorsionEquilibrium Torsion: : design for full design for full TT
uu

Compatibility TorsionCompatibility Torsion: : reduce reduce TT
uu

to the followingto the following

�� NonprestressedNonprestressed member member withoutwithout axial force:axial force:

Reinforced Concrete IIReinforced Concrete II

�� NonprestressedNonprestressed member member withwith an axial force:an axial force:

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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ACI Requirements for Torsion ACI Requirements for Torsion 
DesignDesign

It shall be permitted to It shall be permitted to neglect torsionneglect torsion effects if effects if 

the factoredthe factored torsionaltorsional momentmoment TT is less than:is less than:the factored the factored torsionaltorsional moment moment TT
uu

is less than:is less than:

�� NonprestressedNonprestressed members members withoutwithout axial force:axial force:

Reinforced Concrete IIReinforced Concrete II

�� NonprestressedNonprestressed members members withwith an axial force:an axial force:

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

ACI Requirements for Torsion ACI Requirements for Torsion 
DesignDesign

�� The crossThe cross--sectional dimensions shall be such sectional dimensions shall be such 

that:that:that:that:

τmax

Reinforced Concrete IIReinforced Concrete II

�� IfIf NOTNOT, , increase section dimensionsincrease section dimensions..
Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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ACI Requirements for Torsion ACI Requirements for Torsion 
DesignDesign

�� Reinforcement for torsionReinforcement for torsion

R ll ACI E (11R ll ACI E (11 21)21)Recall ACI Eq. (11Recall ACI Eq. (11--21)21)

�� Combined shear and torsion reinforcementCombined shear and torsion reinforcement

(for closed stirrup)(for closed stirrup)

oo

oyv

ut

Af

T

s

A
6003     ;

cot2
≤≤= θ

θφ

Reinforced Concrete IIReinforced Concrete II

(for closed stirrup)(for closed stirrup)

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

s

A

s

A

s

A tvtv 2
+=+

ACI Requirements for Torsion ACI Requirements for Torsion 
DesignDesign

�� Maximum spacing of torsion reinforcement Maximum spacing of torsion reinforcement 

⎧

�� Spacing is limited to ensure the development of Spacing is limited to ensure the development of 

the ultimate the ultimate torsionaltorsional strength of the beam, to strength of the beam, to 

⎪⎩

⎪
⎨
⎧

=
mm

p

s
h

 300
8ofsmaller max

Reinforced Concrete IIReinforced Concrete II

prevent excessive loss of prevent excessive loss of torsionaltorsional stiffness after stiffness after 

cracking, and to control crack widths.cracking, and to control crack widths.

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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ACI Requirements for Torsion ACI Requirements for Torsion 
DesignDesign

�� Minimum area of closed stirrupsMinimum area of closed stirrups
⎧ sb350

�� Minimum area of longitudinal Minimum area of longitudinal torsionaltorsional

reinforcementreinforcement

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=+

yv

wc

yv

w

tv

f

sbf

f

sb

AA
'062.0

35.0

oflarger )2(

1- shall be distributed around the perimeter 

f th l d ti ith i
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yv
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l
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s
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f
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s

A

f

Af
A

175.0 :where

42.0 '

min,

≥

⎟
⎠
⎞

⎜
⎝
⎛−=

of the closed stirrups with a maximum 

spacing of 300 mm.

2- The longitudinal bars shall be inside the 

stirrups.

3- shall have a diameter at least 0.042 

times the stirrup spacing, but not less than 

φ10

ACI Requirements for Torsion ACI Requirements for Torsion 
DesignDesign

�� Torsion reinforcement shall be provided for a Torsion reinforcement shall be provided for a 

distance of at least (distance of at least (bb + d) beyond the point+ d) beyond the pointdistance of at least (distance of at least (bbww + d) beyond the point + d) beyond the point 

where where TTuu is less than is less than ΦTΦTcrcr//44..

�� Stirrup DetailingStirrup Detailing

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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ACI Requirements for Torsion ACI Requirements for Torsion 
DesignDesign

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Example: Equilibrium TorsionExample: Equilibrium Torsion

A cantilever beam supports its own weight plus a A cantilever beam supports its own weight plus a 

concentrated load. The beam is concentrated load. The beam is 1400mm1400mm long, long, gg

and the concentrated load acts at and the concentrated load acts at 150mm150mm from the from the 

end of the beam and end of the beam and 150mm150mm away from the away from the 

centroidalcentroidal axis of the beam. axis of the beam. 

The unfactored concentrated load consists of a The unfactored concentrated load consists of a 80 80 

kNkN dead and dead and 80 80 kNkN live load. The beam also live load. The beam also 

Reinforced Concrete IIReinforced Concrete II

supports an supports an unfactoredunfactored axial compression dead axial compression dead 

load of load of 180 180 kNkN..

Use normal weight concrete with Use normal weight concrete with f’f’cc = 21 = 21 MPaMPa and and 

both both ffyy andand ffvyvy = 420 = 420 MPaMPa. . 
Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Example: Equilibrium TorsionExample: Equilibrium Torsion

m

80 kN

180 kN

6
0
0
 m

m

350 mm

Reinforced Concrete IIReinforced Concrete IIDr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Example: Equilibrium TorsionExample: Equilibrium Torsion
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Example: Equilibrium TorsionExample: Equilibrium Torsion
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Example: Equilibrium TorsionExample: Equilibrium Torsion
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Example: Equilibrium TorsionExample: Equilibrium Torsion
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Example: Equilibrium TorsionExample: Equilibrium Torsion
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Example 7-4: Compatibility Torsion

Macgregor and Wight, Fourth Edition in SI units.

The one-way joist system shown in Fig. 7-29 supports a total factored dead load of 7.5 kN/m
2

and a factored live load of 8 kN/m
2
. Totaling 15.5 kN/m

2
. Design the end span, AB, of the

exterior spandrel beam on grid line 1. The factored dead load of the beam (i.e., self-weight) and

the factored loads applied directly to it total 16 kN/m. The spans and loadings are such that the

moments and shears can be calculated by using the moment coefficients from ACI Section 8.3.3

(see Section 10-2 of this book). Use fy = fyv = 420 MPa and fc
’
= 30 MPa.

7200 mm

6600 mm

600mm x 600 mm

350 mm 9300 mm

10000 mm

350 mm

900 mm

300 mm

650 mm

470 mm

Figure 7-29

A

B
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1. Compute the bending moments for the beam. In laying out the floor, it was found that joists

with an overall depth of 470 mm would be required. The slab thickness is 110 mm. The spandrel

beam was made the same depth, to save forming costs. The columns supporting the beam are 600

mm square. For simplicity in forming the joists, the beam overhangs the inside face of the

columns by 50 mm. Thus, the initial choice of beam size is h = 470 mm, b = 650 mm, and d =

405 mm.

Although the joist loads are transferred to the beam by the joist webs, we shall assume a uniform

load for simplicity. Very little error is introduced by this assumption. The joist reaction per meter

of length of beam is:

The total load on the beam is:

The moments in the edge beam are as follows:

Exterior end negative:

Midspan positive:

First interior negative:

2. Compute b, d, and h. Since b and h have already been selected, we shall check whether they

are sufficiently large to ensure a ductile flexural behavior. Going through such a check, we find

that: at the first interior negative moment point and that the ratio, , is smaller at

other points. Thus, the section has adequate size for flexure. The areas of steel required for

flexure are as follows:

Exterior end negative: As =1791 mm
2

Midspan positive: As = 2046 mm
2

First interior negative: As = 2865 mm
2

Note: The actual steel will be chosen when the longitudinal torsion reinforcement has been

calculated.

3. Compute the final M, V, and T, diagrams. The moment and shear diagrams for the edge

beam, computed from the ACI moment coefficients (ACI Section 8.3.3; Section 10-2 of this

book): are plotted in Fig. 7-30a and b. The joists are designed as having a clear span of 9300 mm

from the face of one beam to the face of the other beam. Because the exterior ends of the joists

are "built integrally with" a "spandrel beam." ACI Section 8.3.3 gives the exterior negative

moment in the joists as:
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Rather than consider the moments in each individual joist, we shall compute an average moment

per meter of width of support:

Although this is a bending moment in the joist, it acts as a twisting moment on the edge beam.

As shown in Fig. 7-3la, this moment and the end shear of 72.1 kN/m act at the face of the edge

beam. Summing moments about the center of the columns (point A in Fig. 7-31a) gives the

moment transferred to the column as 81.5 kN-m/m.

For the design of the edge beam for torsion, we need the torque about the axis of the beam.

Summing moments about the centroid of the edge beam (Fig. 7-31b) gives the torque:

OR:

The forces and torque acting on the edge beam per meter of length are shown in Fig. 7-31 b. If

the two ends of the beam A-B are fixed against rotation by the columns, the total torque at each

end will be:

If this is not true, the torque diagram can vary within the range illustrated in Fig. 7-22. For the

reasons given earlier, we shall assume that T = tln/2 at each end of member: A-B. This gives the

torque diagram shown in Fig. 7-30c.

The shear forces in the spandrel beam are:

End A:

At d from end A:

End B:

At d from end B:
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Figure 7-30
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Figure 7-31
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4. Should torsion be considered? If T, exceeds the following. it must be considered:

The effective cross section for torsion is shown in the Fig below. ACI Section 11.6.1 states that

the overhanging flange shall be as defined in ACI Section 13.2.4. The projection of the flange is

the smaller of the height of the web below the flange (360 mm) and four times the thickness of

the flange (440 mm):

Since the maximum torque of 261.7 kN.m exceeds this value, Torsion must be considered.

5. (a) Equilibrium or compatibility torsion? The torque resulting from the 25-mm offset of the

axes of the beam and column (see Fig. 7-31a) is necessary for the equilibrium of the structure

and hence is equilibrium torque. The torque at the ends of the beam due to this is:

On the other hand, the torque resulting from the moments at the ends of the joists exists only

because the joint is monolithic and the edge beam has a torsional stiffness. If the torsional

stiffness were to decrease to zero: this torque would disappear. This part of the torque is

therefore compatibility torsion.

Because the loading involves compatibility torsion, we can reduce the maximum torsional

moment, Tu, in the spandrel beam, at d from the faces of the columns to:

but not less than the equilibrium torque of 7.3 kN-m/m. Assuming the remaining torque after

redistribution is evenly distributed along the length of the spandrel beam. The distributed

reduced torque, t, due to moments at the ends of the joists has decreased to:

5. (b) Adjust the moments in the joists. The moment diagram for the joists, with the exterior

negative moment of per meter of width of floor, is plotted in Fig. 7-33a. The torsional

moments in the spandrel beam - mainly compatibility moments - can be dissipated by torsional

cracking of the spandrel beam. ACI Section 11.6.2.2 allows the negative moment at the joint

between the joists and the spandrel beam to be decreased to the value given by (17-31)

decreasing from -55.9 kN.m/m to -9.5 kN.m/m, for a reduction of 46.4 kN.m/m in the moment

650mm 360mm

110mm

470mm

360mm
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in the one-meter wide strip of joists. This causes a redistribution of the end moment. The

moment at the spandrel beam end of the joist, end 1, will decrease by 46.4 kN.m/m. Half of this,

23.2 kN.m/m, is carried over to the far end of the joist, as shown in Fig. 7.33b. The changes in

the joist end moments at the faces of the spandrel beam and interior beams are +49 kN.m/m and

-25.8 kN.m/m. At midspan, the change is +11.6 kN.m/m. The resulting moment diagram per

meter of width is shown in Fig. 7-33c. Each joist supports a 900-mm-wide strip and hence

supports 90 percent these moments. The exterior negative-moment steel in the joist should be

designed for a negative moment since it is necessary to develop torsional cracks in the spandrel

beam before the redistribution can occur. A good rule of thumb is to design the exterior negative

steel for the moment computed from , as shown by the dashed line in Fig. 7-33c.

Figure 7-33

+95.76
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6. Is the section big enough for the torsion? For a solid section, the limit on shear and torsion

is given by:

 The section is large enough.

7. Compute the stirrup area required for shear in the edge beam. From (ACI Eqs. (11-1) and

(11-2)),

At the left end of the beam (End B):

At d from End B:

Figure 7-35a illustrates the calculation of . Figure 7-35b is a plot of the As/s required

for shear along the length of the beam. The values of As/s for shear and At/s for torsion (step 8)

will be superimposed in step 9.
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Figure 7-35
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8. Compute the stirrups required for torsion. From (ACI Eq. (1 1-21)), taking  = 45
o

and

Ao= 0.85Aoh gives:

At end B, Tu = 62.8 kN.m, Tu/= 62.8 kN.m, and At/s= 0.5583

At d from end B, Tu = 55.1 kN.m, Tu/ = 73.5 kN.m, and At/s= 0.4902

At d from end A, Tu = 55.1 kN.m, Tu/ = 73.5 kN.m, and At/s= 0.4902

Where Tu is in kN.m and these values are plotted in Fig. 7-35c. At/s is plotted in Fig. 7-35d

9. Add the stirrup areas and select the stirrups.

At d from End B:

For No. 13M double-leg stirrups. s = 135.1 mm

Av+t/s is plotted in Fig. 7-35e. The maximum allowable spacings are as follows:

for shear (ACI Section 11.5.4.1), d/2 = 202.5 mm;

for torsion (ACI Section 11.6.6.1), smaller of 300 mm and ph/s = 1868/8 = 233.5 mm.

The dashed horizontal lines in Fig. 7-35e are the values of Av+t/s for No. 13M closed stirrups

at spacings of 125 mm (= 2 x 129/125 = 2.064), 150 mm and 200 mm. Stirrups must extend to

points where Vu,/ = Vc/2, or to (d + b), where b, is the width of the portion of the edge beam

with closed stirrups, which is 405 + 650 = 1055 mm, past the point where torsional

reinforcement is no longer needed, that is, past the points where Tu/ = (the torque given by (7-

18))/ = 13.8/0.75 = 18.4 kN-m. These points are indicated in Fig. 7-35c to e. Since they are

closer than 1055 mm to midspan, stirrups are required over the entire span.

Provide No. 13M closed stirrups:

End A: One @ 75 mm, seven @ 150 mm
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End B: One @ 75 mm, 12 @ 125 mm, then @ 200 mm on centers throughout the rest of the

span

10. Design the longitudinal reinforcement for torsion.

(a) Longitudinal reinforcement required to resist Tn,

where At/s is the amount computed in step 8. This varies along the length of the beam. For

simplicity; we shall keep the longitudinal steel constant along the length of the span and shall

base it on the maximum At/s = 0.4902 mm
2
/mm. Again, . We have

Alternatively, use (7-30) to compute the required amount of longitudinal reinforcement. Instead

of (7-31),

where Tn = nominal resisting torque.

ph = perimeter of closed stirrup = 2(377 + 557) = 1868 mm

Ao = area enclosed by centerline of the shear flow path = 0.85Aoh and

Aoh is the area inside the centerline of the closed stirrups = 377 x 557 = 209,989 mm
2

 = inclination of cracks. The same valve of  must be used in (7-30) and (7-31).

ACI Section 11.6.3.6 (a) suggests the use of  = 45
o
. Substituting in (7-30) gives:

The minimum Al is given by ACI Eq. (11-24):

where At/s shall not be less than bw/6fyv = 650/(6 x 420) = 0.2579. Again, At/s varies along the

span. The maximum Al will correspond to the minimum At/s. In the center region of the beam,

No. 13M stirrups at 200 mm have been chosen. (See Fig. 7-35e.) Assuming half of those stirrups

are for torsion, we shall take At/s = 112 x 2581200 = 0.645 mm
2
/mm:

 Use Al = 916 mm
2
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From ACI Section 11.6.6.2, the longitudinal steel is distributed around the perimeter of the

stirrups with a maximum spacing of 300 mm. There must be a bar in each comer of the stirrups,

and these bars have a minimum diameter of 1/24 of the stirrup spacing, but not less than a No. 10

bar. The minimum bar diameter corresponds to the maximum stirrup spacing: For 200 mm.

200/24 = 8.33 mm.

To satisfy the 300-mm-maximum spacing, we need 3 bars at the top and bottom and one

halfway up each side. As per bar = 916/8 = 114.5 mm
2
. Use No. 16M bars for longitudinal

steel Al.

The longitudinal torsion steel required at the top of the beam is provided by increasing the area

of flexural steel provided at each end and by lap-splicing 3 No. 16M bars with the negative-

moment steel. The lap splices should be at least a Class B tension lap for a No. 16M top bar (see

Table 8-4), since all the bars are spliced at the same point.

Exterior end negative moment: As = 1791 + 3 x 114.5 = 2134.5 mm
2
. Use No. 19M bars

because bars must be anchored in column.

Use 8 No. 19M = 2272 mm
2
. These fit in one layer.

First interior negative moment: As = 2865 + 3 x 114.5 = 3208.5 mm
2
.

Use 7 No. 25M = 3570 mm
2
. These fit in one layer, minimum width 462 mm.

The longitudinal torsional steel required at the bottom is obtained by increasing the area of steel

at midspan. The increased area of steel will be extended from support to support.

Midspan positive moment: As = 2046 + (3 x 114.5) = 2389.5 mm
2

Use 5 No. 25M = 2550 mm
2
. These fit in one layer.

The steel finally chosen is shown in Fig. 7-36. A section through the beam at the first interior

support is shown in Fig. 7-34. The cutoff points for the flexural steel were based on Fig. A-5b.

except that the area of positive moment steel anchored in the supports by hooks and lap splices

was taken equal to the larger of the amounts given in Fig. A-5h and the bottom layer of = 3 x

114.5 = 343.5 mm
2
. This was rounded up arbitrarily to 2 No. 22M bars.

7 No. 25

5 No. 25

x1 = 377mm

y1 = 557mm

2 No. 16

No. 13 stirrups
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Figure 7-34

Figure 7-35

2m

7No25 3No16 1No16 each side

1.5m

8No19

5No25

No13 closed stirrups

20@200mm1@75mm

12@125mm

1@75mm

7@150mm

Hook

2No.22M barsNo.13

closed

stirrups

No.13

closed

stirrupLap Splice

2No.22M bars



Reinforced Concrete II Hashemite University

Dr. Hazim Dwairi 1

The Hashemite University

Department of Civil Engineering

Lecture 6 – Biaxial Bending 
of Short Columns

Dr  Hazim Dwairi

Reinforced Concrete IIDr. Hazim Dwairi The Hashemite University

Dr. Hazim Dwairi

Biaxially Loaded Column

Reinforced Concrete IIDr. Hazim Dwairi The Hashemite University



Reinforced Concrete II Hashemite University

Dr. Hazim Dwairi 2

Interaction Diagram

Uniaxial Bending 
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Notation

• Pu = factored axial load, positive in compression

• e = eccentricity measured parallel to the x axis positive to• ex = eccentricity measured parallel to the x-axis, positive to 

the right.

• ey = eccentricity measured parallel to y-axis, positive 

upward.

• Mux = factored moment about x-axis, positive when causing 

compression in fibers in the +ve y-direction = Pu.ey

Reinforced Concrete II

• Muy = factored moment about y-axis, positive when causing 

compression in fibers in the +ve x-direction = Pu.ex

Dr. Hazim Dwairi The Hashemite University

Analysis and Design

• Method I: Strain Compatibility Method

Thi i th t l th ti ll t th dThis is the most nearly theoretically correct method 

of solving biaxially-loaded-column (see Macgregor 

example 11-5)

• Method II: Equivalent Eccentricity Method

An approximate method. Limited to columns that 

t i l b t t ith ti f id

Reinforced Concrete II

are symmetrical about two axes with a ratio of side 

lengths lx/ly between 0.5 and 2.0 (see Macgregor 

example 11-6)

Dr. Hazim Dwairi The Hashemite University
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Strain Compatibility Method
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Equivalent Eccentricity Method

• Replace the biaxial eccentricities ex & ey by an 

equivalent eccentricity e0x
e
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Analysis and Design

• Method III: 45o Slice through Interaction Surface

( M 524)(see Macgregor page 524)

• Method IV: Bresler Reciprocal Load Method

ACI commentary sections 10.3.6 and 10.3.7 give 

the following equation, originally presented by 

Bresler for calculating the capacity under biaxial 

b di

Reinforced Concrete II

bending.

• Method V: Bresler Contour Load Method

Dr. Hazim Dwairi The Hashemite University

n0nynxu

1111

PPPP φφφ
−+≅

Bresler Reciprocal Load Method

1. Use Reciprocal 

Failure surface SFailure surface S2

(1/Pn,ex,ey)

2. The ordinate 1/Pn on 

the surface S2 is 

approximated by 

ordinate 1/P on the

Reinforced Concrete II

ordinate 1/Pn on the 

plane S’2 (1/Pn ex,ey)

3. Plane S2 is defined 

by points A,B, and C.

Dr. Hazim Dwairi The Hashemite University
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Bresler Reciprocal Load Method

P0 = Axial Load Strength under pure axial 

compression (corresponds to point C )compression (corresponds to point C )

Mnx = Mny = 0

P0x = Axial Load Strength under uniaxial

eccentricity, ey (corresponds to point B ) 

Mnx = Pn ey

Reinforced Concrete II

P0y = Axial Load Strength under uniaxial

eccentricity, ex (corresponds to point A ) 

Mny = Pn ex

Dr. Hazim Dwairi The Hashemite University

Bresler Load Contour Method

• In this method, the surface S3 is approximated 

by a family of curves corresponding to constantby a family of curves corresponding to constant 

values of Pn. These curves may be regarded as 

“load contours.”

where Mnx and Mny are the nominal biaxial 

moment strengths in the direction of the x-

and y-axes, respectively.

Note that these moments are the vectorial

Reinforced Concrete IIDr. Hazim Dwairi The Hashemite University

Note that these moments are the vectorial 

equivalent of the nominal uniaxial moment 

Mn. The moment Mn0x is the nominal 

uniaxial moment strength about the x-axis, 

and Mn0y is the nominal uniaxial moment 

strength about the y-axis.
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Bresler Load Contour Method

• The general expression for the contour curves 

can be approximated as:

• The values of the exponents α and β are a 

function of the amount distribution and location

0.1
00

=⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
βα

yn

ny

xn

nx

M

M

M

M

Reinforced Concrete II

function of the amount, distribution and location 

of reinforcement, the dimensions of the column, 

and the strength and elastic properties of the 

steel and concrete. Bresler indicates that it is 

reasonably accurate to assume that α = β
Dr. Hazim Dwairi The Hashemite University

Bresler Load Contour Method

• Bresler indicated that, typically, α varied from 1.15 

to 1 55 with a value of 1 5 being reasonablyto 1.55, with a value of 1.5 being reasonably 

accurate for most square and rectangular sections 

having uniformly distributed reinforcement. A 

value of α = 1.0 will yield a safe design.

01=⎟
⎟
⎞

⎜
⎜
⎛

+⎟⎟
⎞

⎜⎜
⎛ nynx

MM

Reinforced Concrete II

• Only applicable if:

Dr. Hazim Dwairi The Hashemite University
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Biaxial Column Example

The section of a short tied 

column is 400 x 600 mm

66mm

column is 400 x 600 mm  

and is reinforced with 6φ32 

bars as shown.  Determine 

the allowable ultimate load 

on the section φPn if its 

acts at ex = 200mm. and ey

6
0
0
m

m

234mm

234mm

Reinforced Concrete II

x y

= 300mm.  Use fc’ = 35 

MPa and fy = 420 MPa.

Dr. Hazim Dwairi The Hashemite University

400mm

66mm

Biaxial Column Example

• Compute P0 load, pure axial load

( )
( )P

fAAAfP

mmA

mmA

yststgc

g

st

420482448242400003585.0

85.0

240000600400

48248046

0

'

0

2

2

×+−××=

+−=

=×=

=×=

Reinforced Concrete IIDr. Hazim Dwairi The Hashemite University

( )

kNP

kNP

n 721890238.0

9023

0

0

0

=×=
=

kNPn 72180 =
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Biaxial Column Example

• Compute Pnx, by starting with ey term and 

assume that compression controls Check by:

OK!    356)534(3/23/2300 mmdmmey ==<=

assume that compression controls.  Check by:

• Compute the nominal load, Pnx and assume 

second compression steel does not contribute

Assume = 0 0

Reinforced Concrete IIDr. Hazim Dwairi The Hashemite University

TCCCP sscn −++= 21

Assume = 0.0

Biaxial Column Example

• Brake equilibrium equation into its components:

9639)400)(810)(35(850C

)
534

(964800)600)(
534

)(1608(

627715)3585.0420)(1608(

9639)400)(81.0)(35(85.0

1

c

c

c

c
T

NC

ccC

s

s

c

−
=

−
=

=×−=
==

• Compute the moment about tension steel:

Reinforced Concrete IIDr. Hazim Dwairi The Hashemite University

Compute the moment about tension steel:

( )
( ) )66534)(627715(405.05349639)234300(

2
.                   '

1
1'

−+−=+

−+⎟
⎠
⎞

⎜
⎝
⎛ −=

ccP

ddC
c

dCeP

n

scn

β
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Biaxial Column Example

2

• The resulting equation is:

132,550311.7639,9 2 +−= ccPn

• Recall equilibrium equation:

sn fcP 1608627715639,9 −+=
• Set the two equation equal to one another and 

solve for fs:

Reinforced Concrete IIDr. Hazim Dwairi The Hashemite University

solve for fs:

4.3900046.0 2 += cf s

Biaxial Column Example

⎞⎛

• Recall fs definition:

⎟
⎠
⎞

⎜
⎝
⎛ −

=
c

c
f s

534
600

• Combine both equations:

534
6004.3900046.0 2 ⎟

⎠
⎞

⎜
⎝
⎛ −

=+
c

c
c

Reinforced Concrete IIDr. Hazim Dwairi The Hashemite University

03204004.9900046.0 3 =−+ cc

• Solve cubic equation by trial and error

c = 323 mm
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Biaxial Column Example

300323 ⎞⎛
• Check the assumption that fs2 = 0.0

SMALL TOO  7.68

72.42
323

300323
600

2

2

kNC

MPaf

s

s

=

=⎟
⎠
⎞

⎜
⎝
⎛ −

=

• Calculate Pnx

132550)323(3117)323(6399 2 +P

Reinforced Concrete IIDr. Hazim Dwairi The Hashemite University

132,550)323(311.7)323(639,9 +−=nP

kNPnx 2900=

Biaxial Column Example

• Compute Pny, by starting with ex term and 

assume that compression controls Check by:

OK!    223)334(3/23/2200 mmdmmex ==<=

assume that compression controls.  Check by:

• Compute the nominal load, Pny

Reinforced Concrete IIDr. Hazim Dwairi The Hashemite University

TCCP scn −+= 1
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Biaxial Column Example

• Brake equilibrium equation into its components:

514458)600)(810)(35(850C

)
334

(1447200)600)(
334

)(2412(

941283)3585.0420)(2412(

5.14458)600)(81.0)(35(85.0

1

c

c

c

c
T

NC

ccC

s

s

c

−
=

−
=

=×−=
==

• Compute the moment about tension steel:

Reinforced Concrete IIDr. Hazim Dwairi The Hashemite University

Compute the moment about tension steel:

( )
( ) )66334)(941283(405.03345.14458)134200(

2
.                '

1
1'

−+−=+

−+⎟
⎠
⎞

⎜
⎝
⎛ −=

ccP

ddC
c

dCeP

n

scn

β

Biaxial Column Example

2

• The resulting equation is:

281,75550.175.458,14 2 +−= ccPn

• Recall equilibrium equation:

sn fcP 412,2283,9415.458,14 −+=
• Set the two equation equal to one another and 

solve for fs:

Reinforced Concrete IIDr. Hazim Dwairi The Hashemite University

solve for fs:

12.770073.0 2 += cf s
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Biaxial Column Example

⎞⎛

• Recall fs definition:

⎟
⎠
⎞

⎜
⎝
⎛ −

=
c

c
f s

334
600

• Combine both equations:

334
60012.770073.0 2 ⎟

⎠
⎞

⎜
⎝
⎛ −

=+
c

c
c

Reinforced Concrete IIDr. Hazim Dwairi The Hashemite University

020040012.6770073.0 3 =−+ cc

• Solve cubic equation by trial and error

c = 295 mm

Biaxial Column Example

• Calculate Pny

2

kNPny 3498=

281,755)295(50.17)295(5.458,14

281,75550.175.458,14

2

2

+−=

+−=

n

n

P

ccP

Reinforced Concrete IIDr. Hazim Dwairi The Hashemite University
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Biaxial Column Example

• Calculate Nominal Biaxial Load Pn

1111

7218

1

3498

1

2900

11

1111

0

−+=

−+=

n

nnynxn

P

PPPP

Reinforced Concrete IIDr. Hazim Dwairi The Hashemite University

kNPn 2032=

kNPP nu 1321)2032)(65.0( === φ

Design of Biaxial Column

1) Select trial section

P

2) Compute γ
3) Compute φPnx, φPny, φPn0

( ) 0015.0 use   ;
40.0 ')( =

+
≥ t

ytc

u
trialg

ff

P
A ρ

ρ

ly

γlx

stA
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Design of Biaxial Column

φPnx

φPny

φPn0

Reinforced Concrete IIDr. Hazim Dwairi The Hashemite University

Design of Biaxial Column

4) Solve for φPn

5) If φPn < Pu then design is inadequate, increase 

either area of steel or column dimensions 

0

1111

nnynxn PPPP φφφφ
−+=

Reinforced Concrete IIDr. Hazim Dwairi The Hashemite University
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Lecture 8 Lecture 8 –– Slender ColumnsSlender Columns

Dr. Hazim DwairiDr. Hazim Dwairi

Reinforced Concrete IIReinforced Concrete II

Definition of Slender ColumnDefinition of Slender Column

•• When the eccentric loads When the eccentric loads 
P are applied, the column P are applied, the column 
deflects laterally by deflects laterally by 

amount amount δδ, however the , however the 
internal moment at internal moment at 
midheight:midheight:

•• The deflection The deflection δδ
increases the moments increases the moments 
for which the column for which the column 
must be designed.must be designed.

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Definition of Slender ColumnDefinition of Slender Column

•• Failure occurs Failure occurs 
when the loadwhen the load--
moment curve Omoment curve O--B B 
for the point of for the point of 
maximum moment maximum moment 
intersects the intersects the 
interaction interaction 
diagram of the diagram of the 
cross section.cross section.

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Reinforced Concrete IIReinforced Concrete II

Definition of Slender ColumnDefinition of Slender Column

•• A A slender column slender column is defined as the column that is defined as the column that 
has a significant reduction in its axial load has a significant reduction in its axial load 
capacity due to moments resulting from lateral capacity due to moments resulting from lateral 
deflections of the column. In the derivation of the deflections of the column. In the derivation of the 
ACI code. “a significant reduction” was arbitrarily ACI code. “a significant reduction” was arbitrarily 
taken anything greater than 5%.taken anything greater than 5%.

•• Less than 10 % of columns in “braced” or “nonLess than 10 % of columns in “braced” or “non--
sway” frames and less than half of columns in sway” frames and less than half of columns in 
““unbracedunbraced” or “sway” frames would be classified ” or “sway” frames would be classified 
as “slender” following ACI Code Procedure.as “slender” following ACI Code Procedure.

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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BucklingBuckling

•• The differential equation The differential equation 
for column in state of for column in state of 
neutral equilibrium is:neutral equilibrium is:

•• Leonhard Euler solution:Leonhard Euler solution:

•• n: number of halfn: number of half--sine sine 
waves in length of waves in length of 
columncolumn

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

PyEIy −="

2

22

l

EIn
Pc

π=

Reinforced Concrete IIReinforced Concrete II

BucklingBuckling

•• The lowest value for The lowest value for PPcc will occur with n = 1.0will occur with n = 1.0

•• This gives the This gives the Euler Buckling LoadEuler Buckling Load::

•• Effective length conceptEffective length concept

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

2

222

l

EI
Pc

π=

2

2

l

EI
Pc

π=

2

2

2

2

)(
)

1
(

kl

EI

l
n

EI
Pc

ππ ==

k Factor Length  Effective =



Prestressed Concrete Hashemite University

Dr. Hazim Dwairi 4

Reinforced Concrete IIReinforced Concrete II

Effective Length FactorEffective Length Factor

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Reinforced Concrete IIReinforced Concrete II

Effective Length FactorEffective Length Factor

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Effective Length FactorEffective Length Factor

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Reinforced Concrete IIReinforced Concrete II

Effective Length FactorEffective Length Factor

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University



Prestressed Concrete Hashemite University

Dr. Hazim Dwairi 6

Reinforced Concrete IIReinforced Concrete II

Effective Length FactorEffective Length Factor

ΨΨAA and and ΨΨB B are top and bottom factors of columns. are top and bottom factors of columns. 
For a hinged end For a hinged end ΨΨ is infinite or 10 and for a fixed is infinite or 10 and for a fixed 
end end ΨΨ is zero or 1.is zero or 1.

Assumptions for Assumptions for nomographsnomographs::

1.1. Symmetrical rectangular framesSymmetrical rectangular frames

2.2. Equal load applied at top of columnsEqual load applied at top of columns

3.3. Unloaded beams.Unloaded beams.

4.4. All columns buckle at the same momentAll columns buckle at the same moment
Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

NomographsNomographs for k for k 

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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NomographsNomographs for k for k 

•• As a result of these very idealized assumptions, As a result of these very idealized assumptions, 
nomographsnomographs tend to underestimate the values of tend to underestimate the values of 
the effective length factor the effective length factor kk for elastic frames of for elastic frames of 
practical dimensions up to 15%. This leads to an practical dimensions up to 15%. This leads to an 
underestimate of the magnified moment, underestimate of the magnified moment, MMcc. . 

•• The lowest practical values for The lowest practical values for kk in a sway frame in a sway frame 
is about is about 1.21.2 due to friction in the hinges. When due to friction in the hinges. When 
smaller values obtained from smaller values obtained from nomographsnomographs, it is , it is 
good practice to use good practice to use k = 1.2 k = 1.2 ..

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Slenderness EffectSlenderness Effect

•• For columns in For columns in nonswaynonsway frames, ACI Sec. 12.12.2 frames, ACI Sec. 12.12.2 
allows the slenderness effects to be neglected if:allows the slenderness effects to be neglected if:

k k : effective length factor: effective length factor

lluu : column unsupported                                      : column unsupported                                      
lengthlength

r r : radius of gyration: radius of gyration

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Slenderness EffectSlenderness Effect

•• For columns in For columns in unbracedunbraced frames, ACI Sec. frames, ACI Sec. 
12.12.2 allows the slenderness effects to be 12.12.2 allows the slenderness effects to be 
neglected if:neglected if:

•• If                      design shall be based on a If                      design shall be based on a 

secondsecond--order analysis.order analysis.

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Moment Magnifier Design Moment Magnifier Design 
ProcedureProcedure

1)1) Length of ColumnsLength of Columns. The unsupported length . The unsupported length lluu is the is the 

clear height between slabs or beams capable of giving clear height between slabs or beams capable of giving 

lateral support to the column.lateral support to the column.

2)2) Effective Length FactorEffective Length Factor. can be estimated from the . can be estimated from the 

nomographsnomographs..

3)3) Braced or Braced or UnbracedUnbraced FramesFrames. Inspect bracing . Inspect bracing 

elements, such as walls, whether stiffer than columns elements, such as walls, whether stiffer than columns 

(braced) or not ((braced) or not (unbracedunbraced).).

4)4) Consideration of Slenderness EffectsConsideration of Slenderness Effects. Check . Check 

slenderness ratio:slenderness ratio:

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

?=
r

klu

Reinforced Concrete IIReinforced Concrete II

Moment Magnifier Design Moment Magnifier Design 
ProcedureProcedure

5)5) Minimum Moment. ACI Eqn. (10Minimum Moment. ACI Eqn. (10--14) states that for 14) states that for 

columns in braced frames, minimum moment columns in braced frames, minimum moment MM22::

6)6) Moment Magnifier. ACI Sec. 10.12.3 states that columns Moment Magnifier. ACI Sec. 10.12.3 states that columns 

on on nonswaynonsway frames shall be designed for frames shall be designed for PPuu and and MMcc::

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Moment Magnifier Design Moment Magnifier Design 
ProcedureProcedure

•• Where Where MM22 is the larger end momentis the larger end moment

•• MM11/M/M22 is positive for single curvature and negative for is positive for single curvature and negative for 

double curvature.double curvature.

•• Buckling load, Buckling load, PPcc is:is:

•• and:and:

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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column in the load axial factored total

column in the load dead axial factored max.=dβ

Reinforced Concrete IIReinforced Concrete II

Example : Design of Columns in Example : Design of Columns in 
Braced FrameBraced Frame

The figure shows a typical frame in an industrial The figure shows a typical frame in an industrial 
building. The frames are spaced 6.0 m apart. The building. The frames are spaced 6.0 m apart. The 
columns rest on a 1.2 mcolumns rest on a 1.2 m--square footings. The soil square footings. The soil 
bearing capacity is 190 bearing capacity is 190 kNkN/m/m22. Design columns . Design columns CC--
DD and and DD--EE. Use . Use ffcc’ = 20 ’ = 20 MPaMPa and and ffyy = 420 = 420 MPaMPa for for 
beams and columns. Use lower combination and beams and columns. Use lower combination and 
strengthstrength--reduction factors from ACI 318reduction factors from ACI 318--05 05 
sections 9.2 and 9.3sections 9.2 and 9.3

(Example 12(Example 12--2 : Macgregor and Wight 2 : Macgregor and Wight –– 44thth edition edition 
in SI units)in SI units)

Dr. Dr. HazimHazim DwairiDwairi The Hashemite UniversityThe Hashemite University
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400mm 7300mm

6000mm

9100mm 7600mm
1200mm2

51.2

126.4

69.2

93.0

(kN.m)

225mm

385mm

Reinforced Concrete IIReinforced Concrete II

Example : Design of Columns in Example : Design of Columns in 
Braced FrameBraced Frame

1)1) Calculate the column loads from frame analysisCalculate the column loads from frame analysis

a firsta first--orderorder--elastic analysis of the frame gave the elastic analysis of the frame gave the 

following forces and momentsfollowing forces and moments

Dr. Dr. HazimHazim DwairiDwairi The Hashemite UniversityThe Hashemite University

Column CD Column DE

Service load, P Dead = 350 kN

Live = 105 kN

Dead = 220 kN

Live = 60 kN

Service moment at 

top of columns

Dead = -80 kN.m

Live = -19 kN.m

Dead = 57.5 kN.m

Live = 15.0 kN.m

Service moments at 

bottom of columns

Dead = -28 kN.m

Live = -11 kN.m

Dead = -43 kN.m

Live = -11 kN.m
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Example : Design of Columns in Example : Design of Columns in 
Braced FrameBraced Frame

2)2) Determine the factored loadsDetermine the factored loads

a)a) Column CDColumn CD
PPuu = 1.2 x 350 + 1.6 x 105 = = 1.2 x 350 + 1.6 x 105 = 588 588 kNkN
Moment at top = 1.2 x Moment at top = 1.2 x --80 +1.6 x 80 +1.6 x --19 = 19 = --126.4 126.4 kN.mkN.m

Moment at bottom = 1.2 x Moment at bottom = 1.2 x --28 + 1.6 x 11 = 28 + 1.6 x 11 = --51.2 51.2 kN.mkN.m

ACI sec. 10.0, ACI sec. 10.0, MM22 is always +is always +veve, and , and MM11 is +is +veve if the if the 

column bent in single curvature. Since column bent in single curvature. Since CDCD is bent in is bent in 

double curvature, double curvature, MM22 = +126.4kN.m = +126.4kN.m and and MM11 = = --51.2 51.2 
kN.mkN.m

b)b) Column DEColumn DE
PPuu = 360 = 360 kNkN, M, M22 = +93 = +93 kN.mkN.m, M, M11 = +69.2 = +69.2 kN.mkN.m

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Reinforced Concrete IIReinforced Concrete II

Example : Design of Columns in Example : Design of Columns in 
Braced FrameBraced Frame

3)3) Make a preliminary selection of the column size Make a preliminary selection of the column size 

(assume (assume ρρρρρρρρtt = 0.015= 0.015))

Because of slenderness and large moments use Because of slenderness and large moments use 
350mm x 350mm 350mm x 350mm columns throughoutcolumns throughout

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Example : Design of Columns in Example : Design of Columns in 
Braced FrameBraced Frame

4)4) Are the columns slender?Are the columns slender?

a)a) Column CD:Column CD:

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

9.38
4.126

2.51
12341234
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770 2,-12 Table From

10.11.3.1) (ACI     53906106000

2

1 =






−=







−

=×=

=×=
=

=−=

M

M

r

kl

mmr

. k 

mml

u

u

39.5>38.9 
Column CD just slender

Reinforced Concrete IIReinforced Concrete II

Example : Design of Columns in Example : Design of Columns in 
Braced FrameBraced Frame

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

4)4) Are the columns slender?Are the columns slender?

b)b) Column DE:Column DE:

1.25
93

2.69
12341234

8.54
105
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10.11.2) (ACI            1053503.0

860 2,-12 Table From
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Column CD is slender
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Reinforced Concrete IIReinforced Concrete II

Example : Design of Columns in Example : Design of Columns in 
Braced FrameBraced Frame

5)5) Check whether the moments are less than the Check whether the moments are less than the 
minimumminimum

ACI Sec. 10.12.3.2 requires that braced slender ACI Sec. 10.12.3.2 requires that braced slender 

columns be designed for minimum eccentricity of       columns be designed for minimum eccentricity of       

(15 + 0.03h)(15 + 0.03h). For 350. For 350--mm column, this is 25.5 mm.mm column, this is 25.5 mm.

Since actual moments exceed these values, the Since actual moments exceed these values, the 

columns shall be designed for actual moments columns shall be designed for actual moments 

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Example : Design of Columns in Example : Design of Columns in 
Braced FrameBraced Frame

6)6) Compute Compute EIEI
Use a conservative estimate byUse a conservative estimate by

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Example : Design of Columns in Example : Design of Columns in 
Braced FrameBraced Frame

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

6)6) Compute Compute EIEI
a)a) Column CDColumn CD

b)b) Column DEColumn DE

29
9

.1011.6134
714.01

1087.513,10

714.0
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3502.1

mmNEI

d
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29
9
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1087.513,10

733.0
360

2202.1

mmNEI

d

×=
+

×=

=×=β

Reinforced Concrete IIReinforced Concrete II

400mm

225mm

385mm

2275 mm

Example : Design of Columns in Example : Design of Columns in 
Braced FrameBraced Frame

7)7) Compute the effectiveCompute the effective--length factorslength factors

We will use the We will use the nomographnomograph this time just for this time just for 

demonstration, once should use the same method demonstration, once should use the same method 

throughout all calculations. throughout all calculations. 

Dr. Hazim DwairiDr. Hazim Dwairi
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Reinforced Concrete IIReinforced Concrete II

Example : Design of Columns in Example : Design of Columns in 
Braced FrameBraced Frame

•• Column Column CDCD is restrained at is restrained at CC by the rotational resistance by the rotational resistance 

of the soil under the footing, thus:of the soil under the footing, thus:

•• Where Where IIff is the moment of inertia of the contact area is the moment of inertia of the contact area 

between the footing and the soil and between the footing and the soil and kkss is the is the subgradesubgrade

reaction.reaction.

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II
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Reinforced Concrete IIReinforced Concrete II

SubgradeSubgrade ModulusModulus

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Example : Design of Columns in Example : Design of Columns in 
Braced FrameBraced Frame

8)8) Compute magnified momentsCompute magnified moments

a)a) Column Column CDCD

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

( ) ( )

column)  theof end at the                          

 remainsmoment  maximum ofsection  (i.e. 0.1   

0.1564.0
)7.351475.0/(5881

438.0

7.3514
539077.0

1011.6134

438.0      

40.0
4.126

2.51
4.06.0

2

92

2

2

=

<=
×−

=

=
×

××==

=

≥






−+=

ns

ns

u

c

m

USE

kN
kl

EI
P

C

δ

δ

ππ

Mc = 1.0 x 126.4 
= 126.4 kN.m



Prestressed Concrete Hashemite University

Dr. Hazim Dwairi 18

Reinforced Concrete IIReinforced Concrete II

Example : Design of Columns in Example : Design of Columns in 
Braced FrameBraced Frame

8)8) Compute magnified momentsCompute magnified moments

a)a) Column Column DEDE

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Example : Design of Columns in Example : Design of Columns in 
Braced FrameBraced Frame

9)9) Select the reinforcementSelect the reinforcement

a)a) Design column Design column CDCD for for PPuu = 588 = 588 kNkN and Mand Mcc = 126.4 = 126.4 
kN.mkN.m

USE 350mm x 350mm with 4USE 350mm x 350mm with 4φφφφφφφφ2525

b)b) Design column Design column DEDE for for PPuu = 360 = 360 kNkN and Mand Mcc = 113.9 = 113.9 
kN.mkN.m

USE 350mm x 350mm with 4USE 350mm x 350mm with 4φφφφφφφφ2525

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Lecture 9 Lecture 9 –– FootingsFootings

Dr. Hazim DwairiDr. Hazim Dwairi

Reinforced Concrete IIReinforced Concrete II

Footings DefinitionFootings Definition

•• Footings are structural members used to support Footings are structural members used to support 
columns and walls to transmit and distribute their columns and walls to transmit and distribute their 
loads to the soil in such a way that the load loads to the soil in such a way that the load 
bearing capacity of the soil is not exceeded, bearing capacity of the soil is not exceeded, 
excessive settlement, differential settlement, or excessive settlement, differential settlement, or 
rotation are prevented  and adequate safety rotation are prevented  and adequate safety 
against overturning or sliding is maintained.against overturning or sliding is maintained.

•• Since the soil is generally weaker than concrete Since the soil is generally weaker than concrete 
columns and walls, the contact area between the columns and walls, the contact area between the 
footing and the soil is much larger than between footing and the soil is much larger than between 
the supported members and footing.the supported members and footing.

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Types of FootingsTypes of Footings

a)a) Strip or Wall FootingStrip or Wall Footing

b)b) Spread Footing (Single or Isolated)Spread Footing (Single or Isolated)

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Reinforced Concrete IIReinforced Concrete II

Types of FootingsTypes of Footings

c)c) Spread Footing (Stepped)Spread Footing (Stepped)

d)d) Spread Footing (Tapered)Spread Footing (Tapered)

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Types of FootingsTypes of Footings

e)e) Pile CapPile Cap

f)f) Combined FootingCombined Footing

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Reinforced Concrete IIReinforced Concrete II

Types of FootingsTypes of Footings

g)g) Cantilever or Strap FootingCantilever or Strap Footing

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Types of FootingsTypes of Footings

h)h) Mat or Raft FootingMat or Raft Footing

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Reinforced Concrete IIReinforced Concrete II

Distribution of Soil PressureDistribution of Soil Pressure

•• When the column load When the column load 
PP is applied on the is applied on the 
centroidcentroid of the footing, a of the footing, a 
uniform pressure is uniform pressure is 
assumed to develop on assumed to develop on 
the soil surface below the soil surface below 
the footing area.the footing area.

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

•• However the actual distribution of the soil is not However the actual distribution of the soil is not 
uniform, but depends on may factors especially uniform, but depends on may factors especially 
the composition of the soil and degree of the composition of the soil and degree of 
flexibility of the footing.flexibility of the footing.
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Reinforced Concrete IIReinforced Concrete II

Distribution of Soil PressureDistribution of Soil Pressure

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Soil pressure distribution 
in cohesionless soil. 

(Clay)

Soil pressure distribution 
in cohesive soil. (Sand)

Reinforced Concrete IIReinforced Concrete II

Design ConsiderationsDesign Considerations

Footings must be designed to carry the column Footings must be designed to carry the column 
loads and transmit them to the soil safely while loads and transmit them to the soil safely while 
satisfying code limitations.satisfying code limitations.

1.1. The area of the footing based on the allowable The area of the footing based on the allowable 
bearing soil capacity bearing soil capacity 

2.2. TwoTwo--way shear or punch out shear.way shear or punch out shear.

3.3. OneOne--way shear way shear 

4.4. Bending moment and steel reinforcement Bending moment and steel reinforcement 
requiredrequired

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Design ConsiderationsDesign Considerations

Footings must be designed to carry the column Footings must be designed to carry the column 
loads and transmit them to the soil safely while loads and transmit them to the soil safely while 
satisfying code limitations.satisfying code limitations.

1.1. Bearing capacity of columns at their baseBearing capacity of columns at their base

2.2. Dowel requirementsDowel requirements

3.3. Development length of barsDevelopment length of bars

4.4. Differential settlementDifferential settlement

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Reinforced Concrete IIReinforced Concrete II

Eccentrically Loaded FootingEccentrically Loaded Footing

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Locate column within the 
Kern of footing to prevent 
developing tension 
stresses in the soil 
underneath the footing
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Reinforced Concrete IIReinforced Concrete II

Gross and Net Bearing CapacityGross and Net Bearing Capacity

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Size of FootingSize of Footing

•• The area of footing can be determined from the The area of footing can be determined from the 
actual external loads such that the allowable soil actual external loads such that the allowable soil 
pressure is not exceeded.pressure is not exceeded.

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Design for TwoDesign for Two--way Shearway Shear

•• For Slabs and footings, For Slabs and footings, VVcc is the smallest of a, b is the smallest of a, b 
and c:and c:

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Where:
bo = perimeter of critical section

ββββ = ratio of long side of column to short side < 2

ααααs = 40 for interior columns, 30 for edge columns and 

20 for corner columns.

Reinforced Concrete IIReinforced Concrete II

Design for TwoDesign for Two--way Shearway Shear

The shear force The shear force VVuu acts at a acts at a 
section that has a length               section that has a length               
bb00 = 4(= 4(c+dc+d) ) or or 2(c2(c11+d) + 2(c+d) + 2(c22+d) +d) 
where where d d is the effective depthis the effective depth

the section is subjected to a the section is subjected to a 
vertical downward load vertical downward load PPuu and and 
vertical upward pressurevertical upward pressure qquu..

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

2)( dcqPV uuu +−=
For Square column:

For Rectangular column:
))(( 21 dcdcqPV uuu ++−=
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Reinforced Concrete IIReinforced Concrete II

Design of OneDesign of One--way Shearway Shear

For footings with bending For footings with bending 
action in one direction the action in one direction the 
critical section is located a critical section is located a 
distance distance dd from face of from face of 
column. column. 

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Flexural Strength and Footing Flexural Strength and Footing 
reinforcement reinforcement 

The bending moment in The bending moment in 
each direction of the footing each direction of the footing 
must be checked and the must be checked and the 
appropriate reinforcement appropriate reinforcement 
must be provided.must be provided.

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Flexural Strength and Footing Flexural Strength and Footing 
reinforcement reinforcement 

•• MMuu = 1/8 x = 1/8 x qquu x (L x (L –– c)c)22

•• Minimum area of steelMinimum area of steel

–– GradeGrade--40 40 AAs,mins,min = 0.002bh= 0.002bh
–– GradeGrade--60 60 AAs,mins,min = 0.0018bh= 0.0018bh
–– Maximum spacing, Maximum spacing, SS, is the , is the 

smallest of smallest of (3h or 450mm)(3h or 450mm)
Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Flexural Strength and Footing Flexural Strength and Footing 
reinforcement reinforcement 

•• The reinforcement must be The reinforcement must be 
distributed across the entire distributed across the entire 
width of the footing.width of the footing.

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Bearing Capacity of Column at Bearing Capacity of Column at 
BaseBase

•• The column applies a concentrated load on The column applies a concentrated load on 
footing. This load is transmitted by bearing footing. This load is transmitted by bearing 
stresses in the concrete and the stresses in the stresses in the concrete and the stresses in the 
dowels crossing the joint.dowels crossing the joint.

•• Maximum bearing load on the concrete is given Maximum bearing load on the concrete is given 
as: (ACI sec. 10.17)as: (ACI sec. 10.17)

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Bearing Capacity of Column at Bearing Capacity of Column at 
BaseBase

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Dowels ReinforcementDowels Reinforcement

•• A minimum steel ratio A minimum steel ratio ρρρρρρρρ = 0.005 of the column = 0.005 of the column 
sectionsection as compared to as compared to ρρρρρρρρ = 0.01 as minimum = 0.01 as minimum 
reinforcement for the column itself.  The number reinforcement for the column itself.  The number 
of dowel bars needed is four which may be of dowel bars needed is four which may be 
placed at the four corners of the column.  The placed at the four corners of the column.  The 
dowel bars are usually extended into the footing, dowel bars are usually extended into the footing, 
bent at the ends, and tied to the main footing bent at the ends, and tied to the main footing 
reinforcement.  The dowel diameter shall not reinforcement.  The dowel diameter shall not 
exceed the diameter of the longitudinal bars in exceed the diameter of the longitudinal bars in 
the column by more than 4.0 mm.the column by more than 4.0 mm.

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Reinforced Concrete IIReinforced Concrete II

Dowels ReinforcementDowels Reinforcement

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Example 1 Example 1 ––Wall FootingWall Footing

Design a plain concrete footing to support a 400 Design a plain concrete footing to support a 400 
mm thick concrete wall.  The load on the wall mm thick concrete wall.  The load on the wall 
consist of 230 consist of 230 kNkN/m dead load (including the self/m dead load (including the self--
weight of wall) and a 146 weight of wall) and a 146 kNkN/m live load. The base /m live load. The base 
of the footing is 1200 mm below final grade.  of the footing is 1200 mm below final grade.  ffcc’ = ’ = 
21 21 MPaMPa, , ffyy = 420 = 420 MPaMPa, the gross allowable soil , the gross allowable soil 
pressure = 240 pressure = 240 kNkN/m/m2 2 , and the soil density is 18 , and the soil density is 18 
kNkN/m/m33..

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

Reinforced Concrete IIReinforced Concrete II

Example 1 Example 1 ––Wall FootingWall Footing

1)1) Estimate the size of the footing and the Estimate the size of the footing and the 
factored net pressure.factored net pressure.

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

( ) 2
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Reinforced Concrete IIReinforced Concrete II

Example 1 Example 1 ––Wall FootingWall Footing

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

( )
2/1.283
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80.1  75.1
9.214
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:strip) m-1(consider  width footing Estimate
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P
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+=
+=

Reinforced Concrete IIReinforced Concrete II

Example 1 Example 1 ––Wall FootingWall Footing

2)2) Check oneCheck one--way shearway shear

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Example 1 Example 1 ––Wall FootingWall Footing

3)3) Design flexural reinforcementDesign flexural reinforcement

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Example 1 Example 1 ––Wall FootingWall Footing

4)4) Check development lengthCheck development length

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Example 1 Example 1 ––Wall FootingWall Footing

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

1800 mm

700 mm

500 mm168 mm

φφφφ14@200mm φφφφ14@200mm

Reinforced Concrete IIReinforced Concrete II

Example 2 Example 2 –– Single FootingSingle Footing

Design a square footing to support a 450 mmDesign a square footing to support a 450 mm--

square tied interior column reinforced with 8square tied interior column reinforced with 8φφ25 25 
bars.  The column carries an bars.  The column carries an unfactoredunfactored axial axial 
dead load of 1000 dead load of 1000 kNkN and an axial live load of and an axial live load of 
900 900 kN.kN. The base of the footing is 1200 mm The base of the footing is 1200 mm 
below final grade and allowable soil pressure is below final grade and allowable soil pressure is 
240 240 kNkN/m/m22. Use . Use ffcc’ = 28 ’ = 28 MPaMPa and and ffyy = 420 = 420 MPaMPa..

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Example 2 Example 2 –– Single FootingSingle Footing

1)1) Estimate the footing size and the factored net Estimate the footing size and the factored net 
soil pressure.soil pressure.

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

( ) 2

2

2
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=

Reinforced Concrete IIReinforced Concrete II

Example 2 Example 2 –– Single FootingSingle Footing
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Reinforced Concrete IIReinforced Concrete II

Example 2 Example 2 –– Single FootingSingle Footing

2)2) Check thickness for twoCheck thickness for two--way shearway shear

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Example 2 Example 2 –– Single FootingSingle Footing

3)3) Check oneCheck one--way shearway shear

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Example 2 Example 2 –– Single FootingSingle Footing

4)4) Design the flexural reinforcementDesign the flexural reinforcement

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Example 2 Example 2 –– Single FootingSingle Footing

5)5) Design columnDesign column--footing connectionfooting connection

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Example 2 Example 2 –– Single FootingSingle Footing

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Example 2 Example 2 –– Single FootingSingle Footing

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Example 2 Example 2 –– Single FootingSingle Footing

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

3000 mm

600 
mm

476 
mm

476 mm

381 mm

13φφφφ25
4φφφφ20

8φφφφ25

450 mm

Reinforced Concrete IIReinforced Concrete II

Example 3 Example 3 –– Combined FootingCombined Footing

Design a rectangular footing to support two square Design a rectangular footing to support two square 
columns.  The exterior column (I) has a section columns.  The exterior column (I) has a section 
400 x 400 mm, which carries DL of 800 400 x 400 mm, which carries DL of 800 kNkN and a and a 
LL of 530 LL of 530 kN.kN. The interior column (II) has a section The interior column (II) has a section 
of 500 x 500mm, which carries a DL of 1100 of 500 x 500mm, which carries a DL of 1100 kNkN
and a LL of 620 and a LL of 620 kN.kN. The base of the footing is The base of the footing is 
1500 mm below final grade and allowable soil 1500 mm below final grade and allowable soil 
pressure is 240 pressure is 240 kNkN/m/m22. Use . Use ffcc’ = 28 ’ = 28 MPaMPa and and ffyy = = 
420 420 MPaMPa. The distance between column is 5.0 m . The distance between column is 5.0 m 
center to center (cc).center to center (cc).

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Example 3 Example 3 –– Combined FootingCombined Footing

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University

DL = 800 kN

LL = 530 kN 
DL = 1100 kN

LL = 620 kN 

DL = 1900 kN

LL = 1150 kN 

5000 mm

2820 mm 2820 mm
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6500   

54002002005000min

=
=++=

3250 mm3250 mm

Reinforced Concrete IIReinforced Concrete II

Example 3 Example 3 –– Combined FootingCombined Footing

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Example 3 Example 3 –– Combined FootingCombined Footing

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Example 3 Example 3 –– Combined FootingCombined Footing

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Example 3 Example 3 –– Combined FootingCombined Footing
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Reinforced Concrete IIReinforced Concrete II

Example 3 Example 3 –– Combined FootingCombined Footing

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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Reinforced Concrete IIReinforced Concrete II

Example 3 Example 3 –– Combined FootingCombined Footing
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15φφφφ22

12φφφφ2231φφφφ22

230 400 4550 500 820

Reinforced Concrete IIReinforced Concrete II

Example 3 Example 3 –– Combined FootingCombined Footing

•• Things still need to be checked:Things still need to be checked:

√√ Cases of loadingCases of loading

√√ Bearing stresses under columnsBearing stresses under columns

√√ Development lengthDevelopment length

√√ Dowel bars if neededDowel bars if needed

Dr. Hazim DwairiDr. Hazim Dwairi The Hashemite UniversityThe Hashemite University
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    AREA OF BARS (mm
2
) 

• Available through special request.  

 

 

    MINIMUM BEAM WIDTH (mm) ACCORDING TO THE ACI CODE 

Size of 

Bars (mm) 

Number of bars Add for each 

added bar 2 3 4 5 6 7 8 

10 175 211 246 282 317 352 388 35 

12 177 215 252 290 327 364 402 37 

14 179 219 258 298 337 376 416 39 

16 181 223 264 306 347 388 430 41 

18 183 227 270 314 357 400 444 43 

20 185 231 276 322 367 412 458 45 

22 187 235 282 330 377 424 472 47 

25 190 241 291 342 392 442 493 50 

32 204 268 332 396 460 524 588 64 

50 240 340 440 540 640 740 840 100 

 

• Table shows minimum beam widths when φ10 stirrups are used. 

• For additional bars, add dimension in last column for each added bar. 

• For bars of different sizes, determine from the table the beam width for smaller size bars and then add last 

column figure for each larger bar used. 

• Assume maximum aggregate size does not exceed three-forth of the clear space between bars (ACI-3-3.3). 

Table computation procedure is in agreement with the ACI code interpretation of the ACI Committee 340. 

 

 

 
 

A = 40 mm clear cover to stirrups 

B = 10 mm stirrup bar diameter 

C = use twice the diameter of φ10 stirrups.  
D = clear distance between bars = db or 25.4 mm, whichever is greater  

(where db is the diameter of the larger adjacent longitudinal bar) 

 

 

 

 

 

Size of 
bars (mm) 

Number of bars 

1 2 3 4 5 6 7 8 

8 50 101 151 201 251 302 352 402 

10 79 157 236 314 393 471 550 628 

12 113 226 339 452 566 679 792 905 

14 154 308 462 616 770 924 1078 1232 

16 201 402 603 804 1005 1206 1407 1609 

18 255 509 763 1018 1272 1527 1781 2036 

20 314 628 943 1257 1571 1885 2199 2513 

22 380 760 1140 1521 1901 2281 2661 3041 

25 491 982 1473 1964 2454 2945 3436 3927 

32 804 1609 2413 3217 4021 4826 5630 6434 

50
* 

1964 3927 5891 7854 9818 11781 13745 15708 

A
B

C D
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Development Length of Straight Bars and Standard Hooks 
 

 

For deformed bars, ACI318-05 Section 12.2.2 defines the development length ld given in the table 

below. Note that ld shall not be less than 300 mm. 

 

 

Case ≤ φ20 > φ20 

Case 1: Clear spacing of bars being 

developed not less than db, clear 

cover not less than db, and stirrups 

throughout ld not less than code 

minimum 

 

or 

 

Case 2: Clear spacing of bars being 

developed not less than 2db and clear 

cover not less than db 

 

 

 

 

 

b

c

ety

d d
f

f
l

'25

12 λψψ
=  

 

 

 

 

b

c

ety

d d
f

f
l

'20

12 λψψ
=  

Other cases 

 
b

c

ety

d d
f

f
l

'25

18 λψψ
=  b

c

ety

d d
f

f
l

'20

18 λψψ
=  

 

 

 

 

The terms in the foregoing equations are as follows: 

ψt = reinforcement location factor 

Horizontal reinforcement so placed that more than 300 mm of fresh concrete is cast 

in the member below the development length ......................................................1.3 

Other reinforcement...............................................................................................1.0 

 

ψe = coating factor 

Epoxy-coated bars with cover less than 3db, or clear spacing less than 6db .........1.5 

All other epoxy-coated bars .................................................................................. 1.2 

Uncoated reinforcement......................................................................................... 1.0 

 

λ = lightweight aggregate concrete factor 

When all-lightweight aggregate concrete is used ................................................. 1.3 

When sand-lightweight aggregate concrete is used .............................................. 1.2 

Normal weight concrete is used............................................................................. 1.0 
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Table 1: Basic tension development-length ratio, ld/db (mm/mm) 

mmthanlessnotbutd
d

l
l be

b

db

d  300    ,××= λψ  

Bar size 

(mm) 

fc
’= 21 MPa fc

’= 25 MPa fc
’= 28 MPa fc

’= 30 MPa fc
’= 35 MPa 

Bottom 

bar 

Top          

bar 

Bottom 

bar 

Top        

bar 

Bottom 

bar 

Top        

bar 

Bottom 

bar 

Top        

bar 

Bottom 

bar 

Top        

bar 

Case 1: Clear spacing of bars being developed not less than db, clear cover not less than db, and stirrups 

throughout ld not less than code minimum, or 

Case 2: Clear spacing of bars being developed not less than 2db and clear cover not less than db 

fy = 420 MPa, uncoated bars, normal weight concrete 

≤ φ20 43.6 56.7 40.0 52.0 37.8 49.1 36.5 47.5 33.8 43.9 

> φ20 53.9 70.1 49.4 64.2 46.7 60.7 45.1 58.6 41.8 54.3 

 fy = 300 MPa, uncoated bars, normal weight concrete 

≤ φ20 31.2 40.5 28.6 37.1 27.0 35.1 26.1 33.9 24.1 31.4 

 Other Cases: 

≤ φ20 64.5 83.9 59.1 76.9 55.9 72.7 54.0 70.2 50.0 65.0 

> φ20 82.1 106.8 75.3 97.9 71.1 92.5 68.7 89.3 63.6 82.7 

 fy = 300 MPa, uncoated bars, normal weight concrete 

≤ φ20 46.8 60.8 42.9 55.7 40.5 52.6 39.1 50.9 36.2 47.1 

• For top bars, more than 300 mm of fresh concrete is cast in the member (i.e. α = 1.3) 

• β is the coating factor, and λ is the lightweight concrete factor 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

When there is insufficient length available to develop a straight bar, standard hooks are used. The 

standard 90 degree hook is shown below: 

 

 

 

 

  φ10 to φ25: R = 3db 

  φ28 to φ32: R = 4db 

φ28 to φ50: R = 5db 
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The development length of a hook, ldh, is given by the following equation. Note that the development 

length shall not be less than 8db nor less than 150mm: 

     

  
mm

d
d

f

f
l

b

b

c

ey

dh
150

8
 oflarger 

24.0

'
≥=

λψ
 

where ψe = the coating factor = 1.2 for epoxy coated bars and 1.0 for uncoated reinforcement, and λ is 

the lightweight aggregate factor = 1.3 for lightweight aggregate concrete. For other cases ψe and λ, shall 

be taken as 1.0 

 

 

 

Standard Hooks – ACI sections 7.1 and 7.2.1 

  
φ10 to φ25:  R = 3db 

φ28 and φ32: R = 4db 

φ50:   R = 5db 

 

 

 

 

Stirrups and tie hooks – ACI section 7.1.3 

  
φ16 & smaller: R = 2db 

φ18 to φ25:       R = 4db 

 

 

 

Ldh

1
2

d
b

90 Hook
o

R

R

db

4db or

Ldh

180 Hook
o

2R

65 mm

db

R

R

φ16 and smaller: 6db

φ18 to φ25:  12db

Beam
CL

90 Stirrup Hooks
o

R

R

φ25 and sm
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b

Beam
CL

135 Stirrup Hooks
o
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Requirements for structural integrity in spandrel beams 

Requirements for structural integrity in interior beams 
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End Span 
Discontinuous 

End Interior Spans 

Interior face of 

exterior support Exterior face of first 

interior support 

Other faces of interior 

supports 

(a) Terminology 

Cm =  

Cv =  

Mu = Cm(wuln
2
) ; Cm : moment envelope coefficient 

Vu = Cv(wuln/2) ; Cv : shear envelope coefficient 

Where wu is total factored load and ln is clear span 

  

0.0 1/11  -1/10  

Cm = -1/9 if only 

two spans 

-1/11  -1/16  -1/11  

1.0  1.15  1.0  1.0  1.0  

-1/11  

Eq. 1  Eq. 1  

-1/24 1/14  -1/10  -1/11  1/16  -1/11  

1.0  1.15  1.0  1.0  1.0  

-1/11  

Eq. 1  Eq. 1  

Cm = -1/9 if only 

two spans 

Cm =  

Cv =  

-1/16 1/14  -1/10  -1/11  1/16  -1/11  

1.0  1.15  1.0  1.0  1.0  

-1/11  

Eq. 1  Eq. 1  

Cm = -1/9 if only 

two spans 

(b) Discontinuous end unrestrained 

(c) Discontinuous end integral with support where support is spandrel beam 

(d) Discontinuous end integral with support where support is a column 

Cm =  

Cv =  









=

u

Lu

v
w

w
oferlCEq

25.0
or  )15.0(  arg   : 1 . , where wLu is factored live 

ACI Moment and Shear Coefficients 
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Instantaneous Deflection Calculations: 

 

Δ =  
5

48
 
   

 

     

 

Ma is the support moment for cantilevers and the midspan moment (when K is so defined) for 

simple and continuous beams. 

 
Long-term Deflection: 
 

Δ         =  (Δ )               

 =
 

1 + 50 ′
 

 

ξ = 1.0 ……………….. t = 3 months 

ξ = 1.2 ……………….. t = 6 months 

ξ = 1.4 ……………….. t = one year 

ξ = 2.0 ……………….. t > 5 years 
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Direct Design Method (DDM) – Two-way Slabs 

 

Total Static Moment = 

8

2

2 nu

o

llw
M =
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Total static moment distribution 
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Rectangular Column Interaction Diagrams 
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Circular Column Interaction Diagrams 
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