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11.7 Quadric Surfaces 823

which is called a second-degree equation in x,y, and z. The graphs of such equations are
called quadric surfaces or sometimes quadrics.

Six common types of quadric surfaces are shown in Table LL7.1—ellipsoids, hyper-
boloids of one sheet, hyperboloids of two sheets, elliptic cones, elliptic paraboloids, and
hyperbolic paraboloids. (The constants a, b, and ¢ that appear in the equations in the
table are assumed to be positive.) Observe that none of the quadric surfaces in the table
have cross-product terms in their equations. This is because of their orientations relative

Table 11.7.1

SURFACE \ EQUATION n SURFACE EQUATION \

Z ) o)

5 X e

2 T —  —

© z 2 2
Ty y—z,‘ +—==1 g b

a= e e

The traces in the coordinate
planes are ¢llipses, as are the
traces in those planes that are
parallel to the coordinale planes

and intersect the surface in more
than one point.

The trace in the xy-plane is a
point (the origin), and the traces
in planes parallel to the xy-plane
arc ellipses. The traces in the yz-
and xz-planes are pairs of lines
intersecting at the origin. The
traces in planes parallel to these
are hyperbolas.

There is no trace in the xy-plane.
In planes parallel to the xy-plane
that intecsect the surface in more
than one point the traces are
ellipses. In the yz- und xz-planes,
the teaces are hyperbolas, as are
the traces in those planes that are
parallel to these.

0 \"’Wa}
ERyS
s
NS i
\
X

OO
R
"ﬂ ‘ﬁh‘

1
P ) & Z
| HYPERBOLOMD |
| OF ONE SHEET s =)
x |
L lo%o | w
as e \ = A
A ; » e B
The trace in the Xy-planc is an \ a
Lmsu R the traces in The trace in the xv-planc is a
p}:lnes pam.llel to the .ry-pl.m(el. point (the origin), and the traces
The traces in the yz-plane b in planes parallel to and above
xz-plane are_hyperbolas. as are the xy-plane are ellipses. The
the traces in those planes that arc traces in the yz- and xz-planes
. 2 z
parallel to these and do not pass are purabulu;; as are the traces in
through the x- or y-intercepts. plancs arall;l to these
At these intercepts the traces are = ;
pairs of intersecting lines.
: LA\
HYPERBOLOID \‘i ) '), — HYPERBOLIC PARABOLOID ){ PN
| OF TWO SHEETS || A S 2 r
— e’ \ . .
oM (W = l,z\"/‘\ ) = P
5 =
G2LEar U e
e 2 B

%0

b

The trace in the xy-plane is a
pair of lines intersccting at the
origin. The traces in planes
parallel to the xy-planc are
hyperbolas. The hyperbolas
above the xy-plane open in the
Y-direction, and those below in
the x-direction. The traces in the
Jz- and xz-planes are parabolas,
as are the traces in planes
parallel to these.




- . . "

11.7 Quadric Surfaces 829

S T T T T 4 A i
RAET | 32 SRR e et

B ATECHNIQUE FOR IDENTIFYING QUADRIC SURFACES

The equations of the quadric surfaces in Table 11.7.1 have certain char

acteristics that make

it possible to identify quadric surfaces that are derived from these equations by reflections,

These identifying characteristics, which are shown in Table 11.7.2. are b

ased on writing

the equation of the quadric surface so that all of the variable terms are on the left side of
the equation and there is a I or a 0 on the right side. These characteristics do ot change
when the surface is reflected about a coordinate plane or planes of the form x = y, x = z,
or y = g, thereby making it possible to identify the reflected quadric surface from the form

of its equation,

Table 11.7.2
IDENTIFYING A QU

ADRIC SURFACE FROM THE FORM OF ITS EQUATION
| N | i T Ay |
| ) b ) | ) ) 2 2 | 2 2 2
| X Y.z ® 0y  r R [+ X ! Xe e T, O
| EQUATION —_‘+’—_‘+—7:qj—_'+’—7——ﬂ:p—ﬁ——‘—)-w‘@\ == ()~Z———;——'~1 0 /—‘—_‘+j*0‘
! a b 2 a b ¢ a P ‘ ‘ as b =L as ‘
| I | MR | = e |
R T e i : i
i ‘ ‘ | One linear term; | One linear term; |
i ARACTERTST Niogitas & ‘ 0 . : T : ! No li two quadratic two quadratic
0 minus signs S sig W s signs ear terms . ;
aCT A 220100 Sten SR In et e OIS D T s terms with the | terms with
same sign opposite signs \
L Hyperboloid Hyperboloid e Elliptic Hyperbolic .
CLASSIFICATION Ellipsoid o8 yp Elliptic cone B yp :
of one sheet of two sheets paraboloid paraboloid
(s

> Example 10 Identify the surfaces

(@) 3x® = 4y” 4 1022 o)

Solution (a). The equation can be rewritten as

This equation has a | on the right side and two ne
1s a hyperboloid of two sheets.

Solution (b). The equation has one linear term

(b) 4x* —dy 472

0

gative terms on the left side, so its graph

sign, so its graph is an elliptic paraboloid. «

v/ QUICK CHECK EXERCISES 11.7

(See page 832 for answers.)

and two quadratic terms with the same

L. For the surface 4x? 4+ y2 4 ;2 =9 classify the indicated
trace as an ellipse, hyperbola, or parabola.
(@ x=0 (b) y=0 ) z=1

2. For the surface 4x2 + 72 — y? =9, classify the indicated
trace as an ellipse, hyperbola, or parabola.
(@) x=0 () y=0 © z=

3. For the surface 4x° + ¥y —z2=0, classify the indicated
trace as an ellipse, hyperbola, or parabola.
@ x=0 (®) y=0 ©z=1

4. Classify each surface as an ellipsoid, hyperboloid of one

sheet, hyperboloid of two sheets, elliptic cone, elliptic
paraboloid, or hyperbolic paraboloid.
2 2

X ¥ xZ y'..’,
— —_ -z = —_ = 22 =
W o2 =0 T
2 2 2 7
el ey it SESLAAR T
© -5 +e=0 @ %+5 ¢
2 2 2 2
e RGN
(e) 36+25 2 =0 (f) z %35
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