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1.1- Equilibrium of rigid body and internal forces 

1. draw a free-body diagram of the structure  

2. Define the two force members 

3. Apply equilibrium equations to find the support 

reactions 

4. Be sure all the units are consistent 

5. Find the forces in the two force members and specify 

if in tension or compression 

6. make section and find the internal forces 

 



FAB= -40 ( C) 

FAC= 50 (T) 

Joint B 



Determine the resultant internal loadings on 

the cross section through point C and D. 



The pipe has a mass of 12 kg/m. If it is fixed to the 

wall at A, determine the resultant internal loadings 

acting on the cross section at B. Neglect the 

weight of the wrench CD. 



 1.3 STRESSES 

1.4 Average noirmal stress in an axially loaded bar Axial 

Stress 

Prismatic bar: is a straight  structural member 

having the same cross section throughout its 

length  

Axial force: A load directed along the axis 

of the member resulting either tension of 

compression in the bar. 

F 

F 

Non prismatic member with non uniform stresses 

Homogeneous material: Have the same physical 

and mechanical properties through out its volume 

isotropic material: Have the same properties in all 

directions 



L 

L+ 

Prismatic Bar in tension 

P 

P 

P 

   =P/A 

Normal Stress in the Bar 

Sign convention: 

Tensile Stress:  Positive 

 

Compressive stress: Negative  

+ 

- 

Stress 

N/m2=  (Pa) 

Normal Stress 

The unit of stress is pascal (Pa), and multiples of the pascal i.e. kilopascal (kPa), 

megapascal (MPa= N/mm2)          the gigapascal (GPa = 103 MPa). 



F 
F 

 =P/A  

A uniform distribution of stress is possible 
only if the line of action of the 
concentrated loads P and P’ passes 
through the centroid of the section. This 

type of loading is called centric loading 
and will take place in all straight two-force 

members found in trusses and pin-

connected structures, 



Assume rod BC is made of steel with maximum allowable stress 

 all =165 MPa. Can rod BC safely support the load which it will 

be subjected? Knowing that FBC = 50 kN , the diameter of the rod 

is 20 mm 

𝝈 =
𝒑

𝑨
=
𝟓𝟎𝟎𝟎𝟎

𝝅×𝟏𝟎𝟐
= 𝟏𝟓𝟗 𝑴𝑷𝒂 < 165 

  

Then it is safe and can support the load  



For the object shown determine the average normal stress in the material. 

𝐴 = 𝟔00 × 300 − 𝟏𝟓𝟎𝐱𝟐𝟎𝟎𝐱𝟐 = 𝟏𝟐𝟎𝟎𝟎𝟎 𝐦𝒎𝟐 

𝝈 =
𝒑

𝑨
=
𝟔𝟎𝟎𝟎𝟎𝟎

𝟏𝟐𝟎𝟎𝟎𝟎
= 𝟓 𝑴𝑷𝒂   



60 kN 𝝈𝑨𝑩 =
𝒑

𝑨
=
𝟔𝟎𝟎𝟎𝟎

𝝅×𝟏𝟓𝟐
= 𝟖𝟒. 𝟗 𝑴𝑷𝒂   

FBC 

 𝐹𝑥 = 0 = −60 + 125 × 2 + 𝐹𝐵𝐶 = 0 

𝐹𝐵𝐶 = −𝟏𝟗𝟎 (𝐂) 

𝝈𝑨𝑩 =
𝒑

𝑨
=
−𝟏𝟗𝟎𝟎𝟎𝟎

𝝅×𝟐𝟓𝟐
= 𝟗𝟔. 𝟖𝑴𝑷𝒂   



60 kN 𝝈𝒂𝒍𝒍 =
𝒑

𝑨
=
𝟔𝟎𝟎𝟎𝟎

(𝝅×𝒅𝟏
𝟐)/𝟒
= 𝟏𝟓𝟎𝑴𝑷𝒂   

FBC  𝐹𝑥 = 0 = −60 + 125 × 2 + 𝐹𝐵𝐶 = 0 

𝐹𝐵𝐶 = −𝟏𝟗𝟎 (𝐂) 

𝒅𝟏 = 𝟐𝟐. 𝟓𝟕 𝐦𝐦 

𝝈𝒂𝒍𝒍 =
𝒑

𝑨
=
𝟏𝟗𝟎𝟎𝟎𝟎

(𝝅×𝒅𝟐
𝟐)/𝟒
= 𝟏𝟓𝟎𝑴𝑷𝒂   

𝒅𝟐 = 𝟒𝟎. 𝟏𝟕 𝐦𝐦 



The bar has a constant width of 35 mm and a thickness of 10 

mm. determine the maximum average normal stress in the bar 

when it is subjected to the loading shown 

Since the bar has a constant cross section then the maximum 

internal force will cause the maximum stress  

𝝈𝑨𝑩 =
𝒑

𝑨
=
𝟑𝟎𝟎𝟎𝟎

𝟑𝟓 𝒙𝟏𝟎
= 𝟖𝟓. 𝟕 𝑴𝑷𝒂   



Net area for link in tension ( BD) =8x(36-16) =160 mm2  

Stress for one link of BD =  ( FBD /2) / 160 =32500/( 2*160) = 101.6 MPa   

Area for link in compression ( CE) =8x(36) =288 mm2 

Stress for one link of BD =  ( FBD /2) / 288 = -12500/( 2*288) = -21.7 MPa   



The block is subjected to a compressive force of 

2 kN Determine the average normal stress developed in the 

wood fibers that are oriented along section a–a at 30° with the 

axis of the block. 



average shear stress at the section, which is assumed to be 

the same at each point located on the section 

  V = internal resultant shear force at the section  determined from 

               the equations of equilibrium 

A=  area at the section ( parallel to the shear force)  

1.5 Average Shear Stress 





Double Shear 

 𝑺𝒊𝒏𝒈𝒍𝒆 𝒔𝒉𝒆𝒂𝒓 𝜏 =
𝒑

𝑨
 

 𝑫𝒐𝒖𝒃𝒍𝒆  𝒔𝒉𝒆𝒂𝒓 𝜏 =
𝒑

𝟐𝑨
 

P 

P/2 

P/2 

P 

P 



The beam is supported by a pin at A and a short link BC. If P=15 kN, determine the average 

shear stress developed in the pins at A,B, and C. All pins are in double shear as shown, and 

each has a diameter of 18 mm 

Support reactions: 



Stress acts on the perimeter surface of the slug. To compute 

the shear stress at failure, divide the applied load by the area 

of the slug perimeter 

Punch Shear  
The punching shear is a failure mechanism in 

structural members like foundations by shear under 

the action of concentrated loads 

https://civilsnapshot.com/sliding-shear-

punching-shear/ 



Determine the diameter of the largest circular hole that can be punched into a sheet of polystyrene 

6mm thick, knowing that the force exerted by the punch is 45kN and that a 55 MPa average 

shearing stress is required to cause the material to fail. 

𝜏 =
𝒑

𝑨
=
𝟒𝟓𝟎𝟎𝟎

𝟐∗∗ 𝒓 ∗𝟔
= 𝟓𝟓 𝑴𝑷𝒂   

mm      43.4= 2*21.7d = mm               21.7=
𝟒𝟓𝟎𝟎𝟎

𝟐∗∗𝟓𝟓∗𝟔
=r  



𝜏 =
𝒑

𝑨
=
𝟐𝟎𝟎𝟎𝟎

𝟐∗ ∗𝟐𝟎∗𝒕
= 𝟑𝟓 𝑴𝑷𝒂       t= 4.6 mm   

𝝈𝒓𝒐𝒅 =
𝒑

𝑨
=
𝟐𝟎𝟎𝟎𝟎

∗𝒓𝟐  
= 𝟔𝟎 𝑴𝑷𝒂            r=10.3  mm      d=10.3x2 =20.6 mm    

If the rod passes through a 40mm diameter hole, determine the minimum required 

diameter of the rod and the minimum thickness of the disk needed to support the 

20 kN load. The allowable normal stress for the rod is 𝜎𝑎𝑙𝑙ow = 60 MPa, and the 

allowable shear stress for the disk is  𝜏allow =35 MPa  



Bolts, pins, and rivets create stresses in the 

members they connect along the bearing surface or 

surface of contact 





A 40kN axial load is applied to a short wooden post that is supported by a concrete footing resting 

on undisturbed soil. Determine: 

a. The maximum bearing stress on the concrete footing 

b. B. the size of the footing for which the average bearing stress in the soil is 145 kPa 

 𝑴𝒂𝒙𝒊𝒎𝒖𝒎 𝒃𝒆𝒂𝒓𝒊𝒏𝒈 𝒔𝒕𝒓𝒆𝒔𝒔 𝒐𝒏 𝒄𝒐𝒏𝒄𝒓𝒆𝒕𝒆 𝒇𝒐𝒐𝒕𝒊𝒏𝒈:  

𝝈𝒃 =
𝒑

𝑨𝒃
=
𝟒𝟎𝟎𝟎𝟎

𝟏𝟐𝟎 ∗ 𝟏𝟎𝟎  
= 𝟑. 𝟑𝟑𝟑 𝑴𝑷𝒂 

𝝈𝒃 =
𝒑

𝑨𝒃
=
𝟒𝟎𝟎𝟎𝟎

𝑨 
=
𝟏𝟒𝟓

𝟏𝟎𝟎𝟎
 𝑴𝑷𝒂   

        
𝑨 = 𝟐𝟕𝟓. 𝟖𝟔 𝒙𝟏𝟎𝟑 𝒎𝒎𝟐  =   0.2786 m2 

The size of the footing  



Determine the average normal stress in each rod and the 

average shear stress in the pin A  

𝝈𝑹𝒐𝒅𝟏 =
𝒑

𝑨
=
𝟓𝟎𝟎𝟎

𝟑.𝟏𝟒 𝒙𝟐𝟎 𝟐
= 𝟒𝑴𝑷𝒂   

1 

2 

𝝈𝑹𝒐𝒅𝟐 =
𝒑

𝑨
=
𝟓𝟎𝟎𝟎

𝟑.𝟏𝟒 𝒙𝟏𝟓 𝟐
= 𝟕. 𝟏𝑴𝑷𝒂 

  

pin A ( double shear)  

𝜏𝑨 =
𝒑

𝟐𝑨
=

𝟓𝟎𝟎𝟎

𝟐 (𝟑. 𝟏𝟒 𝒙𝟏𝟐. 𝟓 𝟐)
= 𝟓. 𝟏 𝑴𝑷𝒂 



1.6 Allowable stress 

1.7 Design of simple connections 

The knowledge of stresses is used by engineers to assist in their most 

important task: the design of structures and machines that will safely and 

economically perform a specified function. 

largest force is called the ultimate load and is denoted by PU. Since the 

applied load is centric, the ultimate load is divided by the original cross-

sectional area of the rod to obtain the ultimate normal stress of the 

material. This stress, also known as the ultimate strength in tension 

𝑷𝒖      → 𝜎𝑈 =
𝑷𝒖
𝐴

 

𝑷𝒖      → 𝜏𝑈 =
𝑷𝒖
𝐴

 



Allowable Stress:  

Factor of Safety 

The selection of the factor of safety to be used is one of the most important 

engineering tasks. If a factor of safety is too small, the possibility of failure becomes 

unacceptably large. On the other hand, if a factor  of safety is unnecessarily large, 

the result is an uneconomical or nonfunctional design. The choice of the factor of 

safety for a given design application requires engineering judgment based on many 

considerations 
Factors to be considered in design includes : 

•  functionality,  

• strength,  

• appearance,  

• economics and  

• environmental protection. 

The factor of safety must be  greater than one  to avoid failure 

P allow = allow A  



𝜏𝒂𝒍𝒍 =
𝜏𝒖
𝑭𝑺
=
𝟐.𝟓

𝟐.𝟕𝟓
= 𝟎. 𝟗𝟎𝟗𝟎𝟗 𝑴𝑷𝒂  

( double 

shear)  
𝜏
 
=
𝒑

𝟐𝑨
=

𝟏𝟔𝟎𝟎𝟎

𝟐 𝒙𝟏𝟐𝟓𝒙( 𝑳 − 𝟔 /𝟐)
= 𝟎. 𝟗𝟎𝟗𝟎𝟗 

L= 146.8 mm 



The joint is fastened together using two bolts. 

Determine the required diameter of allowable shear stress for the 

bolts is 110 MPa. Assume each bolt supports an equal portion of 

the load  

𝜏
 
=
𝟖𝟎𝟎𝟎𝟎

𝟐𝑨 ∗ 𝟐
= 𝟏𝟏𝟎             𝑨 𝒃𝒐𝒍𝒕 = 𝟏𝟖𝟏. 𝟖𝟐 𝒎𝒎 

𝟐  

 

181.82= d2/4      d= 15.22 mm 

Double shear with two bolts 

𝜏
 
=

𝒑

𝟐𝒏𝑨 𝒃𝒐𝒍𝒕
       n= number of bolts at the section 



Application to the Analysis and 

Design of Simple Structures 

Determine the normal stresses in the links and 

shearing, and bearing stresses in various connections 

Force in BC = 50kN tension and in AB = -40kN 

(compression)  

Normal stresses 

𝝈𝑨𝑩 =
𝒑

𝑨𝑨𝑩 
=
−𝟒𝟎𝟎𝟎𝟎

𝟓𝟎∗𝟑𝟎
= −𝟐𝟔. 𝟕 𝑴𝑷𝒂   

𝝈𝑩𝑪 =
𝒑

𝑨𝑩𝑪
 (
𝑵𝒆𝒕
) 

=
𝟓𝟎𝟎𝟎𝟎

 𝟒𝟎−𝟐𝟓 ∗𝟐𝟎
= 𝟏𝟔𝟔. 𝟕𝑴𝑷𝒂   

For members in tension : considers the critical 

section ( net Area) 

Shear and bearing stresses stresses 

𝜏𝒄 =
𝟓𝟎𝟎𝟎𝟎

  𝟏𝟐. 𝟓 𝟐
= 𝟏𝟎𝟐 𝑴𝑷𝒂 𝜏𝑨 =

−𝟒𝟎𝟎𝟎𝟎

 𝟐 𝟏𝟐. 𝟓 𝟐
= −𝟒𝟎. 𝟕 𝑴𝑷𝒂 

𝝈𝒃 𝑨𝑩 =
𝒑

𝑨𝑨𝑩 
=
𝟒𝟎𝟎𝟎𝟎

𝟐𝟓 ∗ 𝟑𝟎
= 𝟓𝟑. 𝟑 𝑴𝑷𝒂 

 

 𝝈𝒃 𝒃𝒓𝒂𝒄𝒌𝒆𝒕 =
𝒑

𝑨𝑨𝑩 
=
𝟐𝟎𝟎𝟎𝟎

𝟐𝟓∗𝟐𝟓
= 𝟑𝟐 𝑴𝑷𝒂 

  

At A. 



Two wooden planks, each 22 mm thick and 160 mm wide are joined by the glue. 

 The joint will fail when the average shearing in the glue reaches 820 kPa, 

determine the smallest allowable length d of the cuts, if P= 7.6 kN. 



For link AB : b=50 mm, t= 6mm. Knowing that the average normal 

stress in the link =-140 Mpa and that the average shearing stress 

in each pin is 80MPa. Determine: 

a. Diameter d of the two pins 

b. The average bearing stress in the link 

 



Three steel bolts are to be used to attach the steel plate shown to a wooden beam . 

. Ultimate shear stress = 360 MPa and factor of safety = 3.35 . Determine the 

diameter of the bolts 



The joint is fastened together using two bolts. Determine the required diameter of 

the bolts if the failure shear stress for the bolts is 𝜏 fail  =350 MPa. Us FS = 2.5 

𝜏 allow  =350/2.5 = 140 MPa 
  

𝜏 allow =
80𝟎𝟎𝟎

2𝒙𝟐𝒙𝜋𝒓2
= 140 

r =6.75 mm          d = 2r =13.5 mm 



The joint is used to transmit a torque of T=3kN.m. Determine the required minimum 

diameter of the shear pin A if it is made from a material having a 

shear failure stress of 150 MPa. Apply a factor of 

safety of 3 against failure. 



Design for Axial Loads and Direct Shear 

Analysis: Given the structure and loads, determine stresses and strains. 

Design: Given the loads and allowable stresses, determine the properties 

of the structure. 

Design for axial loads and direct shear entails finding the required area to 
carry the loads 
 
 

 

 

Other design considerations include 

 

• Stiffness: Designing the structure to resist changes in shape. 

• Stability: Designing the structure to resist buckling under compressive loads. 

• Optimization: Designing the best structure to meet a particular goal. 



In the steel structure shown,  a 6 mm  diameter pin is used at C and a 10 mm diameter 

pin is used at B and D. The ultimate shear stress = 150 MPa . The ultimate normal stress 

= 400 MPa in link BD. The factor of safety =3. 

Determines the largest load P that can be applied at A.  

𝒂𝒍𝒍 
=

𝒖

𝑭𝑺
=
𝟒𝟎𝟎

𝟑
= 𝟏𝟑𝟑. 𝟑𝟑𝟑𝑴𝑷𝒂 

 
𝟕𝑷/𝟑

(𝟏𝟖−𝟏𝟎)∗𝟔
= 𝟏𝟑𝟑. 𝟑𝟑𝟑𝑴𝑷𝒂          P= 2.74 N     ( member bd in tension – take net area)  

  

𝜏𝑪 =
𝟒𝑷/𝟑

𝟐 𝟑 𝟐 
=
𝟏𝟓𝟎

𝟑
            𝑷 = 𝟐. 𝟏𝟐N …………… Double shear 

𝜏𝑩𝒐𝒓 𝑫 =
𝟕𝑷/𝟑

 𝟓 𝟐
=
𝟏𝟓𝟎

𝟑
               𝑷 = 𝟏. 𝟔𝟖𝟑 N 

 

The smaller one controls 



𝒂𝒍𝒍 
=

𝒖

𝑭𝑺
=
𝟒𝟎𝟎

𝟑
= 𝟏𝟑𝟑. 𝟑𝟑𝟑𝑴𝑷𝒂 

 
𝟕𝑷/𝟑

(𝟏𝟖−𝟏𝟎)∗𝟔
= 𝟏𝟑𝟑. 𝟑𝟑𝟑𝑴𝑷𝒂          P= 2.74 N     ( member bd in tension – take net area)  

  

𝜏𝑪 =
𝟒𝑷/𝟑

𝟐 𝟑 𝟐 
=
𝟏𝟓𝟎

𝟑
            𝑷 = 𝟐. 𝟏𝟐N …………… Double shear 

𝜏𝑩𝒐𝒓 𝑫 =
𝟕𝑷/𝟑

 𝟓 𝟐
=
𝟏𝟓𝟎

𝟑
               𝑷 = 𝟏. 𝟔𝟖𝟑 N 

 

The smaller one controls 

In the steel structure shown,  a 6 mm  diameter pin is used at C and a 10 mm diameter 

pin is used at B and D. The ultimate shear stress = 150 MPa . The ultimate normal stress 

= 400 MPa in link BD. The factor of safety =3. Determines the largest load P that can be 

applied at A.  
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Mechanical properties of Materials

Mechanics of Materials, F. P. Beer et al, Mc Graw Hill.

Chapter 2 +Chapter 3

An important aspect of the analysis and design of structures relates to the
deformations caused by the loads applied to a structure. It is important to avoid
deformations so large that they may prevent the structure from fulfilling the
purpose for which it was intended.



Strain

Whenever a force is applied to a body, it will tend to change the body’s shape and 
size. These changes referred to as deformation

2.1 Deformation

2.2  Strain

Normal strain :   =  / L 
Strain is a dimensionless quantity.

Shear  strain :  = x / l  ( radian) 





The rigid beam is supported by a pin at A and wires BD and CE. If the load P 

on the beam causes the end C to be displaced 10 mm downward, determine the 

normal strain developed in wires CE and BD.



Nylon strips are fused to glass plates. When moderately heated the nylon will 

become soft while the glass stays approximately rigid. Determine the average

shear strain in the nylon due to the load P when the assembly deforms as indicated.



https://boeingconsult.com/tafe/structures/Stress-strain/stress-strain.html



3.1 The tension and compression test

L

L+

P

P

3. Mechanical properties of materials

Strain:    =  / L 

Stress:   = P/A 

Plotting the stress against the strain results in a
curve that is characteristic of the properties of 
the material but does not depend upon the 
dimensions of the specimen used. This curve is 
called a stress-strain diagram.



The design of machines and structures so that they will function properly 

requires that we understand the mechanical behavior of the materials being used.

Tensile Testing Machine

Gripping Devices

Tensile Testing 

Tensile tests are carried out by 

gripping the ends of a suitably 

prepared standardised test 

piece in a tensile testing 

machine and then applying a 

continually increasing uni-axial 

load until such time as failure 

occurs 

Stress-Strain Diagram



Tensile Test Specimen

Cross section

Cross section



3.2 Stress- Strain Diagram

stress-strain curve or diagram 

gives a direct indication of the 

material properties.

• Engineering stress

=P/A0

• True stress

=P/A

• Engineering strain

=(l-l0 )/l0

• True strain (Logarithmic strain)

=ln(l/l0 ) =ln(A/A0)

• Volume must be the same Al= A0 l0

o



 =P/A

   =  / L

Necking

E

1

Strain HardeningPerfect plasticity 

or yielding

Elastic 

Linear region

Strain Hardening 

It is an increase 

in stress levels 

in the stress-

strain curve at 

large 

deformations 

before ultimate 

strength is 

reached.



Linear relationship between stress and strain

Strain is temporary, meaning that all strain is fully 

recovered upon removal of the stress

The slope of this is called the elastic modulus

Elastic behavior

A
B

Elastic

strain

plastic

strain

When load is removed  ( unloading) 

it goes in a path parallel to the  

elastic modulus line

Residual strain 

Plastic deformation

Permanent set

Elastic

recovery

When material reloaded  

The new 

proportional limit 

due to hardening



E . Modulus of Elasticity ( Young’s Modulus) - Slope of the initial linear portion 

of the stress-strain diagram. The modulus of elasticity may also be characterized as 

the “stiffness” or ability of a material to resist deformation within the linear range.

Proportional limit : is the maximum value of the stress from the 

stress-strain diagram, where the stress and strain are proportional

Elastic Limit  : is the maximum stress for a material to behave 

elastically, - the specimen will return to its original undeformed shape if 

the load is removed so long as the stress is below the elastic limit. 

Yield Point: This defined as the maximum stress on stress-strain 

curve, where there is an appreciable increase in strain with no increase 

in stress. It is generally easier to determine than the proportional limit 

or elastic 

Some materials do not exhibit a distinct yield point



Yield Strength :It is the stress which induces a specified permanent set. 

This is useful for materials which have no well defined yield point. The 

offset method is generally used to determine yield stress 

Tensile strength: the maximum stress applied to the specimen.

Failure stress: the stress applied to the specimen at failure (usually less 

than the maximum tensile strength because necking reduces the cross-

sectional area).

Ductility 

It is the ability of a material to deform plastically.

Two measurements of ductility:

Percent (%) elongation of the member = ( Lf - L0 ) / (L0) * 100.0

Percent (%) reduction in area at the location of fracture

% Area = ( A0 - Af ) / ( A0 ) * 100.0 



The yield point may be determined by the offset method . A line is drawn on the stress-

strain diagram parallel to the initial linear part of the curve but is offset by some 

standard amount of strain, such as 0.002 or 0.2%. The intersection of the offset line 

and the stress-strain curve (point A in the figure) defines the yield stress. 

0.002

A

3.3 the stress and strain diagram for ductile and brittle materials



Materials that fail in tension at relatively low values of strain are classified 

as brittle materials. Examples are concrete, stone, cast iron, glass, ceramic 

materials, and many common metallic alloys. These materials fail with only 

little elongation after the proportional limit (point A) is exceeded, and the 

fracture stress (point B) is the same as the ultimate stress 

Ordinary glass is a nearly 

ideal brittle material, 

because it exhibits almost 

no ductility whatsoever 

Failure of a brittle material

Stress –strain diagram for a brittle material



• The true-stress vs. true-strain curve is a plot of the stress in the sample at its 
minimum diameter, after necking has begun, vs the local elongation. 

• This more accurately reflects the physical processes happening in the material, 
but is much more difficult to measure than the engineering stress and strain, 
which divide the applied load by the original cross-sectional area, and the total 
elongation by the original length.



3.5 Strain energy

tensile stress-strain diagrams for brittle and 

ductile metals loaded to fracture.

Toughness: the total area 

under the curve, which 

measures the energy 

absorbed by the specimen in 

the process of breaking

Modulus of resilience:

the area under 

the linear part of the curve, 

measuring the stored 

elastic energy



Stress-strain diagrams for compression have different shapes from those for tension. Ductile

metals such as steel, aluminum, and copper have proportional limits in compression very close to

those in tension, hence the initial regions of their compression stress-strain diagrams are very

similar to the tension diagrams. When yielding begins, the behavior is quite different. In a tension

test, the specimen is being stretched, necking may occur, and ultimately fracture takes place. When

a small specimen of ductile material is compressed, it begins to bulge outward on the sides and

become barrel shaped. With increasing load, the specimen is flattened out, thus offering increased

resistance to further shortening (which means the stress-strain curve goes upward 

Compression  Stress Strain 

Diagram

Of brittle material  ( concrete) has  different properties in tension
and compression



Ductile Material – Materials that are capable of 

undergoing large strains (at normal temperature) 

before failure. An advantage of ductile materials is that 

visible distortions may occur if the loads before too 

large. Ductile materials are also capable of absorbing 

large amounts of energy prior to failure. Ductile 

materials include mild steel, aluminum and some of its 

alloys, copper, magnesium, nickel, brass, bronze and 

many others.

Brittle Material – Materials that exhibit very little 

inelastic deformation. In other words, materials that 

fail in tension at relatively low values of strain are 

considered brittle. Brittle materials include concrete, 

stone, cast iron, glass and plaster.



3.4 Hooke’s Law; Modulus of Elasticity or Young’s modulus (E)

Most engineering structures are designed to undergo relatively small deformations, 
involving only the straight-line portion of the corresponding stress-strain diagram

Hooke’s law  = E
Units of E is pascals or one of its multiples



Determine the elongation of the square hollow bar when it is 

subjected to the axial force= 100 k. If this axial force is increased to  

360 kN and released, find he permanent elongation of the bar. The bar 

is made of a metal alloy having a stress–strain diagram which can be 

approximated as shown.



The stress strain diagram for a polyester resin is shown. If the rigid beam Ac is supported by a strut AB 

and post CD made from the material, determine the largest load P that can be applied to the beam 

before it ruptures. The diameter of the strut is 12 mm and the diameter of the post is 40 mm.



The acrylic plastic rod is 200 mm long and 15 mm in diameter. If an axial load 

of 300 N is applied to it, determine the change in its length and the change in its 

diameter. Ep = 2.70 GPa, υp = 0.4.



The elastic portion of the stress–strain diagram for a steel alloy is shown. The specimen from 

which it was obtained had an original diameter of 13 mm and a gauge length of 50 mm. When 

the applied load on the specimen is 50 kN, the diameter is 12.99265 mm. Determine

Poisson’s ratio for the material.



A 20 mm diameter rod made of plastic is subjected to tensile force = 6 kN. Knowing that 
an elongation of 14 mm and decrease in diameter of 0.85 mm are observed in a 150 
mm length , determine the modulus of elasticity, the modulus of rigidity and poisons 
ratio for the material.

6 kN



A nylon thread is subjected to a 8.5 N tension force. Knowing that E= 3.3 GPa and that 

the length of the thread increases by 1.1%, determine  the diameter of the thread (d) 

𝜎 = 𝐸𝜖 = 3.3 × 1000 ×
1.1

1𝟎𝟎
= 𝟑𝟔.𝟑𝑴𝑷a

𝜎 =
𝐏

𝐀
= 𝟑𝟔. 𝟑 =

𝟖.𝟓

𝐀
𝟑𝟔. 𝟑 =

𝟖.𝟓

𝒅
𝟐

𝟒

𝐝 = 𝟎. 𝟓𝟒𝟔𝐦𝐦

A control rod made of yellow brass must not stretch more than 3 mm when the tension in the 
wire is 4 kN. Knowing that E = 105 GPa and that the maximum allowable normal stress
is 180 MPa, 
Determine (a) the smallest diameter rod that should be used, (b) the corresponding 
maximum length of the rod.

𝜎 = 𝐸𝜖 = 105 × 1000 𝜖 = 180 𝜖 = 1.714x10-3 = /L

3/L =1.714x10-3  L= 1.75 m

𝜎 =
𝐏

𝐀
= 𝟏𝟖𝟎 =

𝟒𝟎𝟎𝟎


𝐝𝟐

𝟒

𝒅 = 𝟓. 𝟑𝟐𝒎𝒎



The 4-mm-diameter cable BC is made of a steel with E = 200 GPa. Knowing that the 
maximum stress in the cable must not exceed 190 MPa and that the elongation of the 
cable must not exceed 6 mm, find the maximum load P that can be applied
as shown.



3.6 POISSON’S RATIO

Isotropic – Isotropic materials have elastic properties that are independent 

of direction. Most common structural materials are isotropic.

Anisotropic – Materials whose properties depend upon direction. An 

important class of anisotropic materials is fiber-reinforced composites.

Homogeneous – A material is homogeneous if it has the same composition 

at every point in the body. A homogeneous material may or may not be 

isotropic.

x

y

 ( lateral strain) = -   





A 2.75-kN tensile load is applied to a test coupon made from 1.6- mm flat steel plate (E =
200 GPa, υ= 0.30). Determine the resulting change (a) in the 50-mm gage length, (b) in 
the width of portion AB of the test coupon, (c) in the thickness of portion AB,
(d) in the cross-sectional area of portion AB.



SHEARING STRAIN

Hooke’s law for shearing stress and strain, and the constant
G is called the modulus of rigidity or shear modulus of the 
material



Hooke’s Law in Shear

The constant G is called the shear modulus 

and relates the shear stress and strain in the 

elastic region .

•It is also used to relate shear and elastic moduli 

  

y

x

xy

yx

+

𝑮 =
𝑬

𝟐 𝟏 + 𝝂



A vibration isolation unit consists of two blocks of hard rubber bonded to a plate AB and 
to rigid supports as shown. Knowing that a force of magnitude P = 25 kN causes a 
deflection = 1.5 mm of plate AB, determine the modulus of rigidity of the rubber used.
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4.1 Saint-Venant’s principle - 1855



4.2 Elastic deformation of an axially loaded member 

For homogeneous prismatic bar

   =  / L  = P/A  = E

𝜖 =
𝜎

𝐸
=

𝑃

𝐸𝐴
𝛿

𝐿
=

𝑝

𝐸𝐴
=

𝑝𝐿

𝐸𝐴

If the rod is loaded at other points, or consists of several portions of various cross sections 
and possibly of different materials, it must be divided into component parts

= 
𝑝
𝑖
𝐿
𝑖

𝐸
𝑖
𝐴
𝑖



Both portions of the rod ABC are made of an aluminum for which E = 70 GPa. Knowing that 
the magnitude of P is 4 kN, determine
(a) the value of Q so that the deflection at A is zero, (b) the corresponding
deflection of B.

= 
𝑝
𝑖
𝐿
𝑖

𝐸
𝑖
𝐴
𝑖

=
4000∗400

70000∗3.14∗102
+ 

(4000−𝑄)∗500

70000∗3.14∗302
= 0  

Q= 32800 N      = 32.8 kN

4 kN

4 kN

F = 4-Q

B=
𝑄𝐿

𝐸𝐴
=

(4000−32800)∗500

70000∗3.14∗302
= −𝟎. 𝟎𝟕𝟐𝟖𝒎𝒎



The steel frame (E = 200 GPa) shown has a diagonal brace BD with an area of 1920 mm2. Determine 
the largest allowable load P if the change in length of member BD is not to exceed 1.6 mm.

FBDx =P

FBD = P*7.81/5 = 1.562 P 

7.81

=
𝑝𝐿

𝐸𝐴
=

𝑃∗7.81 ∗1000

200000∗1920
= 1.6

FBD = 78668.4 N    = 78.668 kN

P= 50.36 kN



Members ABC and DEF are joined with steel links (E =
200 GPa). Each of the links is made of a pair of 25x35-
mm plates. Determine the change in length of  member 
BE, and  member CF.

MF=0      -18x440- 180PE=0  

PE=  -44 kN (C) 

Fx=0      -18+44 – PF=0

PF=  26 kN (T) 

EB =
𝑃
𝐸
𝐿

𝐸𝐴
=

(−44000∗240

200000∗2( 25∗35)
= −𝟎. 𝟎𝟑𝟎𝟐𝒎𝒎

CF =
𝑃
𝐹
𝐿

𝐸𝐴
=

(26000∗240

200000∗2( 25∗35)
= 𝟎. 𝟎𝟏𝟕𝟖𝟑𝒎𝒎



Link BD is made of brass (E = 105 GPa) and has a cross-sectional
area of 240 mm2. Link CE is made of aluminum (E = 72 GPa) and
has a cross-sectional area of 300 mm2. Knowing that they support
rigid member ABC, determine the maximum force P that can be
applied vertically at point A if the deflection of A is not to exceed 0.35 mm



4.4 Statically indeterminate axially loaded members

There are many problems, however, where the internal forces cannot be determined from statics 
alone. In most of these problems, the reactions themselves—the external forces— cannot be 
determined by simply drawing a free-body diagram of the member and writing the corresponding
equilibrium equations. The equilibrium equations must be complemented by relationships involving 
deformations obtained by considering the geometry of the problem. Because statics is not sufficient 
to determine either the reactions or the internal forces, problems of this type are called statically 
indeterminate

P1 + P2 = P statically indeterminate

1 and 2 of the rod and tube must be equal

=

solve 1 & 2

2

.

1



An axial centric force of magnitude P=450 kN is applied to the composite block shown 
by means of a rigid end plate. Knowing that h = 10 mm, determine the normal stress in 
(a) the brass core, (b) the aluminum plates.

PB + PAl = P =450000 N

=

B =
𝑃𝐵𝐿

𝐸𝐵𝐴𝐵

=
𝑃𝐵∗300

105000∗( 40∗60)
= 𝟏. 𝟏𝟗𝟎𝟓 𝒙𝟏𝟎

−6  PB

All =
𝑃𝐴𝑙𝑙𝐿

𝐸𝐴𝑙𝑙𝐴𝐴𝑙𝑙

=
𝑃𝐴𝑙𝑙∗300

70000∗2( 10∗60)
= 𝟑. 𝟓𝟕𝟏𝟒𝒙𝟏𝟎

− 𝟔PAll

1.1905x10-6 PB= 3.5714x10-6P All

PB=  3P All

3 Pall + Pall =450000 N

Pall  = 112500 N             PB=  3x 112500 = 337500 NN

 = P/A 

B = 337500/(40x60) = 140.625 MPA  

ALL = 112500/2(10x60) = 93.75 MPA  



The length of the assembly shown decreases by 0.40 mm when an axial force is 
applied by means of rigid end plates. Determine (a) the magnitude of the applied 
force, (b) the corresponding stress in the brass core.



Two cylindrical rods, one of steel and the other of brass, are joined at C and restrained by 
rigid supports at A and E. For the loading shown and knowing that Es = 200 GPa and Eb = 
105 GPa, determine (a) the reactions at A and E, (b) the deflection of point C.



Determine the reactions at A and B for the steel bar and loading shown, assuming a close fit at 
both supports before the loads are applied.



4.6 Thermal stresses

If the temperature of the rod is raised by T, the rod elongates by an amount T that 
is proportional to both the temperature change T and the length L of the rod

α : coefficient of thermal expansion. (per 
degree C)

T is called a thermal strain

problem created by the temperature change DT is 
statically indeterminate. Therefore, the magnitude P 
of the reactions at the supports
is determined from the condition that the elongation 
of the rod is zero





A rod consisting of two cylindrical portions AB and BC is restrained at both ends. 
Portion AB is made of steel (Es = 200 GPa, αs = 11.7 3 10-6/C) and portion BC is made of 
brass (Eb = 105 GPa, α b = 20.9 3 10-6/  C). Knowing that the rod is initially unstressed, 
determine the compressive force induced in ABC when there is a temperature rise of 
50  C.



The concrete post is reinforced using six steel reinforcing rods, 

each having a diameter of 20 mm. Determine the stress in the 

concrete and the steel if the post is subjected to an axial load of 

900 kN. Ec = 25 GPa. Est = 200 GPa,



At room temperature (20C) a 0.5-mm gap exists between the ends of the rods shown. At a 
later time when the temperature has reached 140 C, determine (a) the normal stress in the 
aluminum rod, (b) the change in length of the aluminum rod.  



4.7 STRESS CONCENTRATIONS

Stress distribution near fillets in flat bar
under axial loading.

stress-concentration factor

To determine the maximum stress occurring near a
discontinuity in a given member subjected to a given
axial load P, the designer needs to compute the average
stress = P/A in the critical section and multiply the
result obtained by the appropriate value of the stress-
concentration factor K.





Determine the largest axial load P that can be safely supported by a flat steel bar 
consisting of two portions, both 10 mm thick and, respectively, 40 and 60 mm wide, 
connected by fillets of radius r = 8 mm. Assume an allowable normal stress of 165 MPa.



Chapter 5

Torsion
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Torque is a moment that twists a structure

Introduction



Torque is a moment that twists a member about its longitudinal axis.

Angle of twist (  ) is defined as the rotation of a radial line from a fixed end to a cross 
section some distance x from the end.

Units:  N.m

5.1 TORSIONAL DEFORMATION OF A CIRCULAR SHAFT

1. The longitudinal axis of the shaft remains straight

2. The shaft does not increase or decrease in length

3. Radial lines remain straight and radial as the cross section 

rotates

4. Cross sections rotate about  the axis of the member

The right end will rotate with respect to the left end of 
the bar. The angle of rotation = Angle of twist  . It 
changes along the length L of the bar linearly. 

Deformations in a Circular Shaft



Shearing  strain :

Deformation of an element of length dx cut from a bar in torsion

Shear strains in a circular tube.



5.2  Torsion Formula

When the torque T is such that all shearing stresses in the shaft remain below the yield strength , 
the stresses in the shaft will remain below both the proportional limit and the elastic limit. Thus, 
Hooke’s law will apply, and there will be no permanent deformation.

𝜏 = 𝐺𝛾

The Torsion Formula



The polar moment of inertia of a circle of radius r

The polar moment of inertia of a hollow circular section



What is the largest torque that can be applied to the shaft if the shearing stress 
is not to exceed 120 MPa.
What is the corresponding minimum value of the shearing stress in the shaft.





The torques shown are exerted on pulleys A and B. Knowing that both shafts are solid, 
determine the maximum shearing stress (a) in shaft AB,   (b) in shaft BC







Determine the torque T that causes a maximum shearing stress of 45 MPa in the 
hollow cylindrical steel shaft shown. (b) Determine the maximum shearing stress 
caused by the same torque T in a solid cylindrical shaft of the same cross-
sectional area.





Shaft of variable cross section or for a shaft 
subjected to torques at locations other than 
its ends

Knowing that each of the shafts AB, BC, and CD consist of a solid circular rod, determine (a) the shaft in 
which the maximum shearing stress occurs, (b) the magnitude of that stress.

48
144 60

156

96



The solid rod AB has a diameter dAB = 60 mm and is made of a steel for which the allowable 
shearing stress is 85 MPa. The pipe CD, which has an outer diameter of 90 mm and a wall 
thickness of 6 mm, is made of an aluminum for which the allowable shearing stress is 54 MPa. 
Determine the largest torque T that can be applied at A.



5.4 ANGLE OF TWIST

  is in radians.

What torque should be applied to the end of the, to produce a twist of 2? 
Use the value G = 77 GPa for the modulus of rigidity of steel.



What angle of twist will create a shearing stress of 70 MPa on 
the inner surface of the hollow steel shaft. Determine the angle 
of twist  corresponding to the value of T, G= 77 GPa





(a) For the aluminum pipe shown (G = 27 GPa), determine the torque T0 causing 
an angle of twist of 2º. (b) Determine the angle of twist if the same torque T0 is 
applied to a solid cylindrical shaft of the same length and cross-sectional area.



Shaft with multiple cross-section
dimensions and multiple loads.

If the shaft is subjected to torques at locations other than
its ends or if it has several portions with various cross sections and 
possibly of different materials, it must be divided into parts

The aluminum rod AB (G = 27 GPa) is bonded to the brass rod BD (G = 39 GPa). Knowing that 
portion CD of the brass rod is hollow and has an inner diameter of 40 mm, determine the angle
of twist at A.

A

B C D

800 1600







5.5 STATICALLY
INDETERMINATE SHAFTS

The equilibrium equations must be complemented by relations 
involving the deformations of the shaft and obtained by the 
geometry of the problem.

A steel shaft and an aluminum tube are connected to a fixed support
and to a rigid disk as shown in the cross section. Knowing that the
initial stresses are zero, determine the maximum torque T0 that can be
applied to the disk if the allowable stresses are 120 MPa in the steel
shaft and 70 MPa in the aluminum tube. Use G = 77 GPa for steel and
G = 27 GPa for aluminum.





A hollow steel shaft ACB of outside diameter 50 mm and inside diameter 40 mm is 
held against rotation at ends A and B. Determine the allowable value of the forces 
P if the maximum permissible shear stress in the shaft is 45 MPa
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Chapter 6
Bending



6.1 + 6.2 Shear and Moment Diagrams

Draw shear and bending 
moment diagrams

Go back to your static book





Pure bending = No shear,

Simple Beam in pure 

bending (M = M1).
Cantilever Beam in

pure bending (M = M2).

Simple beam with central

region in pure bending

6.3 Bending deformation of straight members
6.4 flexure formula



Curvature of a Beam

1. Cross sections (mn and pq) remain plane

2. Cross sections remain perpendicular to the axis 

of the beam

3. For positive moments (hence positive curvature), 

lines on the lower part of the

beam (nq) are elongated; those on the upper part 

(mp) are shortened

4. Somewhere between top and  bottom there is a 

line whose length  does not change, and is called  

“Neutral Axis”



Longitudinal Strains in beams 

• xy plane is a plane of symmetry

• Loading is applied in xy plane

• Beam deflects in xy plane 

• Thickness of the beam, h, remains unchanged

• Axis of the beam coincides with the centroidal line of the cross

section



6.3 bending deformation of a straight bar

Normal Strain Due to Bending

The minus sign is because it 
is assumed the bending 
moment is positive, and thus 
the beam is concave upward.



DEFORMATIONS IN A TRANSVERSE CROSS SECTION



6.4 flexure formula

The resultant moment of the normal stress over the cross section must equal 

to the applied moment M

flexural stress.



Maximum Stresses at a Cross Section





determine the stress at (a) point A, (b) point B.

Using an allowable stress of 155 MPa, determine the largest bending moment M that can be applied 
to the wide-flange beam shown. Neglect the effect of fillets.



Determine the maximum tensile and compressive stresses in portion BC of the 
beam.



Determine the minimum height h of the beam shown , if the flexural stress is not to exceed 20 MPa



The beam shown is made of a nylon for which the allowable stress is 24 MPa in 
tension and 30 MPa in compression. Determine the largest couple M that can be 
applied to the beam.



A 50-mm diameter bar is used as a simply supported beam 3 m long. Determine the largest uniformly 

distributed load (w) if the flexural stress is limited to 50 MPa



900-mm strip of steel is bent into a full circle by two 
couples applied as shown. Determine (a) the maximum 
thickness t of the strip if the allowable stress of the steel is 
420 MPa, (b) the corresponding moment M of the couples. 
Use E =200 GPa.



Knowing that a beam of the cross section shown is bent about a horizontal axis and that 
the bending moment is 6 kN.m, determine the total force acting on the shaded portion 
of the web.



Determine the moment M that should be applied to the beam in order to create a compressive stress at point 

of  30 MPa , Also sketch the stress distribution acting over the cross section and compute the maximum

stress developed in the beam.



The beam is made from three boards nailed together as shown. If the moment acting on the cross 

section is 600 N.m,  determine the maximum bending stress in the beam. Sketch a three-

dimensional view of the stress distribution acting over the cross section.







Example 5-4: Determine the maximum tensile and 

compressive stress in the beam

Cross section

3.6 k
10.8k

Max. comp

Max. tension





The wood beam has a rectangular cross section in the proportion shown. Determine its 

required dimension b if the allowable bending stress is allow = 10 MPa.







Design of Beams for Bending Stresses







6.6 Composite Beam



Examples of composite 

beams: (a) bimetallic beam, (b) 

plastic-coated steel pipe, and 

(c) wood beam reinforced with 

a steel plate.

Sandwich beams with: (a) plastic 

core, (b) honeycomb core, and (c) 

corrugated core.

Composite Beams

A composite beam is composed of two or more elemental 

structural forms, or different

materials, bonded, knitted, or otherwise joined together. 

Composite materials or forms include such heavy handed 

stuff as concrete (one material) reinforced with steel bars 

(another material); high-tech developments such as tubes 

built up of graphite fibers embedded in an epoxy matrix; 

sports structures like laminated skis, the poles for 

vaulting, even a golf ball can be viewed as a filament 

wound structure encased within another material.



(a) Composite beam of two materials, (b) cross 

section of beam, (c) distributions of strains of ex  

throughout the height of the beam, and (d) 

distributions of stresses x   in the beam for the 

case where E 2 > E1.



1. Transform the cross section of a composite beam into an equivalent cross section (of an imaginary 

beam composed of only one material) is called the transformed section

2.     Analyze the transformed section as customary for a beam of one material .

3.     Convert the stresses back to the original beam .

4.    Modular ratio

5.   The dimensions of area 1 remain unchanged, and the width of area 2 is multiplied by (n ( .all

      dimensions perpendicular to the neutral axis remain the same)

A similar procedure can be used to transform the beam into material 2 or a completely different 

material. One can also extend this technique to cover beams of more than two materials.

Flexure 

Formula 

Transformed Section Method



After the section is transformed all calculations are made using the transformed cross 

section, just as they would be on a beam of one material. 

The neutral axis of bending is at the centroid of the transformed section and flexure 

stresses are calculated with the flexure stress formula .

One final step is required to return to the original cross section. If in going from the 

stress state in the transformed material we find a reduction in area then we must 

increase the stresses accordingly to carry the same load. Conversely if we increase area 

then we reduce stress. Those portions of the cross section which were unaltered in the 

transformation process carry the same stresses on both the original and transformed 

sections .



• Consider a composite beam formed from 

two materials with E1 and E2.

• Normal strain varies linearly.
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• Piecewise linear normal stress variation.
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• Define a transformed section such that



A copper strip (Ec =105 GPa) and an aluminum strip (Ea  =75 GPa) are bonded together to form the 
composite beam shown. Knowing that the beam is bent about a horizontal axis by
a couple of moment M =35 N.m, determine the maximum stress
in (a) the aluminum strip, (b) the copper strip.

Transformed section





6.7 Reinforced concrete Beams



For the composite concrete  beam, calculate the stresses in the concrete and steel.

SOLUTION:

• Transform to a section made 

entirely of concrete.

• Evaluate geometric properties of 

transformed section.

• Calculate the maximum stresses 

in the concrete and steel.



Chapter 7 

Transverse Shear

I. Marie

Structural Mechanics



Bending Moments and Shear Forces in Beams

7.1 Introduction

https://limitstatelessons.blogspot.com/2015/11/Shear-stress-in-beams.html



7.2 The Shear Formula





Shear Stresses in Rectangular Beams

b

Parabolic Distribution

6.1B Shearing Stresses in a Beam

𝜏yx = 0 on the upper and lower faces 
of the beam

The Q for each section



Determine the bending stress and shear stress at point C and draw the stress element.

CMC = 2.24 kN.m 
VC = - 8.4 kN 

14 kN 14 kN0.2 m

25 mm

26.9 MPa 26.9 MPa 

3.8 MPa 

3.8 MPa 

C

CyC

Stress element



What is the Maximum Permissible Load

0.5 m
0.5 m

The smaller

𝑚𝑎𝑥 =
𝑀𝑦

𝐼
=

𝑀𝑥75

100 x, 1503

12

= 11

𝑀 = 500𝑃 = 4125000 
    P = 8250 N

𝜏 =
𝑣𝑄

𝐼𝑏
= 1 ⋅ 5𝑣𝑎𝑣𝑐 = ቤ

1.5𝑃

100 × 150
= 1.2 

P = 12000 N



Shear Stresses in beams of Circular cross section

The exact distribution of shear stress in a beam of 

circular cross section is very complicated and 

only that along the neutral axis can be determined 

relatively easily.



𝐼 =
250) (340 3

12
 −

230 𝑥 3003 

12
= 301.3 x106mm2 

Draw the shear stress distribution along the depth of the 
cross section of the beam

𝜏 =
𝑣𝑄

𝐼𝑏

𝜏𝐵 =
600𝑥 20𝑥250 𝑥160

301.3𝑥106 𝑥 20 
= 6.37 x10−3MPa = 6.37 kPa 

𝜏𝐵′ =
600𝑥 20𝑥250 𝑥160

301.3𝑥106 𝑥250
= 0.0797x10−3MPa = 79.7 kPa 

𝜏𝑚𝑎𝑥 =
600𝑥( 20𝑥250 𝑥160 + 150𝑥20𝑥75 )

301.3𝑥106 𝑥20
= 0.102MPa = 102 kPa 



Shear Stresses in the Webs of Beams with Flanges



Shear Force in the Web:  = (The area of 

the shear stress diagram) x( the 

thickness of the web)

V = [min h1 + 2/3 h1 (max - min )]t

= t h1/3 ( 2 max+ min )

Shear force in the web is 90% -98% of 

the total shear force V acting  on the 

cross section

        Assuming the web carries 

        all of   the shear force… 

         avg = V / th1  

290

V = 45 kN 

V = 45 kN 

=13.2 MPa

=10.9 MPa



𝜏𝑎𝑙𝑙 =
𝑣𝑄

𝐼𝑏





Determine the maximum shear stress in the strut if it is subjected to a shear force of V = 600 kN.





Determine the shear stress at point B on the web of the 
cantilever strut at section a-a

6 kN





Shear Force in Fasteners :

In many applications, beam sections consist of 

several pieces of material that are attached 

together in a number ways: bolts, rivets, nails, 

glue, weld, etc. In such so called built-up sections 

we are interested in knowing the amount of shear 

stress and the resulting shear force at the cross 

section of fasteners or over the glued surface .

7.3 Shear Flow in Built-Up Members 







0.18676 m

N
0.06176 m

F=f s = 49.997 (0.25) =12.5 kN



Ex. 5-16 The plywood is fastened to the flanges by wood screws having an allowable load 

in shear of F = 800 N each if the shear force V acting on the cross section = 10.5 kN. 

Determine the max. permissible longitudinal spacing s of the screws. 

Use 45 mm



Find the spacing for each case



Allowable shear load per each nail ( F)  =2000 N
What is the maximum nail spacing

I = 53.125 x10-6 m4

NA



Full size  50x100 mm boards are nailed together to form a beam that is subjected to a vertical shear of 1500 N. 
The allowable shearing force in each anil is 400 N. Determine the largest longitudinal spacing S that can be used 
between each pair of nails.
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Superposition
• Determine normal and shear stress for each loading . Use superposition 

principle to determine the resultant normal and shear stresses.
• Show the results as a distribution of stresses acting over the member 

cross-sectional area
• Represent the results on am element located at the point of interest

8.2 State of stress caused by combined loading



ECCENTRIC AXIAL LOADING IN A PLANE OF SYMMETRY

𝜎 =  
𝑃

𝐴


𝑀𝑦

𝐼



𝜎 =  
𝑃

𝐴


𝑀𝑦

𝐼

B

 1+ 2



The vertical force P acts on the bottom of the plate having a negligible weight. Determine the shortest 

distance d to the edge of the plate at which it can be applied so that it produces no compressive stresses on 

the plate at section a–a. The plate has a thickness of 10 mm and P acts along the center line of this 

thickness.



The horizontal force of acts at the end of the plate. The plate has a thickness of 10 mm and P = 80kN 

acts along the centerline of this thickness such that d=50mm

Plot the distribution of normal stress acting along section a–a.



A link in a machine is designed so that its cross-sectional area is reduced one half at 
section A-B as shown. If the thickness of the link is 50 mm, compute the maximum 
force P that can be applied if the maximum normal stress on section A-B is limited to 
80 MPa.

https://mathalino.com/reviewer/strength-materials/problem-904-combined-axial-and-bending

M=20P

𝜎 =  
𝑃

𝐴


𝑀𝑦

𝐼

𝐼 =
50 × 403

12
= 266.67𝑥103 𝑚𝑚 4

A = 50x40 = 2000 mm 2

𝜎 = +
𝑃

2000
+

20𝑃𝑥20 

266.67𝑥103  = 80 MPa 

P= 40,000 N= 40kN

𝑃

𝐴

−𝑀𝑦

𝐼

+𝑀𝑦

𝐼



Determine the maximum stresses at A and B, if d=75 mm, P = 24kN



Determine the stress at points A and B, 
(a) for the loading  shown, 
(b)  if the 60-kN loads are applied at points 1 and 2 only.



Knowing that the magnitude of the horizontal force P is 8 kN, 
determine the stress at (a) point A, (b) point B



Determine the maximum tensile and compressive stresses  in segment BC

P= 1.500 kN
M= 1.500x500 = 750kN.mm

𝝈 =  
𝑷

𝑨


𝑴𝒚

𝑰

𝜎 = −
1500

5000
−

750𝑥103 𝑥 50 

4.167𝑥106   =  -0.3 -8.99 =9.3 MPa  (C)

𝜎 = −
1500

5000
+

750𝑥103 𝑥 50 

4.167𝑥106   =  -0.3 +8.99 = 8.69 MPa  (T)

+ = NA

Location of the NA
8.69/C1 =9.3/ (100-C1)
C1 = 48.3 mm 
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3D- general state of 
stress

Plane stress 3D-view Plane stress 2D-view

Stress element

Positive sign convention

The stress element represents a point on or in a structural component 
which must satisfy equilibrium since the overall structural component 
is in equilibrium

Plane Stress-state of 
stress in which two faces 
of the cubic element are 
free of stress.  For the 
illustrated example, the 
state of stress is defined 
by .



9.1 Plane Stress Transformation

What are the stresses 
at orientation  ?

CCW angle is positive

A material may yield or fail at the maximum value of σ or τ. This value may 
occur at some angle other than θ = 0. (Remember that for uniaxial tension 
the maximum shear stress occurred when θ = 45 degrees. )



y

yx

x

x y

x y



Stresses on Inclined Sections

9.2 General equations of Plane Stress Transformation

x

yY 1

 x1

x1 y1



x 1

A0

A0 sin  

A
0

 
co

n
 

 Positive signs





9.3 Principal Stresses and Maximum Shear Stresses

Taking the derivative with respect to , we get: 

Principal Angle



the shear stresses are zero on 
the principal planes. 

=



Define the stresses on a stress element, and find the principal stress on an oriented element 
What is the maximum sher and its orientation





x1y1 is positive downward and the angle 2 is 

positive counterclockwise

9.4 Mohr’s Circle- Plane stress

𝑥 − 𝑛 2 + 𝑦 − 𝑘 2 = 𝑅2

Circle equation

𝜎𝑥′ −
𝜎𝑥 + 𝑦

2
 +  𝑥′𝑦′

2 =
𝑥 − 𝑦

2

2

+ 𝑥𝑦 
2





-xy

𝑥 + 𝑦

2

𝑥 − 𝑦

2

A

-xyR

(x,-xy)

B (y, xy)

𝟐𝜽𝑷𝟏

(Max, 0)(Min, 0)
𝑹 =

𝒙 − 𝒚

𝟐

𝟐

+ 𝒙𝒚
𝟐

𝐦𝐚𝐱 =
𝒙 + 𝒚

𝟐
 ±  𝑹

min

𝑻𝒂𝒏 𝟐𝜽𝒑 =
𝒙𝒚

𝒙 − 𝒚

𝟐

𝟐𝜽𝑷𝟐

(x + y)/2

(x -y)/2

max

Construction of Mohr’s circle for plane stress.

-xy

Point A on the 
circle ( =0

Point B  on 
the circle

Max

min

Maximum shear

Principal stresses

Stresses at  =0



t=50 cos (60-53.1)-20 = 
29.64 MPa

(x + y)/2 = (-50 +10) /2 = -20 

(x -y)/2 = (-50-10)/2 = -30



-xy

-20-30

𝑥𝑦= -40

𝑥𝑦= -40

𝑹 =
𝒙−𝒚

𝟐

𝟐
+ 𝒙𝒚

𝟐     =  50 

A

53.1 126.87

𝑻𝒂𝒏 𝟐𝜽𝒑 =
𝒙𝒚

𝒙 − 𝒚

𝟐

12

1 = 126.87/2 = 63.43 

𝐦𝐚𝐱 = −𝟐𝟎 ± 𝟓𝟎 =  +𝟑𝟎
                                                -70 min

30 MPa

70 MPa

63.43

Using  Mohr’s circle, find 
principal stresses and find the principal angle
Show maximum shear stresses on a stress element 
 show stresses on the inclined surface shown 

1

2

20 MPa

50MPa

53.1/2 +45 = 71.55

 = 30x2 =60 CCW 

60

n

t

n=50 cos (60-53.1)+20 = 
69.64 MPa

nt=50 sin (60-
53.1) = 5.98 MPa

30

Principal stresses

Maximum shear stresses
Stresses on the inclined surface



𝑹 =
𝒙 − 𝒚

𝟐

𝟐

+ 𝒙𝒚
𝟐 = 𝟑𝟓

(x + y)/2 =( 90+20)/2 =55

(x -y)/2 =(90-20)/2 = 35

xy  = 0 

55 35

55+35cos 60 = 72.5 MPa

30

35sin 60 = 30.3 MPa

55- 35cos 60 =37.5MPa

Find the stresses on the inclined surface shown . Show the stress element 

AB

(55+35cos 60 = 72.5, 35sin 60 = 30.3)

(55 - 35cos 60= 37.5, 35sin 60 = 30.3) 



For the given state of stress, determine , normal 
and shear stresses exerted on the oblique face. 



For the given state of stress, determine the 
principal planes and the principal stresses



For the given state of stress, determine, the orientation 
of the maximum in-plane shearing stress, the maximum 
shearing stress, and the corresponding normal stress



The grain of a wooden forms an angle of 15 deg. With the 
vertical. For the shown state of stress , determine the in-plane 
shearing stress parallel to the grain  and the normal stress 
perpendicular to the grain.
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11.2 Prismatic Beam Design







Design of Beams for Bending Stresses



determine the maximum normal stress due to bending on section a-a.

80 kN



Determine the maximum normal stress due to bending 

480N 480N

866mm
128.62 N

128.62 N

351.38

831.38

480

SD ( N)

64310

64310

MD (N.mm)



Design the cross section of  the beam, knowing that the grade of timber used has 
an  allowable normal stress of 12 MPa.



Knowing that the allowable normal stress for the steel used is 160 MPa, 
select the most economical wide-flange beam to support the loading shown



V

M

x

x y

x

xx

x y

x y

xx

xx

B

C

D

E

A
B

CD
E

𝜎 = ±
𝑀𝑦

𝐼

𝑥𝑦 =
𝑉𝑄

𝐼𝑏
±

𝑇𝑟

𝑗

• Indicate the point where stresses are required
• Find internal forces at that point
• Determine the stress at that point ( normal and shear stresses)
• Show the stresses on a stress element
• Transform the stresses to determine the maximum stress and show 

them on an oriented element

Stress elements



PRINCIPAL STRESSES IN A BEAM
A 160-kN force is applied as shown at the end of a W200 x 52 rolled-steel beam. Neglecting the effect of fillets and of stress 
concentrations, determine whether the normal stresses in the beam satisfy a design specification that they be equal to or less 
than 150 MPa at section A–A’.



Superposition
• Determine normal and shear stress for each loading . Use superposition 

principle to determine the resultant normal and shear stresses.
• Show the results as a distribution of stresses acting over the member 

cross-sectional area
• Represent the results on am element located at the point of interest

State of stress caused by combined loading



𝜎 =  
𝑃

𝐴


𝑀𝑦

𝐼

B

 1+ 2







A thin strap is wrapped around a solid rod of radius c =20 mm as shown. Knowing 
that l =100 mm and F = 5 kN, determine the normal and shearing stresses at point H, 
and point K..

Bending:
Torsion:
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DEFORMATION UNDER TRANSVERSE LOADING
12.1 The Elastic Curve



Factors affecting deflection of beams

• magnitude and type of loading ( bending moment diagram

• Span length of the beam

• Beam supports

• Material properties ( E)

• Moment of inertia ( shape of beam)

The deflection must be limited in order to provide:

▪ integrity and stability of a structure or machine

▪ Prevent cracking of any attached brittle material ( 

concrete or glass)

It is helpful to sketch the deflected shape of the beam when it is loaded to visualize and check the 

calculated results 

Resist 

displacement

Resist 

displacement

Resist 

displacement

Resist displacement 

& rotation

Concave downwards within the 

region of –ve moment

Concave upwards within the region 

of –ve moment

Where the elastic curves change 

from  to downwards



Moment-Curvature Relationship

NA



Deflection curve of a cantilever beam.

12.2 Slope and displacement by integration

2

21

,

dx

vd

dx

dv
dxds

=








1 d

ds





= =




= =
+

1

1

2 2

2 3 2

d v dx

dv dx[ ( ) ]

 0

From calculus books

Non linear second 

order differential 

equation

  = −
d v

dx

M

EI

2

2

• Exact:

• Small deflections:



Beam Differential Relations

Solution technique 

Draw the elastic curve to visualize deflection

Find the  internal moment equation at distance x. for each region of the beam

integrate the equations 

solve for the integration constants using boundary conditions for the beam 

Assumptions 

material obeys Hooke's law 

slopes of the deflection curve are small 

shear deformations are negligible 

𝐸𝑰
ⅆ𝑣

ⅆ𝑥
= 𝐄𝐈 = න𝑀 𝑥 ⅆ𝑥 + 𝐶1

𝐸𝐼𝜈 = ඵ𝑀 𝑥 ⅆ𝑥 + 𝑐1𝑥 + 𝐶2

The constant of integration 

to be found from the 

boundary conditions

1. Derive the equation for the internal moment at point at distance x.. M(x)

2. Integrate M(x) to find the beam slope, then integrate the second time to find the 

equation of the elastic curve

3. Apply the boundary conditions to find the constant of integration

x

v

 + CCW

x

v

 + CW



Solution technique

• Divide beam into regions of continuous M equations 

• Integrate each region twice to determine beam deflections v 

• solve for two integration constants per region using :

• boundary conditions  - deflections and slopes at the beam supports 

• continuity conditions  - deflections and slopes where regions meet 

Continuity and symmetry exampleBoundary condition examples



𝐸𝑰
ⅆ𝟐𝑣

ⅆ𝑥𝟐
= −𝐏𝐱

𝐸𝑰
ⅆ𝑣

ⅆ𝑥
= −𝐏𝐱𝟐 /𝟐 + C1  …… (1)

𝐸𝑰𝒗 = −𝐏𝐱𝟑 /𝟑 + C1x + C2   …….   (2)

@ x=L … =0    and  v= 0

C1= pL2 /2

C2= -pL3 /3

Determine the deflection equation  and the slope equation  for the 

cantilever shown. What is the maximum deflection?

𝐸𝑰 = −𝐏𝐱𝟐 /𝟐 + PL2 /2

@ x=0 … v =v max

=0 

v= 0

𝐸𝐼𝑚𝑎𝑥 = PL2 /2
𝑇ℎ𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 
indicates CCW

E= 70 GPa

I= 100x106 mm4

L=6m

P= 1kN

1000 × 60003

3 × 70 × 103x100x106
= 10 mm

1000 × 6000𝟐

𝟐 × 70 × 103x100x106
= 2.57x10−3 rad

=
2.57x10−3

3.14
x 180 = 0.147 deg



Deflections of a simply supported beam with a uniform load.

w
w

wL/2

𝑀 =
𝑤𝐿𝑥

2
−
𝑤𝑥2

2

𝐸𝐼 =
𝑤𝐿𝑥 2

4
−
𝑤𝑥3

6
+ 𝐶1

𝐸𝐼
d2𝑣

d𝑥2
= M

𝐸𝐼𝑣 =
𝑤𝐿𝑥 3

12
−
𝑤𝑥4

24
+ 𝐶1 𝑥 + 𝐶2

@ x= 0…    V=0  ………….  C2 = 0

0

@ x= L  ….   V=0  ………….  C1 =-
𝑤𝐿3

24

𝐸𝐼𝑣 =
𝑤𝐿𝑥 3

12
−
𝑤𝑥4

24
−

𝑤𝐿3𝑥

24



Due to symmetry

𝜃 =
ⅆ𝑣

ⅆ𝑥
= 0

Determine the maximum deflection

𝐸𝐼𝑣 𝑥 =
𝑃𝑥3

12
+ C1𝑥 + 𝑐2

@x=0      A = -PL2  /16 



Determine the equation of the elastic curve, the deflection 

and slope at point A. EI constant



Determine the elastic curve equation for part AB, and find 

the slope at A and B. EI constant



Derive the deflection and slope equation 

of the beam shown



12.5 Method of Superposition ( using tables

Find Deflection and slope at point B using tables for deflection of 

beams

+











• Determine the equation of the elastic  curve for portion AB of the beam

• Determine the deflection at B  and the slope at B



Determine the slope and deflection at C







Determine the displacement at point B of a steel beam

E = 200 GPa , I = 500(106) mm4



For simply-supported beams with unloaded overhangs, the slope 

and deflection of the overhang is governed by the loads on the 

back span. 





Determine the slope at point B of the steel beam shown .

E = 200 GPa, I = 60(106)mm4.

B = (0.5x-1(-30-15)x5)/( 200(106 ) x60 x10-6) =0.00938 rad



Determine  the vertical deflection and slope at the end A of the bracket. 

Assume that the brackets fixed support at its base and neglect the axial 

deformation of segment AB . EI is constant



Determine the deflection at C 

and the slope at C.
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Columns:

A column is a long vertical slender bar or vertical member, subjected to an axial compressive 

load and fixed rigidly at both ends.

A strut is a slender bar or a member in any position other than vertical, subjected to a 

compressive load and fixed rigidly or hinged or pin jointed at one or both the ends.

types of column failure

Crushing failure

Buckling failure

Buckling is a failure is due to lateral deflection of the column. The 

load at which the column just buckles is called buckling load or 

crippling load or critical load. This type of failure occurs in long 

column.



13.1 Critical Load 
STABILITY OF STRUCTURES

Design of columns

Select cross section area to satisfy :

1. Allowable stresses

2. Deformation

𝛿 =
𝑃𝐿

𝐸𝐴
≤ 𝛿𝑠𝑃𝑒𝒄

However, it may be unstable under loading and 

buckles

𝜎 =
𝑝

𝐴
≤ 𝜎𝑎𝑙𝑙



13.2 Euler’s Formula for Pin-Ended Columns

Homogeneous second order , 

linear, deferential equation with 

constant coefficients.

Solution: 



It is important to realize that a column will buckle about the principal axis 

of the cross section having the least moment of inertia ( the weakest 

axis) 



The stress corresponding to the critical load is the critical stress cr .

setting I=Ar2, where A is the cross-sectional, area and r its radius of gyration





A column of effective length L can be made by gluing together identical 

planks in either of the arrangements shown. Determine the ration of the 

critical load using the arrangement (a) to the critical load using the 

arrangement (b).



P= 5.2kN, E = 200GPa

What is the factor of safety against buckling ? 

Factor of safety 𝒏 =
𝒑𝑪𝒓
𝒑

We should check all members under compression 

and take the lowest (n)

Solve the truss for internal forces in all members 

and indicate if in T or C



The A36- steel W200x46 member is to be used as a pin connected column., Determine the 

largest axial load it can support before it either begins to buckle or the steel yield



An A-36 steel column has a length of 4m and is pinned at both ends. 

Determine the critical load. 

Section Properties



Determine the maximum force P that can be applied to the handle so that the 
A-36 steel control rod BC does not buckle. The rod has a diameter of 25 mm



Determine the maximum allowable intensity w of the distributed load that can be applied 

to member BC without causing member AB to buckle. Assume that AB is made of steel 

and is pinned at its ends for x–x axis buckling and fixed at its ends for y–y axis buckling. 

use a factor of safety with respect to buckling is 3.



2 m long pin-ended column, square cross section, E=13 GPa,   all =12 MPa. Factor of safety 2.5 to calculate Euler’s 

critical load for buckling. Determine the size of the cross section if the column is to support :

a: 100 kN load

b. 200 kN load



13.3 Columns having various types of
supports Euler’s Formula



End conditions: Strength of the column depends upon the end conditions 

also.

Le= Distance 

between zero 

moments



An aluminum column of length L and rectangular cross-section has a fixed 

end at B and supports a centric load at A. Two smooth and round fixed plates 

restrain end A from moving in one of the vertical planes of symmetry but 

allow it to move in the other plane.

Design the most efficient cross section for the column if a= 0.35b



An A-36 steel column has length of 5m and is fixed at both ends. If the cross-sectional area 

has the dimensions shown, determine the critical load

𝑃𝐶𝒓𝒕 =
𝛱2𝐸𝐼

𝐿𝒆
2 =

𝜋2 × 2𝟎𝟎 × 106 × 𝟎. 𝟖𝟔𝟏𝟔𝟕(𝟏𝟎−𝟔)

0 ⋅ 5𝑥5 2
= 𝟐𝟕𝟐. 𝟏𝟑𝟖 𝒌𝑵



The A36 steel column can be considered pinned at its top and fixed at the bottom and braced against weak 

axis bending at the mid-hight, Determine the maximum allowable force P that the column can support 

without buckling. Apply a F.S = 2 against buckling. Take A= 7.4x10-3 m2 Ix= 87.3 x106 mm4 and 

Iy=18.8x106 mm4

Fixed

pin

pin










